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CAJIP3KAJ

PEY AYTOPA OsBo je He3BaHUYHA CKPUIITA TeopHje mnpejamera JIuneapra ajaredpa u aHau-
TruKa reomerpuja. Ckpunra nparu npegasama mnpodecopke ap Asekcanape Kocruh Marujesuh.
Ayropu ckpunire Bam kejie cpely y yuemy.



1
Jedunauinuja mossa

Hedununuja 1.1. Heka je A ckyn ca jgpe dunaphe omepaiuje + u - 3a KOje Cy 3aJ[0BOJbEHE
caenehe akcuome:

1. 3a cee a,b,c € ABaxu (a+b)+c=a+ (b+c¢)
2. nocroju 0 € A takas na 3a cse a € A Baxku a +0 =0+ a = a (0 je Heyrpas 3a cabuparse)

3. 3a cBako a € A mocroju @’ € A Takas ma je a+a’ = a' +a =0 (3a o’ xKaxemo 72 je cymporan
€JIEMEHT O/I )

4. zacea,be ABaxna+b=b+a

5. 3a cBe a,b,c € ABaxu (a-b)-c=a-(b-c) (1 je HEYTPaJ 32 MHOKEHE)
mocroju 1 € A rakaB la3a cBe a € ABaxkna-1=1-a=a

1_ -1

3a cBako a € A\ {0} mocroju a=! € A tako majea-al=a"l-a=1

dacBe a,b€ ABaxxua-b=>b-a

© ®» 3@

3a cse a,b,c € ABaxu (a+b)-c=a-c+b-cua-(b+c)=a-b+a-c
Tama 3a A KaxkeMo 1a je Go.e.
[Tpumepn:

e ckymoBu R, Q

e 3a mpoct Opoj p, ckyn F, = {0,1,...,p — 1} ca omepanmjama z +, y = (z + y) mod (p)
(ocTaTax mpH mesbemy T +y cap) u Ty =y mod (p).



2

CucreMu JumHeapHUX jeJHaYMHAa

Heka mam je mara jemHaumHa: a - = b 3a a,b € F (F je nose, kox Hac he Hajuernhe Surtu
F =R). Tpaxxumo = € F 3a Koje BaxKM JeJJHAKOCT a - & = b.
Paszmukyjemo 3 moryhuocTu:

e a#£0

OHJIa je * = g JEMHCTBEHO PEIIEHE.

e a=0,b=0
0-x =0 - oBa jeHaKOCT BaxKu 3a cBe x € F. 3a OBy jeJIHAYUHY KaxKeMo Ja je neogpehena.

e a=0,b#0

0.z = b - memoryhie, na jeHauYnHa HEMa PEIEHHA.
Hedununuja 2.1. /luneapra jeqHaunHa ca n HEIO3HATHX je U3Pa3 OOJIAKA:
a1r1 + asxo + ... + apxry, =0
rie ¢y ai, as, ..., a, € F koedunujenru, b € F' cj10doan WiaH U T, T2, ..., Ty, HEIO3HATE.

Hedununmja 2.2. CucreM JuHeapHUX jeIHAYNHA j€ KOH)YHKIIA]a HEKOJIUKO JTUHEAPHUX j€THATN-
HA:

a11x1 + ... +aipx, = by

a21T1 + ... + ATy, = b2
(*)

Am1Z1 + oo + GnTn = by

CHCTEM O]l " jeJHaUNHA Cca 1 HENo3HATUX. Pelleme cucrema je cBaka n-TOpKa ejleMeHara u3 F
KOja, KaJla ce 3aMeHU y CHUCTeM, Jaje jeqHakocTu y F.

Hedununuja 2.3. Heka je S ckyn pemema cucrema;
1. axo je S = (), cucreM mema pernerse.
2. ako je |S| = 1 (6poj wianoBa ckymua je jenmax 1), cucreM uma jeguHcili6eHo penierbe.
3. ako je |S| > 1, cucrem uMa BHIIIE pelleba, Tj. CACTEM je Heogpehen.

Axko nBa cucrema nMajy ucTu OpOj HENO3HATUX U MCTE CKYIIOBE pellema, KayKeMo Jia Cy Ta JIBa
CUCTEeMa EKBUBAACHULHA.



2.1. TAYCOB METO/I 3

IIpumep 1. Heka cy mara nBa cucrema JIMHEAPHUX jeTHAYMNHA!
r+y=3 r—y=-—1
(1) B (2) _
T+2y=>5 2z +3y =8

Sy = {(132)}3 Sy = {(132)}

(1) m (2) cy eKBUBAJIEHTHHU CHUCTEMH.

3a cBoljeme cucreMa Ha eKBUBaJIEHTHU KOjU UMa, jeJJHOCTABHUjU ODJIMK KOPUCTUMO €JIeMEHTapHe
TpancdopmMmaruje.

Hedununuja 2.4. IMocroju 3 tuna exemenrapanx tpancdopmanuja (FaycoBux onepanuja):

1. 3ameHa mMecra i-Te u j-re jenHaamHa(TIe je i # j)
CI)ij s — Jj
2. Jo/aBarbe i-TOj jeJTHAYMHA j-Te jeJHadnHe MOMHOXKeHe ca A € F:

\I/ij(/\) : Jl —>J¢+>\JJ

3. MHOXKEme i-Te jeHavunHe eJleMeHTOM A € F) \ #£ (:

JBa cucrema cy eJleMEHTAPHO €KBUBAJICHTHA AKO je/IaH HACTAje U3 JPYTror IPUMEHOM eJIeMEHTapHUX
Tpancdopmarmja.

Tepheme 2.1. Cpaka enementapHa TpaHcdOpMalldja CUCTEMa JIMHEAPHUX jeTHAYNHA UMa CBOjY
WHBEP3HY TPaHCHOPMAIIN]Y:

Lo J; «— J;
2. WA Sy — Ji— A

Joxas. Hokas nupekTHo u3 jedunuimje egeMeHTapHUX TpaHcdopmanuja (MoxkeMo ce ppaharu
»yYHa3a1” JI0 II0YeTHOr ODJIMKA CHCTEMA). O

2.1 Taycos merTo
Heka je mar cucrem (). Asropuram je coenehiu:

® TPaXKUMO MPOMEHJbUBY (UPBY Yy HU3Y T1,Z32,...,Tn) Y3 KOJy je KOedUIUJEHT DPA3IMIUT O
HyJle; Ty OpOMeH/bUBY Ha3BalleMo Gueowi (6e3 yMarbema OIIITOCTH MOYKEMO IIPETIOCTABUTI
na je muBor x1 ca KoedunujertoM ai; # 0). Tpancdopmanujama tuna 1 1oBereMo KebeHy
jelHaYMHY Ha IIPBO MECTO.

e MapKHpaMo IIMBOTa U IOMONY jeqHa4YnHe y KO0jOj Ce IIMBOT HAJIA3H eJeMeHTapHUM TpaHchop-
MaIjaMa TUIA 2 eJIMMUIIEMO IPOMEH/BUBY KOja je IMBOT (KOJ HAC T1) U3 OCTAJINX jeJHAINHA
a;1 .
Ji—>Ji+(—7)'J1, 2§z§m
ai



2. CUCTEMU JINHEAPHUX JE/THAYHA

JodnjaMo eKBUBAJIEHTAH CHCTEM:

a11r1+a12x2 + ...+ a1, = bl

AyoTo + ...+ b, Ty = by
()
ar oo+ ...+ a, T, =b,
Ogo je cucrem o (m — 1) jennauaune ca (n — 1) mpoMeHIBHBOM.
e Cajsa anajiorae TpancgopmMalyje IpUMerbyjeMo Ha cucTeM (k).

Y kKoHauHOM HHN3Yy KOpaKa CBEeIEeMO CHUCTEM Ha CTCIICHACT O0JIUK:

1121 + a12%2 + -+ a1 Ty = b1

/ ! /
a22m2 + e + agnxn = b2

/ / Y
a;;Tj+ -+, = b;

713
1/
0= bjy1

r7e je a;- ; # 0,7 < m. Moxewmo yoduru cienehe cucreme:
1. Axko l'aycoBoMm MeTOIOM y HEKOM KOPakKy J00MjeMO jeIHAUYNHY OOJIMKA
0-21+0-20+...4+0-2,=b, b #0

KOja HeMa DeIlerbe, Ta la HA CaM CHCTEM HeMa DeIllerbe.

