buthe TeopeMe n JedpuHULN]E 38 TPAKTUIHN UCIINAT

n3 Anammze 1 (1 ewvep)

Huxkona Mapunkosuh

24. asryct 2026.

3a #Hexko n € N Baxku

n
i SR
2, >0 Gp(x1,%2,...,0,) = /012225 ... Ty,

T1+Tog+ ...+ Ty
Ap(z1, 29, ..., xy) = L 2 "

.CL‘Z # O Hn($17x27"'7xn) =

I+ ad 4. +ad

Ky(x1,29,...,2,) = \/

Banekon € Nu z; € Rt Baxn

n

Hedunumuja aumeca:

(Ve > 0)(Ing € N)(Vn > ng) a, € (L—e,L +¢)

Bamue: lim a, = L
n—-+o00

Heonpelenn: (+£00) — (£00), 2, 0- 00, §, 1%, oc’, 0°

) oo

Teopema 1. (Teopema o Tpu numeca)

(an), (bn), (cn)
(3ne € N)(Vn > ng) a, < b, <c,
lm a,= lm ¢, =LeR= lim b,=1L

n—-+o0o n—-+oo n—-+o0o

ITocaenune
(@), lim a, =0, (b,) < orpamuden
n—-+00

= lim a,b, =0
n——+o00




a>0, lim {a=1

n—-+o0o
lim Vn=1
n—-+o0o

I'yctuna ckyna Q mva R

(Va,b e R | a <b) (3¢ € Q)(3r e R\Q)
a<qg<bANa<r<bd

1
n=1+=)"
o= (14 0)
lim (14 2)" = fim (14 2)"+ = (4)
n—l>r-iI-100 n _n—l>r—iI-1c>o n ¢

1 1 1
—— < In(1 —-) < —
n+1 n(+n) n

Ilopenbena ckamna: a>1, k>0, c>1 €R

log,n < n* < " < n! < n" < (n!)?

lim a, =400 A lim b, = —00
n—-+oo

1 1
= lim (1+—)" = lim (1+ )" =e

n—+400 an, n——+oo bn

Teopema 2. (IIITour)

(In), (yn) /4 lim oy, = 400
n—-+oo

— — (6)
I lim T e R lim =1
n—=+00 Ypi1 + Yn n—+00 Yy

ITocaenune

KOLHI/I: hm CLTL:LERi hm a1+a2+...+an

=1L
n—-+o0o n—-+o0o n
. — ) n
(a; #0) ngglooan—LeR;»ngglma_ll+%+m+%_L
(a; > 0) lirf apn=LER= lim Ya;-az-...-a,=1L
n—-+0oo

n—-+o0o



an

(a; > 0) lim =LeR= lim {/a, =

n—-+oo Ap—1 n—-+oo

Ilepuonuyan uu3: a,. .7 = a, (T € N)
Tayka HaroMumJjaBamwa: [OAHN3 (ay, )

(a €R) (an,) lm a, =a

k——+o0

liminf , limsup

Bouamnauno-Bajepmirpac:
e CBaku orpaHudeH Hu3 uMma 0ap je/iHy Tadky HaroMmmiaBama y R.
e Cpaky Hu3 nma T.H. y R.

e Hwus konBeprupa ako mMa Tadno jejany T.H. y R.

KomnmjeBu Hn3oBM:

(Ve > 0)(3no € N)(VYn > ng)(Vp € N)|apyp — an| <€

Hwus je kouBeprentan akko je Korrmjes.

f: A—R, a€ R Tauka maroMutasama cKyma A
lim f(x) = Le€R
T—a
OyHKIMja je HEMPEeKUIHA Y TaYKU @ aKO BayKn
lim f(z) = f(a)
r—a

QynKIMja je HEMPeKnIHA Y CKYIly aKO je HElPEeKUIHA Yy CBAKO] TAYKU TOT' CKYIIa.