2. Ako cTuraemo o jemHaqdune a - &, = b,a # 0 oHjga je x, = 3 u BpahaMmo ce CyKIIeCHMBHO J1a

peKo HaheHWX TPOMEH/BUBUX ,, IPOYUTAMO” OCTAJIE.

3. AKko Ha Kpajy CTUTHEMO JI0 je HadnHE:

Ay - + Gm,j+1Tj41 + oo F QnTn = b, A #0
~—

=a

OszHaumMMO @y, ca a. Cama MapKmpaMo jeJHy ITPOMEHJBUBY, pernuMo ;. Mapkupane mpo-
MEHJ/bUBE Cy ,Be3aHe” - HBUX HU3PaXKaBaAMO IPEKO ,,CJI000MHUX” KOje y3MMajy MPOM3BOJbHE
BPEIHOCTH U3 1oJba F

T; = 7(b_am’j+1 Tj41l —+o — Qmp Tp )
a N~ N~~~
aq aj
Hakie: x1 = %(b— U100 — oo — Qmp ), TIE O, ..., 5 € F. Cama ce Bpahamo CyKIecHBHO

y IIPEeTXOJIHE jeJHAYUHE JIa ,[IPOYUTaMo’ ocrase npoMen/buse. CucreM je Heompelen.



2.1. TAYCOB METO/I )

IIpumep 2. Hexka je mat ciemehu cremeHacT CuCTEM:

I +4£L’2—1’3:1 (1)
31‘2 + Tr3 = 8 (2)
Tr3 — 5 (3)

U3 jenmauune (3) umamo na je s = 5. Kaga ce Bpenuocr x3 ydanu y jennaduny (2), modujamo na

je o = 8*313 = % = 1. Kagia ydanumo Bpecroctu xo u x3 y jenuaduny (1) modujamo zma je:

1 =14x3—40o=14+5—-4=2
Hakite, cucreM nMma jeIMHCTBEHO periee (2, 1,5), ma je ckyn pemema jemaak: S = {(2,1,5)}.
IIpumep 3. Heka je nat ciemehu cucrem:

r+y+z=1 (1)
y+z=5 (2)

U3 jennaunue (2) umamo ga je y = 5 — z. Kaza ce Bpensoct y ydanu y jemaunny (1), modujamo:
r=1-y—2=1-(5—-2)—2z=—4
na je cucrem pemema S = {(—4,5 — ala € R}.

Hedbununuja 2.5. Xomoienu cucreMm je OHaj CUCTEM UHjU Cy CBU CJIODOIHU UJAHOBU jETHAKM
HyJIa:

ai1x1 + ... + a1px, =0

asx1 + ... + aspx, =0

Am1T1 + oo + QnTyp, =0

Xomorenu cucreM yBeK uMa bap jesHo perreme, 10 periemne je (0, ...,0), Koje 30BeMO TPUBH]AJIHO
perremne.

Tsepbeme 2.2. CBakoMm cucreMmy MOXKEMO MPUIPYKUTHA XOMOreHHu cucreMm. Pererme cucrema he
SuTn 0OJIMKA: pellerbe XOMOTEeHOI CUCTeMa + JeJIHO pellere cucTeMa (Tj. IOJIA3HOr CUCTEMA).

Joxas. Penumo na je (hy,ha, ..., hy,) pelliembe XOMOIEHOT cUCTEMA & (P1, P2, ..., Pn) JEIHO DEICHe
nosiasHor cucrema (maprukyiapuo pemetse). da s je (hy + p1, ho + pa, ..., by + pp) pelierbe mosa-
3HOT cucrema’

IMocmarpamo i-Ty jeanaunny, i € {1,...,m}

air(hi+p1)+aig(he+p2)+...4ain(hn+0n) = aip1 + ... + @inpp + aithi + ... + ainhy = bi+0 = b;
b; 0

O



3
Matpurie

Hedbununuja 3.1. Ako cy m,n € N u F nome, marpuna dopmara (Tj. TUIIA) M X 1 HAJL, [I0JbEM
F' je Tadbmuria obimka

a1 a2 ... Qin

a1 a2 e agn
A =

aAm1 Am2 ... Amn,

KOja ce CacToju! O/ M BPCTa W 1 KOJIOHA.

Emement a;; € F ce Hama3u y IpeceKy i-Te BpcTe U j-Te kKojome. Kpahu samuc [a;;];_7
j=1ln

m njin

camo A = [a;;] ako He Tpeba HarmacuTH (HPOPMAT.

Cxyn M, (F) je ckyn ceux marpuna dopmara m x n najg F. Ako marpuna A € M, (F),
ona marpuiia A uma m Bpcra U n KojoHa. Kpahu 3amnucu:
i-Ta BpCTa: (41042 . . - Gin) = Ai—s
alj

. azj
J-Ta KOJIOHA: : =Ay;

amj
Axo je m = n kaxkemo za je Marpuna Kaaparhaa, a M, (F) ckyn kBajparaux Marpuna hopMara
n mag nmosbeMm . Matpure xoje cy dopmarta 1 X n 30BeMO BpcTa-MaTpHIE, JOK MaTPHUIE Koje Cy
dopmaTta m X 1 30BeMO KOJIOHA-MATPHUIIE.

Cabupame marpuna Axocy A, B € M, (F), rue je A = [a;5] u B = [b;;], A+ B = [a;;]+[bij] =

[ai; + bij], ).
a1l a2 ay bin  bio b1 a1 + bi a2 + b1z ain + b1
a1 Qg2 ... Q2q bor b2 ... b2, ao1 + bay az2 +by2 ... ag, +boy
+ fr—
am1 am?2 .. Amn bml bm2 .. ann am1 + bml Am?2 + anQ .. Amn + ann

Baxkuo: Cadupamo mMaTpuiie UCKJbYIUBO UCTOr phopmaral



Tspheme 3.1. Cadupame marpuma je:
1. AconujarusHo.
2. Komyrarusno.
Zloxas. Iokazyjemo pemom:
1. Heka cy mare marpune A, B,C € M,,,(R). Ouga je:
(A+B)+C = (ag] + b)) + [ei]
= laij + bij] + [ciy]
= [(as; + bij) + ciy
[az (bij + cij)]
= [ay] + [bij + 4]
= [a;

+ ([bi5] + [e5])

Il
s
4
™
4
9

Tj. MokeMo 1catu camo A + B + C'

2. Hexa cy nmare marpune A, B € M, (R). Onza je:

[
[ai; + bij]
= [bij + aij]
= [by;] + [aiy]
=B+ A
O
0 0
Hynma marpuma | @ @ ! | je meyrpas 3a cabupame y My, (F).
0 0

Mmuoxkeme ckamapom Heka je A € My, (F), A = [a;;] u A € R. Onza je:

A A= X ag] =X aij)

Tpancnonosame marpuna 1o je ynapna onepanuja: My, (R) — My, (R), tie je A — AT
Jedunmncano ca:

T
a1 ai2 . A1n a1 a1 . Am1
a1 a2 . agn a12 a2 e Am2
AT = =
Am1 Am2 e Amn, A1y A2n e Amn,

Tj. BpcTe Marpuiie A mMocTajy KOJOHe TpaHCIOHATA, JIOK KOJIOHE MaTpuIile A mocTajy BpCTe TPaHC-
IIOHATA.



Tephemwe 3.2. Baxu caenehe (A, B € My, (F),\ € F):
1. (A+B)T = AT + BT
2. AT =\ AT
3. (AT)YT = A
Zloxas. HokazuBahemo peom:
L (A+ B)T = ([ag; + bi;])" = [ajs + bji] = [azs] + [bjs] = AT + BT
2. AT = [Nay)T = Najil = A [aj] = A+ AT
3. (AT = ([ay]")" = [a;]" = [a;5] = A

3.1 Mmuoxkewme maTpuiia

3. MATPHIIE

Hedunnnuja 3.2. Heka cy mare marpune A € M,,,(R), A = [a;;] u B € My, (R),B = [b;].

j
Muozxkeme marpuna A u B kao pesynrar gaje marpuiy C € M, (R):

aii a2 ... alk bin biz ... bin C11 C12
azi az2 ... azk bor b2 ... bop C21 C22
am1 Am2 ... Amk bkl bk:2 cee bk:n Cm1 Cm2

e je ¢ij = ag - bij + aig by 4+ @i - by = Ais - By

Cin
Con,

cmn

Baxkno: He mory ce muoxutu duiio koje ae marpure! Jla du ce marpune A u B morie

MHOXKUTH OpOj KojoHa Marpuile A mopa dutu jegsak Opojy Bpcra marpuie 5.

IToBesuBame MHOXKEHA MATPHUIIA CA CUCTEMOM jeaHaumHa CucreM JIMHEAPHUX jeTHAIIHA!

ai1Ty + ... + aipT, =b1

ao1x1 + ... + agnTy :bg

A1 L1 + oo F G Ty, =bp,

MO2KEMO MaTPUIHO IIPEACTaBUTU Kao:

aii ai12 e A1n T b1

az  Ggo asnp T2 b2

Am1 am?2 Amn Tn bn
—_——  ——

A X B

MHuoxkeme MaTpuila HaM IoMazke Ja ckpalieno sammcyjemo cucreme: A - X = B



3.1. MHO>KEHKE MATPUIIA

Tepbemwe 3.3. Muoxeme marpuiia je:

1. AcommjarusHo.

2. JIucTpuOyTHBHO y OIHOCY Ha CAOMpPATHE.
Zloxas. okazyjemo pejiom:

1. Heka je A € M, (R), B € My, (R),C € M;,,(R)

—— ——
Hokazyjemo (A-B)-C=A-(B-C)
L D

X e M (R),Y € Mi,(R), L € Mp,,(R), D € My (R)

k
2y = Ains By =) ap by
p=1

1 l k 1 k
lj=Xis - Cly= Tig-cgg = (D aipbpg) - Cqj = D iphcy,
q=1

q=1 p=1 g=1p=1
l
Yij = Bis - Ciy =Y big - g
q=1

l

l
bpaCas) = Z Z Qip-bpq-cq;
1

p=1g¢=1

k k
dij = Aiss Y15 = ) aip-ypj = Y aip - (
p=1 p=1 q

:>lij:dij
— L=D

2. Heka je A € M, (R), B,C € M, (R)

X Y Z

Hokazyjemo A- (B+C)=A-B+A-C
L R

X € Mpiu(R),Y, Z € Myy(R), L, R € My (R)

Tij = bij + Cij

n n
lj=Ais X5 =Y tia-taj = Y tia(by + caj)
d=1

U
—

(@igbaj + aigcas)

- 11

n
a;qabg; + Z aidCd;
1 d=1
i B+ A - C
ij T Zij = Tij

L=R

>

Hﬁd
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O
BaxkHo: MHOXKee Marpuia Huje KomyTaTusno! (A - B # B - A)
aq 0 ce 0
0 9 . 0
Hedununuja 3.3. Tujaronanna marpuna je marpuria odoauka: diag(aq, g, ..., ay) = . . .
0 0 Qo
1 0 0
01 ... 0
Marpuny E,, = diag(1,1,...1)=| . . . . HA3WBaMO jeJITHUYHOM MAaTPUIIOM PeJa 1.
0 0 ... 1

Tephewe 3.4. Axo je A € M,,,(R) tana je E,, - A=Au A-E, = A.

Joxas. Heka je marpuna B nara kao B = E,, - A. Jlokasyjemo na je B = A. Osnaunmo F,, = E.
Caga je:

m
bij =FEiy - Ay = E ik * Ok
=1

Kako je e;, # 0 camo kaza je k = ¢ onga je:

m

E €ik - Akj = €35 - Q5 = 1 - aij = Q45
k=1

Opasue cienu ja je B = A.
Caza Heka je marpunia C mgara kao C = A - E,,. Jokazyjemo ga je C = A. Oznaunmo E,, = F.
Nwmawmo:

n
Cij=Ai B = ap-ex
k=1

CimdHO Kao 3a IPETXOJHNI JI0Ka3, er; 7 0 camo Kaja je k = j. Jdake:

n

E Qik * €kj :aij-ejj:aij-lzaij
k=1

Suaun C' = A. O

3.2 NuBep3uduiHE MaTpPUIIE

Hedununuja 3.4. Ksagparna marpunia A € M, (F) je uaBep3ubmiHa ako MOCTOJU MATPHIA
B € M, (F) raksa sa je:
A-B=B-A=E,

Marpuny B o3HauaBamo Kao B = A1, u 30BeMo je unseps o A.

Teopema 3.1. Ako je A € M, (F) unsep3uduiina MaTpUiia OHJA IIOCTOJU TAYHO jeJIHA MATPHIA
B € M, (F) 3a kojy Baxu:
A-B=B-A=E,



3.2. UHBEP3UBUJIHE MATPUIIE 11

Joxas. Ilpernocrasumo cynporuo. Heka cy By, Bs € M, (R) paznuuuru unsepsu ox A, 0JHOCHO

A-By=B,-A=E,

u
A-By=DBy-A=F,
Tana je
By=DB1-E,=B1-(A-By)=(B1-A)-By=E, - By = By
IIITo je KOHTPAIUKIH]ja Ca TPETIIOCTABKOM. O

Hakie, naBeps Marpune A je jeuHCTBEH (YKOJIMKO IIOCTOjH).
Tepbewe 3.5. Baxu caenehe (A, B € M,,(F)):

L. (A H =4

2. (A-B)"t=B"t.47!
Zloxas. HokazuBahemo peom:

LA A=A A=F, = B 1=A4=(4A"1)"1
B B

2. (AB)-(AB) ' =A-B-B ' A '=A.E, - A'=A-A'=E,
——

ETI,
(AB)™'-(AB)=B'-A' AB=B'E,-B=B'B=E,
E,

IIpumep 4. IIponahu uuseps marpune A € My (R) 3azara kao A = { ;, 121 }

')

_ . 1 2 Tz Yy 1
. 1: . =
Pemieme. A-A ETJ.[S 4} {z t] {0

Hobujamo cucrem:

r+2z=1
y+2t=0
3r+42=0
3y+4t=1
PemasameM gaTor cucrema (OCTaB/bAMO YUTAOLLY JIa CAM PEIId CHCTEM) A00ujaMo: & = —2,y =

3I/It:—§,Tj.A1:|:_32 L }

lz=3

_1
2 2
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3.3 Eaemenrtapue Tpancdopmalimje maTpuiia

Hdedununuja 3.5. Esemenrapue tpancdopmanuje Ha Bpcrama MATPHUIE Cy ODJIMKA:

1. P;; : Vi «— V; - 3amena i-te u j-te Bpcre. P;;(A) je MaTpuia koja ce moduje 3aMEHOM i-Te
u j-Te BpcTe Marpuie A.

2. Qij(a): Vi — V; + a - V; - nomasame i-TOj BPCTH j-Ty BPCTY IOMHOXKEHOM ca . @Qj(a)(A)
je MaTpura Koja ce J1oduje JoJaBameM i-T0j BpcTu Marpuiie A j-Te Bpcre IOMHOXKEHE ca (.

3. Ri(a) : V; — «a - V; - mHOXKeme i-Te BpcTe ca a. R;(a)(A) je Mmarpura Koja ce moduje Kaja
ce i-Ta BpcTa Marpuie A MOMHOXKE ca q.