Kana je dynknuja nenpekuiHa y Tadku, JIEBU U JIECHU JINMEC Y 0] CY je/IHaKU.

lim f(z) = lim f(z) = f(a)

r—a— r—a+

AU, (Vz € U,) f(z) = g(x) = lim f(z) = lim g(z)

T—ra T—a




Teopema 3. 3a ejlementaphe GyHKIUje U pyOHE TauKe IHUXOBUX JTOMEHA BaYKMU:

n € N mapno:

n € N HemapHo:
ac€RAa>1:
aceRAO<a<1:
ac€RAa>1:
aceRAO<a<1:
n € N mapno:

n € N Hemapno:

a€c€RAa>0:

aceRANa<0:

kelZ: lim  tgx = o0,
z—(km+3)—

keZ: lim ctgx = 400,

r—km+

) s
lim arctge = ——,
r—+400 2

lim arcctgz = 0+,
Tr——+00

lim z" = +o00
r—+oo

lim z" = +o0
r—r+o0

lim ¢ =+o00, lim a* =0

r—r+00 T—r—00

lim a®* =0, lim a® =400
T—r+00 T—r—00

lim log, x = 400, lim log, x = —o0
r—+00 —0+

lim log,r = —oo, lim log,z = 400
T—+00 z—0-+

lim /2 = +oo
T—r—+00

lim {/r = +oo (7)
r—+o00

lim z¢ =04+, lim z% =400
z—0+ T—4-00

lim 2% = 400, lim z% =0+
z—0+ r—+00

lim tgxr=—o0

z—(km+35)+

lim ctger = —o0
r—km—

. s

lim arctge = ——+
T——00 2

lim arcctgr = m—
T——00

Acumnrorcke penanuje o, O, ~

fig: A=>R, acA

f=o(9) (f<yg, z—a)

(AU)Ba: U, —» R)(Vz € U,) f(z) = alz)g(z) A lim a(z) =0
Ako Baxknu g(a:‘);zé()(v:ve(ja):

. flz)
Of—o(g),x%a@igr}lg(x)—()
eo(f)yxo(f)=0(f), z—a
eo(c-fy=o(f)=c-o(f), v = a, ce R\{0}

e ololf) = olf) . == ®)
o f-olg)=o(f-g)=0(f) olg), v —a
e f~g xz—a = off)=o0(g), r—a
ofwg,a:—>a:>f—g—|—0(g) T —a

) =




fg: AsR, ac A
f=0(g), v—a

(3U.)(3B: U, = R)(Vx € U,) f(x) = B(x)g(x)

g(x) #0 (vz € Ua)
f(@)

=0(g9), r —a <& Jlim——=
f=0(g) )

fg: AR, acA
f~g,x—a
(AU (Fy: U, = R)(Vz € U,) f(x) =y(z)g(z) A lim~(z)=1

r—a

Py i 28
olx) #0 (v € U) lim' 5 =1

v _ 1 T z" . 0
e’ = +x+§+§+...+m+o(:p ), © —
' I R gt -
SlnI:l’—g—Fa——{—(—l)@n—w—{—O(l' ),ZU—>O
=1 IQ ZE4 1nx2n 2n+1 0
cosx = —a—i—z—...—i—(—)m—i—o(:c ), T —

r?  xd a2t g " .
ln(1+x):x—§+§—ﬂ+...—l—(—1) m—i—o(m),x—ﬂ)
(1+x)a:1—|—<?)x+(Z)xQ—i—...—I—(a)w”—I—o(x”),x—>0,ozER

n
Teopema 4. (Xajue)
f: AR, ac A, LeR -
. - | . o B 9
lim f(z) = L & (Y(za)lr; € A\a)( lim x, =a) lim f(z,) =L

XajHeOBa TeopeMa Ce IIPaKTUIHO MO2K€ KOPUCTUTU Ha Cﬂeﬂehe Ha4dMHe:

e naljemo sBa Hu3a (x,) u (y,) Tako na oba texe Ka a, f(x,) u f(y,) Texke Ka
PasIMINTUM BPEJIHOCTUMA, T1a 3HaMO aa Alim, ., f(z)

e KOPHUCTUMO TIO3HATE pa3Boje




f: A-oRaec ANA
Oyuknuja f je y Tadku a

® HEIIpEKU/IHa aKKO

lim f(z) = lim f(z)= f(a)