Tepheme 3.6. Caka oJ] ejleMeHTapHUX TpaHcoOpMalija Ha BPCTe MATPHUIA UMa U CBOjy WHBEP-
3HY:

1. P;':V;«—V;, mj. Pl =Py
2. Q;;' (@) : V; — Vi — oV}, 1j. Q' (a) = Qij(—a)
3. Ry M) : V; — L.V, 1. Ry M (@) = Ri(L)
Zloxas. upekTHno u3 aeduHnnmje eJeMeHTapHuX TpaHcOpMaIiija Ha MATPUIAMA. O

Hedununuja 3.6. 3a marpuny B € M,,,(R) kaxkemo ja je Bpcra-eKBuBaJeHTHa MaTpuiu A €
M (R), 1 umemo A ~,, B, ako ce marpuna B noduja ox Marpuiie A IprIMEHOM KOHAIHOI Opoja
eJIEeMEHTAPHUX TPaHCHOpMAIlija Ha BPCTaMa.

Teopema 3.2. ~,, je peJaiuja eKBUBAJICHITA]E.
Zloxas. Hokazahemo pedI€eKCUBHOCT, CHMETPUIHOCT ¥ TPAH3UTUBHOCT PEJIAIIIE ~y.
e PedurekcuBnocr: A ~,, A - yBeK TadHO.

e Cumerpuunoct: Ha sm Baxku A ~, B = B ~, A7 OBo BaxKu jep cBaka 0Jl BPCTa TPAHC-
dopmarmja uma cBojy uasepsny. Ako je B =Ty ... T1(A) rne T € {P;;,Q:j(a), Ri(a)} Tama
je A=T7"' ... T, (B). 3naun B ~, A

e Tpamsurusnoct: la yu Baxku A ~, Bu B ~, C = A ~, C. Kako je B=Ty...T1(A) u
C=T]..T{(B)ounaje C =T ...T{ T} ... T1(A), 1j. nanosexkemo Tpamchopmaruje. Onma
—_————

B
jeAn~, C.

Hedununuja 3.7. Ejemenrapae rpancdopmaliije Ha KOJOHAMA MaTPUIE CY OOJIMKA:

1. PY : K; +— K, - 3amena i-Te u j-re kosone. PY(A) je marpuia Koja ce 1oduje 3aMeHOM
i-T€ U j-Te KOJIOHe Marpuile A.

2. QY(a): K; — K;+«- K, - nonaambe i-T0j KOJIOHH j-Te KOJIOHEe IIOMHOzKeHe ca a. Q% (a)(A)
je MaTpuIa Koja ce Joduje J0JaBambeM i-T0j KOJOHN MaTpulle A j-Te KOJIOHE IIOMHOXKEHE Ca,
a.

3. R'(a) : K; — a - K; - MHoxerse i-te KosioHe ejeMenToM o. R'(a)(A) je marpuna koja ce
J100uje KaJia ce i-Ta KOJIOHa MaTpuile A IIOMHOXKE ca .
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Tspheme 3.7. Csaka oj1 eieMeHTApHUX TpaHCchOPMAIIja HA KOJIOHAMA MATPHIE UMa CBOjy WH-
BEpP3HY:

1. PU=1: K; «— K;, 7j. P~ = pii

2. Q" YHa): K; — K; —a- K;, Tj. Q" Ha) = QY (~a)

3. R=Y(a): K; — i - K;, 1j. R a) = Rz(é)
Hedbununuja 3.8. Marpunia B € M,,,(R) je konona-eksupajsentna marpuiny A € M, (R),

o3naka A ~j B, ako ce marpura B nobuja ox marpuiie A KoHauHuM OpojeM TpaHchopManmja Ha
KOJIOHAMA.

Teopema 3.3. ~ je penarmja eKBUBAJICHIIH]E.
Zloxas. CKOpPO UIEHTUYAH JI0KA3 KAO 3a ~y,. O
Jlema 3.1. 1. Ako je T dusio Koja TpaHcdopmMalidja Ha BpcTaMa, OHJIa je:
T(A)=T(E)-A
2. Axko je T duiio Koja TparcdopMalja Ha KoJIOHAMa, OHIA je:
T(A)=A-T(E)

ITpumep 5. Axo je 3ajara marpuna A kao A = [ :13 i } OHJIA je:

R O I e e A R

IIpumep 6. Hexa je T = Q;;(a) u A € M, (R). Ouga je

[ A
T(A) = AH+:aAH i
A
By,

T(E) = E,_, + OéEjH — 1

En-

IIpumeTnmo 1@ MOXKEMO JIa U3JABOJUMO i-Ty KOJIOHY

0

A- 1 <—i:A¢i
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" i-TY BPCTY

T
1
Cana je
El% -A Al%
En—> -A An—>

Hedbununuja 3.9. Marpura godujena o jeIMHUTHE MATPUIIE TTPUMEHOM TATHO jeTHe Tpancdop-
Malldje Ha BpCTaMa WJIN KOJIOHAMA HA3UBAMO eAeMEHULAPHG MATPHUIIA.

3HaHI/I, Eij = Pij (E), Eij (Oé) = Qij (a)(E),El(a) = Rl(()[)(E)
Taxohe E¥ = PY(E), BV (a) == QY (a)(E), E'(a) = R (a)(E).

IIpumep 7. Heku npumepu ejieMeTapHUX MATPHUIA:
100 100 01 0
Eyuy(3)=|3 1 0 |,E(5)=|0 5 0|,E2=|1 0 0
0 0 1 0 0 1 0 0 1
Jlema 3.2. Eslementapse mMaTpuile Cy WHBEP3UOUJIHE W BayKU:
(T(E)" =T 1(E)
Zloxas. Axo je T Ttpancdopmaliuja Ha BpcTaMa, 3a OMJIO KOjy Marpuily A Bayku:

T(A) =T(E)- A

Vamumo qa je A = T—1(E), rana je

OJHOCHO

E=T(E) - T YE)

Bnawn T~1(E) je unseps on T(E), tj. (T(E))~! = T7Y(E). Ananorno ce Moxke J0Ka3aTH ako je
T Tpamcdopmanuja Ha KOJTOHAMA. O

Jlakite, eleMeHTapHE MaTPUIlE CY NHBEP3NOWIHE U HUXOBH MHBEP3H Cy €JIEMEHTapHEe MAaTPHIE
KOje Cy HacTaJjie IIPUMEHOM WHBEP3HUX eJIEMETAPHUX TPAHC(HOPMAIIH]ja.

ITpumep 8.
1 001" 1 00
(Ba1(3)™'=13 1 0 = Q5 (Es)=Qu(-3)=| -3 1 0
0 0 1 0 0 1

S ul=

=)
—_
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Hedbununumja 3.10. Marpune A, B € M,,,(R) cy esemeHTapHO €KBUBAJIEHTHE AKO CE MATPUIA
B noduja ox marpuiie A NprMeHOM KOHAYHO eJIEeMEHTApHUX TpaHcdopMalyja OUJIo Ha BpCTaMma,
omo Ha Kojonama. Os3naka: A ~, B.

Teopema 3.4. ~. je penaiuja eKBUBAJICHIIA]E.
Zloxas. Tpusujamo. O

Hedbununuja 3.11. Marpune A, B € M,,,(R) cy ekBuBajieHTHE aKO IIOCTOje UHBEP3UOHUIIHE
marpune P € M,,(R) u Q € M, (R) takse na je

B = PAQ
ITumemo: A ~ B.

Tephewe 3.8. Marpune A, B € M,,,(R) cy eiremenTapHO eKBUBAJEHTHE AKO M CaMO aKO CY
€KBUBAaJIEHTHE, OJIHOCHO
A~.B<— A~B

Joxas. (=) Kako je A ~. B, 10 je B =Ty... ThAT|...T], tne cy T} ...T1 tpauchopmarmje
Ha BpcraMa, a 17 ... T} TtpaHcdopmaruje Ha kogoHaMa. TpancdopMariyje 3aMemyjeMO MHOKEHmEM
MaTpHIA;
B=Ty(E)---Ty(E)-A-T{(E)---T/(E) = B = PAQ
P Q
P, Q cy uaBepTudMIHE KA0 TPOU3BOJ] €JIEMEHTAPHUX MATpUIa Koje cy uaBeprubmine. Jaxie, A ~
B.

(<) mokas kacHuje (CBaKa MHBEP3HA MATPHIIA j& TIPOM3BOJL €JIEMEHTAPHUX ). O

Hedbununuja 3.12. Csaka marpuna A € M,,,(R) ce MoxKe IPUMEHOM KOHAYHO €JEeMEHTAPHUX
TparcdopMaIja Ha BpcTaMa M KOJIOHAMa CBECTH HA MATPHUILY OOJIHKA

Tl 0 cee eee eee e 0T
0 1
A° = 1
0
B T (N

ManI/ILLy AO 30BEMO KaHOHCKOM MaTpPpUIIOM MaTpUIlE A.

AnropuraM 3a Hajaxkeme KaHoHcKe marpuiie Cienehn agroputam maje marpuiy A
1. Tpaxkumo pBy He-Hyj1a KOJoHY Marpuiie A (ako He mocToju Kpaj)
2. Y npounabenoj He-Hy/1a KOJIOHU TPAXKUMO IPBU HE-HyJa €JIeMeHT (IIMBOT)

3. 3amMeHuUMO TIPBY BPCTY U BPCTY Yy KOjOj Ce HAJIA3U MHUBOT, a IIOTOM 3aMEHUMO IIPBY KOJIOHY U
KOJIOHY y KOjOj Ce HaJIa3W IMUBOT

4. MHOXKXUMO TIpBY BPCTY WHBEP30OM ITHBOTA
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5. Kopumhemem modujene jeauHure m MHOXKEHHEM MIPBE BPCTE MOTOIHUM €JIEMEHTOM ITPABUMO
HyJIE UCIIOJI Te jeJIMHUIIE

6. MHoxkemeM MpBe KOJIOHE IMOTOJIHIM €JIEMEHTOM IIPABUMO HYJIE JIECHO OJI jeJIMHUIIE

7. Ilocmarpamo ToAMATPHUILY J0OMjeHe MATPHUIE KOja HACTAaje N30AINBAHEM MIPBE BPCTE U TIPBE
KOJIOHE U WJEMO Ha IIPBU KOPaK

ITpumep 9.
000234j 002 —40 2 2 00 40 27 /'3
4|00 2 -4 0 2 000 2 3 4 000 2 3 4
o0 2 3 1 -1 002 3 1 -1 2 00 3 1 -1
003 1 1 0 003 1 1 0 300 1 1 0
+
/(_1) +
/2 — l vy
100 20 171 /(=2 /(=3 100 -2 0 1 10000 O
000 2 3 4 000 2 3 4 0002 3 4
20031—1<—1+ ‘N00071—3”00071—3
300 1 1 0 |<= + 000 7 1 -3 00071 -3
+
[-(=2) —F
3
i /'(*5)—yl
10000 O 10000 O 1000 0 O
02003 4/]/-2 0100 32 2| /(=7 0100 3 2
07001 -3 “lo 7001 -3|«—7 Tl0000 -2 17
|07 001 -3 07001—3<—+1+ oooo-%-w
- v Y
1000 0 0 10 0 00 0 10 0 00 O
0100 0 0 | |01 0 00 0 o1t 0 00 o0
0000 -2 -17 00 -2 00 -17] /(-9 o0 1 00 32
0000 -8 -17 00 -2 00 -17 00 -2 00 -17
+
4
/(%) §
10000 O 100000
01000 0 001000 0| _ o
00100 25 001000/
00000 O 0000O00O

Marpuna A° je jenuncrsena 3a mary marpuiy A.

Hedbunnmuja 3.13. Bpoj jenununma ma moveTnoM gely aumjaroxage marpurne AC zome ce pani
marpune A. Osnagasa ce ca rang(A) nm p(A).

ITpumerumo ja je, 3a marpuny A € My, (R), p(A) < min{m,n}.

Tepbewe 3.9. Heka A, B € M, (R). Taga je A ~ B < rang(A) = rang(B).

i

s
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Jlokas. (=) Hexa je A ~ B urang(A) =r. Kaxo je A ~ A° u ~ je penamuja exBuBaienmmje, na
jé U TPAH3UTHBHA M CUMETPHYHA, CJICJIU:
B~AuA~ A= B~ A% na je rang(B) =r.

(<) Axo je rang(A) = rang(B), ouna je A° = BY. Kako je A ~ A® = B® ~ B, na je 36or
TpausuTuBHOCTH A ~ B. O

Haxie, Opoj kiaca ekBuBasieHImje ~ oapebher je parnrom marpurna. OmgHOCHO, mMa ux k + 1, roe
je k = min{m,n}, na M, (R).

ITpumep 10. Ha Ms35(R) nocroje 4 kiace. Fbuxosu npejcrasuuiu cy:

00 0 00 10 0 0 0 10 0 0 0 10 0 0 0
oo0oo0o0O0(,/]0O0O0OO0OO0O(,/]01O0O0OTO0O(,{01 000
00 0 0O 0 00 0O 0 00 0O 0 01 0O

Teopema 3.5. 3a xeajaparny marpuiy A € M, (R) cieneha tephema cy ekBuUBajeHTHA:
1. A je npousBoj| eJleMEHTAPHUX MaTPUIla

A je mHBEPTUONIHA,

A~E

A~y E

crok W

A~y E
Jloxas. okazyjeMo JaHAIl UMILTUKAIIN]a:
1)=2)=3)=14) =5)=1)

1) = 2) Heka je A = P\Py--- Py, tue je P;,i € {1,...,k} enemenrapua marpuna. Camum Tum,
Te MATPHIE Cy HHBEPTHOMIHE TIa, je:

A—l — Pk_l . P2_1P1_1

Suaun, A je MHBepTHOWIIHA.

2) = 3) Marpuna A ce csomu na marpuiy A’ Tpanchopmarnujama na BpcTama u KojoHaMA,
ma je
A =Py PLAQ: - Q
P Q
rne P npejcraB/ba IIPOU3BOJL €IeMEHTApHUX MaTpuIla Ha BpcraMma, & () Ha KOJIOHAMA. JHAYH
A" = PAQ, tme cy A,P,(Q unseprubuame. Axo je A umBeprudmina, oma Hema 0-pcry Hu 0-

KOJIOHY, jep mocToju B Tako ja je:
AB=BA=F

Kako F uema 0-Bpcry mu 0-rosiony, Hema Hu MaTpuna A. P u () takohe memajy 0-Bpery u 0-KOJIOHY
jep cy maBepsn, ma mun PAQ = A°. Onasne ciemn na je A = E, ma je A~ E.

3) = 4) Kako je A~ E, 10 je E = PAQ, rie cy P u () 1pOu3BOM eJIeMEHTAPHUX MaTPHILA,
ma cy u uaBepruduine. Caja je:

_ p-1 -1 _ p-1p-1_ p-1n-1 1 _ p.
AfPP lEQ =P Q=P 'Q''E=R-E
- R
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[Tomro R upencras/ba IPOU3BOJL, €JIEMEHTAPHAX MATPUIlA, OfaBie ciaenu aa je A ~, E.

4) = 5) A ~, E na je A = PE, rue je P upoussoj esementapaux Marpura. OHua je
A=P=F- P, naonasue cieau 1a je A ~i E.

5) = 1) A ~; E na je E = AP, rue je P upousBoj ejeMeHTapHUX Marpuia (Ia je u
UHBepTHOMIHA MaTpuna). Ilpema Tome, A = P71 rae je P! Takohe mpousso eseMeHTapHUX
MAaTpPHIA. O

IMTocaenuua 1. Keagparua marpuna A € M, (R) nma panr n ako u caMo axo je A nHBepTUOMIIHA.

Asropuram 3a m3padyHaBame MHBep3a marpurne Baxu: A ~, E <= A je unepruduina.
Onagne je P;...PLA=FE, rne P, = T;(E), vpe T;(F) upencrasiba TpancdopMalyje Ha BpCTaMa.
A-1
Haxe
Al =P, P =TyE) - -TW(E)=Ty---Th(E)

Tj.