T—a— r—a+

® HEIIPEKH/Ha CJIEBa

lim f(z) = f(a)

T—a—
® HEIIpeKH/IHa 3/1eCHa

lim f(z) = f(a)

r—a+

OyHKIMja je HEMPEKUIHA Y ¢ aKO je HEIPEKUHA CJIeBa U 3JeCHA.

e f guenpekunney a = f+g, a-f, f-g, 5 (9 # 0) HenpekuHe y @

e f: A—-B, ¢g: B—>R
f menpekuHa y a, g venpekunna y f(a) = go f je HenpekuaHa y a

e cBe esieMeHTapHe QYHKIUje Cy HeIpeKuaHa Ha cBoM JoMeny (Dy)

o v € (a,b) f(r) =g(x) N g nenpekuua ua (a,b) = f Henpekugna Ha (a,b)

I'nobastHa cBojcTBa HenmpeKUAHUX (DYyHKIHAjA

f: A=-R(a€A) f(a) =0 « nyna byskimje

Kommu-Bonmano: f: [a,b] — R wenpekunna dyaknumja

Fla) f(B) <0 = 3c € ab] F(e) =0
Mebyspennocr: f: [a,b] — R nenpekuana dbyHkImja

fla)=A, f(b)=B = (Jc€|a,b]) f(c)=C € [A, B]

Bajepmirpac: f @ [a,b] — R nenpekuaa n orpanudena dbyHKIMja Koja JOCTHKE CBOj
MAKCHUMYM U MUHUMYM

(Im, M € R)(Ja, B € [a,b])(Vx € [a,b]) f(a) =m, f(B) =M, m< f(x) <M

e A C R je orBOpeH aKKo

(Vae A)(Fe >0) (a—e, a+e)C A
e A je sarBopen ako je A = R\ A orsopen
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® OTBOpEHWU Cy CBH MHTepBasm obsmKa (a,b) a,b € R u yHuje TakBux MHTEpBaja

e ACRorBOpPEH, f: A—- R, a€ A

3 lim

h—0

o f je mudepennujabmina y Tauku a = f'(a)

: f@) = fla) o flath) = fla)
f'(a) = lim —————= = lim Y

T—a Tr—a h—0

e [ je mudepennujabuana Ha cKymy A ako je mudepennujabuina 3a Va € A

® JIeBU U3BO/

a) = iy T
® JICCHU U3BOJ],
) — i 1)@

h—0+ T —a

e dyuKIWja je audepennnjabuina y a € A ako JIEBH U JECHH JIUMEC y @ IIOCTOje U
jeHaKn cy

e orBopeH ckyn A rakas ja Baxu (Va € A) f(a) = g(a)

— ako je f mudd. y a = g mudd. y a u Baxku f'(a) = ¢'(a)
— axo je f mupd. y A = (Va € A) f'(a) =g'(a)

e Ako je f qudepeniujabuina y a, OHa je y TOj TadKd U HepeKujaHa (OOpPHYTO He
BayKM)

Ako cy f,g : A — R dyukumje mudepennujadbuiae y a € A, u A je oTBOpeHH
WHTEPBAJI, BaXK1 J1a je

[+ g nudd. w paxu (f +g)'(a) = f'(a) + ¢'(a)

(

Af mubd. u saxu (Af) (a) = Af'(a)

fg mdd. n saxu (fg)'(a) = f'(a)g(a) + f(a)g'(a) (10)
I’ f'(a)g(a) — f(a)g'(a)

g(a) # 0, g mudd. n Baxkn J (a) =




Oyukuuja f(z) | Ussox f/(x) Baxu 3a
¢ = const 0 reR
x 1 reR
x® ar® ! ac€R, 2>0
a:BEQ, q HemmapHo, x # 0
a==>1, qguenapuo, r € R
q
a® a’lna a>0,a#1 zeR
1
log, x a>0,a#1, >0
rlna
sin cos T reR
cos T —sinx reR (11)
1
tgx 5 :c;éz—i—lmr,keZ
cosx 2
1
ctgx —— r#£kr, kel
sin®
) 1
arcsin x —_ lz| <1
1 — a2
! 2] < 1
arccos e x
V1— 22
1
t eR
arctg x e x
t ! eR
arcctg x x
5 14 a2