[A|E]) " [B]ATY

IIpumep 11. Hexa je A = { ;) i ] Tpaskmmo A1,

B P i

1
2
< +

L—
—_
[\
—_
o
—_
~
N—
2
| —
—_
Njo =
o
—_
+
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JleTepMUuHaHTE

Hedununnumja 4.1. Heka je A € M, (R) gara marpuna. Tazga je det A € R nedunucana ca:
det A = aiq - det A11 — asy - det A21 + -+ (_1)n+1 - det Anh
npu 4emy je, 3a cse i € {1,2,--- ,n}, Marpuna A;1 nodujena I/IS6&LLI/IB3££M i-Te BpPCTe U IIpBE
kostone Marpurie A. Ty marpuiy 30Bemo musHOP. Bpoj A;; = (—1)""7 -det A;; 30Bemo anredapckn
KodakTop nHa Mecry (i, 7). OHua jgeTepMUHAHTA MOXKE AJTEPHATUBHO JIA CE 3AllUIIe U OBAKO:
det A=ai1 A +a2dor + -+ anidm
Osznaka: det[- ] = ‘ = |

Hedununuja 4.2. Marpuna A = [a;;] € M, (R) kox xoje je a;; = 0 3a cBe ¢ > j 30Be ce wpive
wpoyiaora

a1 Qai2 . A1n
0 aze ... aon .
A= . . . . Je ropme Tpoyraona MaTpHUiia.
0 0 ... amn

CBaky MaTpHILy eJleMeHTapHUM TpaHchopMallijamMa Ha BPCTaMa MOXKEMO Ja CBEJIEMO Ha TOPHHE
TPOYTaOHY.

BaxkHno: JlerepMuHaHTY MOXKEMO ITOCMATpPaATH Kao (PYHKIU]Y BPCTA.

a1 a2 ... Qin A
_ a1 G2 ... G2q As,

Kpahu zamuc: Heka je A = . . . . = . € (R™M™. Osmaunmo ca
aml Am2 ... Amn Anﬁ

a; = A;—,. OHl1a MOXKeMO J1a JIeTEPMUHAHTY:
a
as

det . zanumemMo u Bogopasuo: det(ay, as, ..., ay,)

Qn

19
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Teopema 4.1. (OcHoBHa CBOjCTBaA JETEPMUHAHTE )
@ynknmja det : (R™)™ — R uma caeneha csojerBa kao GyHKIMja n IPOMEHIBUBUX BPCTA:

1. aaUTHUBHOCT TIO CBAKOM apryMeHTy ag, k € {1,2,...,n} :
det(al,... 7b+c7... ’an) :det<a17... 72’... ’an)_i_det(al’... ’g7... )an)
ay

2. XOMOT€HOCT IO CBaKOM aprymenry ax, k € {1,2,...,n}:
det(aq,--- 7o}zﬂb,-~- ,an) = adet(ay, - ,2,--~ , )

3. aHTUCHUMETPUYHOCT:
det(ah'" ’C]lcl’”' aalk‘v"' 7an) = _det(ah'" ’akk"“ 7al’la"' 7an)

4. HOPMAJIHOCT:

1 0 ... 0

01 ... 0
detE=1| ., . =1

00 ... 1

Joxas. CpojcTBa aJINTHBHOCTH U XOMOI'€HOCTH MOXKEMO Jia 00jeMHIMO Yy jeJIHO CBOJCTBO (30BEMO
ra JIMHEapHOCT):

dEt(ah'" 7O[b+ﬁC,"' 7a’n) :adet(ala"' 727"' 7an)+ﬁdet(a1a"' 7%7"' 7an)
ak

3a o = § = 1 modujamo ajguTUBHOCT, JOK 3a § = 0 mobujamo xomoreHoct. Ako je dpyHIKH]ja
aIUTUBHA U XOMOT€HA, OHJA je OHa JIMHeapHa.
CBOjCTBO JIMHEAPHOCTU ¥ AHTUCUMETPUIHOCTH JIOKA3YjEMO MHJIYKIMjOM IO N:

1. JluneapmocTt:
(Baza unayknuje) 3a n = 1 je tBpheme tpusnjasno jep dyukuumja det : (R™)" — R
UJEHTUIHO [TPECINKABAIHE Ca CAMO JeTHUM apryMEHTOM.
(MunykruBaa xunoresa) [IpermocraBumo jia 3a npon3Bo/bHO 1 — 1 TBpheme BaxKu.
(Unaykrusuu Kopak) Heka cy marpune: A = (ag, -+ ,ab+ fe, -+ ,ay,), B=(a1,---, b, - ,ay)
a

! by b bn
unC=(ay, -, c, - ,a,). Hoxkasyjemo: det A = adet B + S det C.
c1 Ck Cn

PaszBujmo merepmunanty marpuie A, n u3asojumo k-Ty BpCTy:

det A = Zan “Ap FapAg, i #Fk
i£k

Anredapcku kodakropu A;1,i # k cagpxke k-Ty BpcTy Marpuiie A 5e3 BeHOr IPBOT eJIEMEeH-
Ta, Ta je:

Ay = (=1 det A "2 (=1)"[adet By + Bdet Cp] = By + BCi

JIOK KobakTop A1 yorurnre He caap:ku k-Ty BPCTY, I je:

Apr = (=D det Ay = (—1)kJrl det By, = (—1)16'*'1 det Cr1
~~

Br1=Ck1
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omakJie ciaenu na je Ag; = Brp = Cg1 (marpune A,B u C ce pasiukyjy camo y k-10j Bpcrn).
Caga je:

det A =" an(aBi + BCit) + (ab1 + Berr) Ap

ik
= o () ainBii + b1 Bia) +8 () _ainCii + ck1Cra)
i#k i#k
det B det C
= adet B+ fdetC
. Artucumerpuunocr: Tokazyjemo: det A = — det B

(Baza naaykumje) Hcro Baxku Kao 1 3a IPOILITY 0a3y uHAyKIMje (3a JuHeapHocT) 3a n = 1.
(MupykrusHa xunore3a) [IpermocraBuMo j1a 32 Mpou3BO/HHO 1 — 1 TBpheme BaxKu.
(Munyxkrusan Kopak) IIpso fiemo mokazaru na tBpheme Baxku 3a cyce/me ejaemente. [Iper-
noctaBuMo J1a je | = k + 1. Heka cy marpure:

A: (ala“' 7ak7ak+17"' »an)
B:(a17"'7ak+1; ak)a"'7a'n)-
bl by bkt bn

PasBujmo smerepmunanTy marpune A, u usapojumo k-ty u k 4+ 1 cadupak us passoja:

det A = Z a1 - Ain + a1 Agr + arg1,1Ak+11
itk kA1

Kako kodakropu A;; caapzxke k-ty u k + 1 BpcTy, oHIa je:

Ap = (_1)i+1 ~det Ay e (_1)i+1 - (—det B;1) = —Ba

3a xodaxTope Agi 1 Apy1,1 BaXKI:

Agr = (=) o det Ayy = (1) - det Byy1a

:Bk+1,1
— (=12 det Brara
Br+1,1
= —DBjt11
n
Apyig = (D)2 det Ayy1 1 = — (=1)""' - det Byy = —Bja
——
B B
Cana je

det A = Z ai1 + agr (—Brg11) + akt1,1 - (—Br1)

ik, k1 —p,, =br+1,1 =bp1
= - Z bi1 - Bi1 — bgt1,1 - Bry1,1 — br1 - Bra
ik k41
=—detB

quMe je TBpherbe JoKasaHo 3a cyceque k u l. Ako cy k u | npoussosbru (perumo k < 1), onja
Tajia uMa | — k mepMyTOBamba CyCeTHUX BPCTA Jia k-Ty BPCTY JIOBEJIEMO HA [-TO MeCTO:
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k—=k+1—=k+2—=-.- =1
Ik

Tana je I-ta Bpcra Ha (I — 1)-BoM MecTy, 1a je orpedHo jour [ — k — 1 nepMyTarmja cyceaHux
BpCTa Ja [-Ty BPCTY J0BeIeMo Ha MecTo k. 3uaum, ykynuo | —k+1—k+1=2(1—k)—1
MepMyTaryja CyCeHIX BPCTa MATPHIIE:

det(al,... SQLy Ayttt 7an) = (_1)2(17]6)71 .det(a[l7... s Ayt ALy 7a}n)
k l k l
= _det(ah'" y Ay =m0 5 ALy 70%)
k l
. Hopmausmmoct:
E je ropme Tpoyraoma — det E=1-1-...-1=1
—_—
H IIyTa

U3 npexomHor 3aK/bydyjeMo:

det P;;(A) = —det A u det R;(a)(A) = avdet A.