Audepennmjasam padyH

D+£ACR, f: A-R, ac A
e (AU,)(Vx € U,) f(z) < f(a) = f uma JOKaJIHU MAKCUMYM y @
o (AU,)(Vx € U,) f(z) > f(a) = [ uma JOKAIHE MEHIMYM y @

e OyHKIMja MMa JIOKAJTHU €KCTPEMYM aKO MMa JIOKAJHU MUHUMYM HJIH MAKCHMYM
(Moxke ux GuTH BUIIE)

®epma: Ako je f mudd. y a, u a je sokanaHu ekcrpemym, orga je f'(a) =0
Pon: f: [a,b] — R je menpexkunna ua [a,b] nu mudd. na (a,b)

fla) = 1) = (e € (b)) f/(e) =0
Jlarpamx: f: [a,b] — R menp. na [a,b] nu qudd. na (a,b)

f(b) — f(a)
b—a

= (¥ € (a,b) f1(§) =



[ocaemune: (Vo € (a,b))
o f(x 0= f(x)=¢
e f'(x) >0- f pacre

()
()
o f'(x)
()
()

0 - f monoTomHO pacte

INV

o f'(x

e f'(z) <0 - f monorono omaja

0 - f omajga

e |sinz| < |z

Acumnrore dyHKIIje
- dbyskIMja reduHICAHA HA HEKO] OKOJIMHU Tadke 00 Tj. Ha (f, +00) (mmm (—oo,t))
3a meko t € R U {Foo}

(Ja,b € R) f(x) =ax+b+o(l), v = +oo

= y = ax + b je acumnrora dyukimje f kaga r — +oo.
a=0: f(z) =b+o(1), y = b xopuzonranna acumnrora (XA) a # 0 : Koca acuMITOTA

(KA)
o y=>je XA d-je f xama r — 00 aKKO BaxKu

lim f(x)=beR

r—+o0

(a,b € R) y = ax + b) acummroTa f Kaga r — £00 aKKO

a= lim @) A b= lim (f(z)— ax)

r—+oo r—+o0

ako Alim, 4o f(x), f nema un XA un KA kaga v — +oo

ako lim, .1 f(x) =L € R, y =L je XA

ako lim, 1 f(x) € {—00,+00} f mema XA u tpaxunmo KA

e mpaBa y = ax + b je KA f xaja x* — +00 yKO/IHKO:

lim MZCLE]R\{O} A lim (f(z)—ar)=beR

r—+oo r—+oo

a€R, f: Dj >R

Ako Baxku Gap jegaH:

1° (36 > 0)(a—0,a) € Dy A 1_i>m_ f(z) € {—o0, +o0}
2° (36 > 0)(a,a+96) C Dy A lim f(z) € {—o0,+00} (12)

T—a+



= x = a je Beprukaysna acumnrora (BA) dbyukmuje f

Jlonmranx: ako cy rpanudHe BpejHOCTH (ByHKIMja f U ¢ y Tadku obe jeHake
OEeCKOHAYHOCTU WJIM HYJIM, aKO IOCTOjU KOJIMYHUK u3BOJa TUX (DYHKIHUjA, HEroBa
rPaHUYIHA BPEJIHOCT je jeJHaKa IPDAHUYHO] BPEIHOCTU KOJMIHUKA f U (.

_ 0 /
(@eR) lim L&) _ [ 01 @) (13)
z—a g(x) oo’ 0 z—a g’(gj)
[Ipucerumo ce nopeadene ckajge b. Moxkemo je jokasaru kopucrehm Jlornmrasiosa
IIpaBuJIa.

f(n+1) = ( f(n))’ - U3BOJ, BUIIIEr peJia,
e =1+z+o(x)
sinz =z + o(x)
72
cosr =1— 5 +o()
In(1+2z)=2z+o()
(1+2)* =1+ az +o(x)

Tejnopos mommHOM

neN, —o<a<f<+4oo,
f: (a,8) = R ueup. u n nyra qudd. y vekoj U, 3a neko a € (a, )

/ " (n)
Tha(x) = f(a) + @(w —a)+ fz—(ﬁ)(a: —a)? ..+ fn—fa)(a: —a)" (14)
a = 0 Mak/j10peHOB TTOJIMHOM:

/ " (n)
M) = £+ Lo L0y T

R, .(z) = f(x) — T, q(x) < ocrarax Tejroposor monuuoma dyuxnuje f pema n ca
IIEHTPOM Y Ta4KH @
Ocrarak y [leanoBor obJinky:

D-ja f n mudd. ma U,

= R,.(z) =o((zx —a)"), x — a

Ocrarak y JlarpamxoBom 00JIHKY:

®-ja f n mudd. va U, u ned. f*) na U,

fo(e)

(Vo € Ua)(Fe € (a,7)) Rna(r) = (n+1)!

(x —a)"

KonBekcHocT 1 KOHKABHOCT

f: (a,b) >R

10



Kousekcuocr:

(Vx,y € (a,b))(VA € [0,1])
FII=Nz+Ay) < (1= A)f(z) + Af(y)

Koukasunoct:

(Vz,y € (a,b))(VA € [0,1])
S =Nz +Ay) > (L= N f(z) +Af(y)

e f: (a,b) = R je nmudepennujabuina Ha (a,b)
— f xkousekcna < f°

— [ konkaBHa < f'\

e f: (a,b) = R je upanyr nudepennujabusina Ha (a,b).
Tana 3a (Vo € (a,b)) Baxu
— f konBekcua < f’(x) >0
— f komkasaa < f"(x) <0

e Heko ¢ € (a,b) je mpeBojua tauka dyHknuje f ako 3a HeKo § > 0 BaKu:

— f je KoHBekcHa Ha (c— S, ¢) a KOHKaBHa Ha (¢, c+

5)

— 00pHYTO

;

Ucnurusame Toka u ckunuparme rpaduka GpyHkimja

1. Jlomen cdpyunkmmje
e [Ipecek jomena cBux (pyHKIIMja 0J1 KOjuX je DyHKIIMja KOMIIOHOBaHA
2. Hyne u 3nak dynknmje

e lcouryjemo kaza je f(z) =0, f(z) > 0, f(z) <0

e OBaj KOpak MOXKe Ce IIPECKOYMTH ¥ OCTaBUTH 3a Kpaj Kaja I[ocTaje
JeJIHOCTaBHU)U

3. Crenujajia cBojcTBa (MIAPHOCT, HEIIAPHOCT, TIEPUOIUITHOCT )
e Oymuknuja je napua ako f(—z) = f(z)

e Oymukinuja je Henapua ako f(—z) = —f(z)

11



e DyHKIMja je mepuoguvdHa YKOJIUKO jOj je JIOMeH cuMeTpuyaH y omHocy Ha () u
yKOJIIKO HocToju mepuoga 1' > 0 3a xojy Baxku (Vo € Dy)f(x) = f(x + 1)

. Hempekuanoct u audepeniumjadbuiHocT

o DyHKNMja je HEPEeKNIHa Ka0 KOMIIO3UIINja HEIPEKUTHUX (DyHKITHja

e Pauyname mpBor uzsoja
. MOHOTOHOCT U JIOKAJIHU €KCTPEMYMU

e Hyze mpBor m3Bosa, padyHamMo APYTH U3BOJ U YKOJIUKO je Y TUM TadKaMa
dyukiuja onasajyha, 3HaMo Jia je MaKCUMyM U OOPHYTO

. KonBekcHOCT 1 KOHKaBHOCT (QyHKIH]je
. Acuvmrore dyHKIMjE

e XOpH30HTAJHE, KOCE ACUMIITOTE

e Beprukasine acuMnToTe ce Ijejiajy 1o ,pyrnaMa’ y JOMeHy

. I'pacbux dyuxImje

e Jla s TaHTeHTA TIPOJIA3U Kpo3 (x,y)

e y— f(xo) = f'(wo)(z — x0)
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