Ilocnenuna 2. Ilocmeaniie OCHOBHUX OCOOMHA JETEPMUHAHTE:

ay ay
5.det | 0 | «i™™E""0.det| 0 | «i=0

Qn an

Haxute, ako marpuria uma (0-Bpcry, oHza je mena merepmuaanTta (.

ai ai
i | i | 4
. H.HTMCMI\ICTPM‘IHOCT .
6. det . = —det
, —J _ —7J
a; J a; J
an, an,

Jlakire, ako MaTpuIlla UMa JIBe UCTe BPCTE, OHJA je heHa JgeTepMuHanTa 0.
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ai ai ai ai
@i 1 @i 1 @i —i @i — i
JIMHeapHOCT
7. det = det + «adet = det
aj+aa; | aj | <7 a; | < a;
79 (79} Qan, an

W3 osora 3axmydyjemo ga je det Q;;(a)(A) = det A.

Teopema 4.2. (Teopema 0 jeIMHCTBEHOCTH JIETEPMUHAHTE)

Axo je f: M,(R) — R dwio koja dyHKIMja KOja je aJuTUBHA, XOMOI€HA U AHTUCUMETPHYIHA
kao QyHKIuja Bpcra MarTpuie, ouja je: f(A) =det A- f(E).
Axo je f u Hopmupana (1j. f(E) = 1) onna je f(A) = det A.(f = det)

Zloxas. Enemenrapaum Tpancdopmarujama Ha Bpcrama I u Il Tuna marpuiny A MoxKeMo Ja cBe-
nemo ma Tpoyraonn odmk T. Tana je f(A) = (—=1)k - f(T).

f(A) je camo map myta (rj. k myTa) npoMeHmIa 3HAK KaJa Ce MEmbajy MecTa BpcraMa (aHTHCHMe-
rpuunoct). Kaja ce HEKOj BPCTH J0Ja JPYra MOMHOXKEHA €a KOeUIMJEHTOM He JICIIaBa ¢e HUIITA
(mocsieua JIMHEAPHOCTH).

det A= (—-1)F-detT

cBojerso 7 (

*1)k't11't22'...'tnn

sujraonasia marpure T

IIpumenom cBojcraBa dyHkImje f godbujamo:
f(T)=t11 tag ... tyun - f(E)
IIpema Tome:

fAA) = (=) F(T) = (=1)F - t11 tao - ... ton f(E) = det A+ f(E) O
det A

Haxkye, merepMuHaHTa je jequHCTBEHA (DYHKIIMja KBaIpaTHEe MATPHUIE KOja je JuHeapHa, aHTH-
CUMEeTPHUYHA ¥ HOPMHUPaHa Kao (DYHKIMja BPCTA.

Tephemwe 4.1. (Pa3Boj geTepMuHaHTEe O TPOU3BOJHHO] KOJOHH):
Axo je A € M, (R),3a cako j € {1,2,...,n} ciuenu:

det A = alelj + anggj + ...+ anjAnj

Joxas. Hedbunnmmmo marpuuany dyskuujy: f(A) = a1;A1; + agjAg; + ... + apnjAnj 1 MOKaKEMO
Jla je OHa JIMHEeapHAa, AHTUCUMETPUYHA M HOpMaJsiHa Kao dyHKIHUja BpeTa (JIOKA3W Cy CIAMIHA Kao

Jokasu y Teopemu 4.1), 1ma je, Ha ocHoBy Teopeme o jemuncrsenocth, f(A) = detA.
0
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Teopema 4.3. (Bune-Korujesa reopema):
Ako cy A, B € M, (R),razna je:
det(AB) =det A-det B
Zloxas. Puxkcupamo Marpuity B n younMmo QpyHKIH]Y:

F(A) = det(AB)

Ta dbyukuyja je suneapHa u aHTHCUMETPUYHA (jep je JeTepMUHAHTA JIMHEAPHA M AHTUCUMETPUIHA
dynkimja), na je 1o Teopemu o jeauncrenoctn gerepmunante f(A) = det A - f(F). Caza je:

det(A-B) = f(A)=detA- f(E) =det A-det(E-B) =det A-det B
O

BaxkHo: /leTepMUHAHTY MOXKEMO JIa TIOCMAaTPaMO U Kao (MYHKIINA]Y KOJIOHA, U TaJIa je OHa JIUHeap-
Ha, AaHTUCUMETPUYHA U HOPMUPAHA.

Mocaenuma 3. Axo A € M, (R), tana det(AT) = det A

Jloxas. Heka je f(A) = det(AT)

Kako je jierepMmuHaHTa JJUHEAPHA, AaHTUCUMETPUYHA U HOPMUpaHa (PYHKIINja KOJIOHA, OHJIA je f
JINHEApHA, AHTUCUMETPUIHA U HOPMHUPAHA, 11a Ha OCHOBY T€OPEME O jeJMHCTBEHOCTHU JIETEPMUHAHTE

cremn ma je f(A) = det A, ma je det(AT) = det A. O
Haxne, marpuny A € M, (R) MoxKeMO pa3BUjaTh U 1O MPOU3BOJHHO] 4-TOj BPCTH:

det A = aﬂAil + aiQAiQ + ...+ amAm

Tenepasino, cBe IITO BaxKU 3a JeTePMUHAHTE U BPCTE, BaXKH U 3a jerepMuHanTe u KoJone. (To
[IPOM3WJIA3K U3 CBOjCTAaBa J€TEPMUHAHTE, TEOPEME O jeIMHCTBEHOCTH M DPA3BOjUMA.)

ITpumep 12. ‘ ;) i ‘:3~(—1)2+1-2+4~(—1)2+2~1:—6+4:—2

(Pa3Boj mo 2. Bpcrn)

IIpumep 13.
1 2 3
45 6| =1-(=1)"+". 5 6 2. (=1)HH2. 4 6 43 (=1)13. 4 5 _
78 9 8 9 79 7 8

—3+ 12 -9 =0 (PasBoj no 1. BpcTH)
Tephemwe 4.2. Heka je A € M,.(R). Excrumnnuraa dopmysia 3a padyHambe JeTepMUHAHTE MATPUIIE
A je:

det A = Z SGNT + A1x(1)027(2) "+ - - * On(n)
TES

rie je Sy, ckyn cBux mepmyranmja ckyna {1,2,...,n} u sgnw € {1, —1} 3nak nepmyranumje 7.
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Jloxas. Hedpuuummmo QyHKITHA]Y:

f(A) = Z SGNT * A17(1)027(2) * - - - * O (n)
TES,

Ona je JuHeapHA, aHTUCUMETPUYHA W XOMOT'€Ha, Ia [0 TEOPEMHU O jeJIMHCTBEHOCTH JleTePMUHAHTE
je
det A= f(A) = g SGNT - A1r(1)027(2) * -+ - * A (n)
TESy
O

IepmyTamuja ckyna {1,2,...,n} jennaka je oujekumju ckyna {1,2,...,n} (uma nx n!). Ha
upumep, m(1) = 2,7(2) = 3,7(3) = 1,7(4) = 4 je jenna nepmyranuja ckyna {1,2,3,4}

(12 4
T™\2 3 4

=W

Ako je i < j, a w(i) > w(j) map (7 (i), 7(j)) unHN MHBEP3Ujy y IMEPMyTAIU)H T.
. (123 4 -
epuyramuja T | o, 5 |, | HMa JBe nHBEp3Hje:
2,1 ) m3)<m(l)ml<3, u
(201,07 <)
3, 1 )m2)>n3)um2<3,
(3,107 > 7(3)

4.1 IIpumeHe aeTepMUHaHTE

4.1.1 ApajyHroBaHa MaTpuiia U UHBEP3

Hedununuja 4.3. Heka je A € M, (R). Anjyrrosana marpuna marpuie A je mMarpuna Koja ce
J00mje Kala ce TPAHCIOHYje€ MAaTPUIa HAITpaB/beHa 0/ KopakTopa MaTpure A:

T
Ay A ... A Ay A ... A
. Agp Asx ... Aoy App A ... Apo
adjA := . . ) = . . . .
Anl An2 Ann Aln A2n Ann
. 1 2
ITpumep 14. Heka je A = 3 4
A = (_1)1+1 4=4
App = (-1)*2.3=_3
Ay = (—1)**!.2= -2
Ago = (—1)2+2 1=1
T
. 4 3 4 =2
“dJA_[—Q 1 } -3 1

Teopema 4.4. Heka A € M, (R).

A-adjA =detA- E.
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Zloxas. Imamo ciemnehe:

a1 ai2 e A1n
a1 Q22 ... G2p
A-adjA =
an1 an2 e Ann
det A 0 0O --- 0
0 detA 0 --- 0
0 0 0O --- 0

(A-adjA)i1 = a1nAir + aizlis +.

(A-adjA)12 = a11 421 + a12dan +

(A-adjA)ij = ai1Aji + appAjs + .

a1 aiz - Qi
a;l ;2 Ain,
0 = det :
aj1 G2 - Gjn
L Gn1  QAn2 e Ann

4. JIETEPMUHAHTE

All A21 o Anl
A Asy ... Apo
Aln A2n oo Ann

.+ aipAy, =det A

oo+ alnAgn

ot amAjn

—
, pa3BUjaMoO IO j-TOj BPCTH.
7

- ailAjl + G/iQAjQ +...+ amAjn =03aj#i.

Haxine, ainAji + aipAjo + ...+ amAjp = { det A

det A 0
0 det A
A-adjA =
0 0

0  i#j
71:]
0 1 0 0
0 o1 --- 0
=detAd-| . . .| =A-FE O
det A 0 0 1

Teopema 4.5. A € M, (R) je uasepruduina ako u camo ako det A # 0. YV Tom ciayuajy je:

1

Jokas. (—>) Heka je A unseprudunna —> nocroju B € M, (R) takso na je A- B=F

IIpema Bune-Kormujesoj Teopemu:
det A-det B=1
= detA#0

Jom Baxku m: det B = det(A~!) =

det(AB) =det A-det B=det E =1

1
det A
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(«<=) mexa je det A # 0
A-adjA=detA-E | -5

A -adjA = FE = A je uuseptubmima n A1 L. adjA O

1
detA = det A

=A-1

4.1.2 KpamepoBo npaBujio

a11%1  @12T2 -+ Qipy, = bl
_ a1 G2T2 - ATy = b2
Hexka je mat xBajpaTHU cUCTEM: . . . . (%)
Ap1T1 Gp2T2  ***  GppTn = bn
b1
by
Bamucyjemo ra kao AX =b, tne A € M, (R), b= ) € M,1(R) n
by
x1
€2
X = . j€ KOJIOHA HEIO3HATHUX.
Tn
Osnaunmo ca: A = det A
air a2 - by oo ai,
az; aga - by o ag, | ) )
A; = . . . . je JeTepMUHaHTa MaTpUIE KOja ce J00Mja Kala ce y
an1 an2 Tt bn Tt Anpn

i-Ty KOJIOHY MaTrpuile A 3aMeHr KOJIOHA b.

Teopema 4.6. KpamepoBo mpaBuiio
1. Cucrem (*) MMa jeJIMHCTBEHO DEIee ako U caMo ako A # 0.
2. Ako je A =0 u Bap jemno A; # 0, tana cucrem (*) Hema pemerse.

/loxas. Heka je cucrem:.

111 @122 - A1p%n = b1/ - Agj
a21r1  QA22T2 - A2pTn = b2/ : A2j
ap1T1  Ap2X2 -+ GppTp = bn/ . A’I’Lj

Ako cabepeMo TOMHOYKEHE jeHauYnHe, JT0OUjeMO:

(Zail A+ (Zaij “Aij) i+ (Zam CAij) T = Zbi - Aij

——
=0 =A =0 Aj
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a1 aiz -+ by oo aig
asr az -+ by oo az, . .
E b; - Aij = . . . . = AJ,F/IG Je
\W—/ PR PR
Aj Gnl  Ap2 bn Gnn
Eaiinj = detA
i
pa3Boj 10 j-TOj KOJIOHU
all DRI alk DY alj
a21 e a’2k ... a2]
> aik - Ay =
i
ap1  **° QAng  *°°  Qnj

re je k duso koju opoj w3 ckyma {1,2,...,n}\ {j}.
Hakne, A-x; = Ajszacse j€{l,2,...,n}.

Hobujamo HOBU cucTeM:

A- r, = Al
A - T2 = Al
. ()
Az, = A,
Cagma nmamo 7Ba cirydaja:
1. A#£0
Tana je pememe (kk): 21 = %,332 = %, ey Ty = i"

by
ba

bn

4. JIETEPMUHAHTE

Jj—Ta Kojona marpure A

A1n
a2n

Ann

IIpoBepaBamo z1a Jiu je pelieme cucreMa (#*) periermbe U cucreMa (), IpoBepaBaMo JIa JIU je

3a/I0BOJbEHA 1-Ta jeJJHAUNHA cucTeMa (*):

IIposepa:

=52 aij - () be - Ary)

=& pbe 2 aij - Ag

= % b1-ZaijAU'F"'+bizaij44ij+"'+bn'Za’ijAnj
- J j

J
v X

—_——
0

= X - b - A = b; jecre pemere cucrema (*)
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2. A=0
0 X1 = Al
0 To = Al
) = (*x*) aKko je bap jeman o A; # 0
0.z, = A,

= (%%) HeMa pelleme
= () Hema peiemse jep je S(x) C S(xx)

——
0

Akoje A=A; =Ay=---=A, =0 rtaga je S(x*) = R".

Mebyrum o S(x) numra He Mozkemo pelin. 3namo ga je S(x) C S(kx*), anu 10 He 1aje HUKAKBY
——

RX
uadopmarujy o S(x). ¥ oBoM ciydajy, cucreM (k) peIIaBaMo HEKOM JAPYTOM METOJIOM, Ha
npumep [aycom.

O
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BekTopcku nmpocTtopm

Hedununuja 5.1. Bekropcku npocrop uaj nosbeM F(F - BEKTOPCKE IPOCTOD) IIPEJICTABIbA CKYII
V ca jemquom Sunapuom oneparujom V XV — V(cabuparbe, (v+u) — v+u) 1 jeIHOM CHOJBAIIHOM
onepanujom F' XV — V(mMHOXKeme ckamapom us noska F, («, v) — «-v) TIpu 4eMy cu 3aJ10BOJbeHe
caenehe ocobune:

Al (u+v)+w=u+ (v+w)
A2 u+v=v+u
A3 Tlocroju 0 € V takaB maje 0+u=u+0=u3z3aceucV
A4 3Ba caku u € V mocroju —u € V rakas na je u + (—u) = (—u) +u =0
A5 a-(u+v)=au+av
A6 (a+ ) u=au+ Pu
A7 a-(B-u)=(a-8)-u
A8 1-u = wu rne je 1 jequnuia u3z nmospa F
3acee u,v,w eV ua,peF.

Enementu u3 V' ce 30By sextiopu, a enementu u3 F' ckaaapu. 0 u3 nedununumje o3HagaBaMo jorr
u ca 0, ¥ 30BeMO HyJIa BEKTOPOM, JIOK — 30BEMO CYIIPOTHUM BEKTOPOM BEKTOpa U. ¥ HACTABKY
he mam majuernthe outu F' = R.

Tephemwe 5.1. (ITocienune akcuoma)
Hexka je V' peanan BekTopcku mpoctop. Tasa:

1a-(ug +us+ -+ up) = auy + aqug + -+ - + auy,

2. (g4t +ay) u=au+au+t--+ayu

3. 0-u=0,3acseucV, e je 0 neyrpasn 3a cadbupame y R
4. -0, =0,3acBe a €R

5. Ako je a-u =0, orzna je « =0 wm u = 0,

Zloxas. okazuBahemo peoMm.

30
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1. Jloka3 mpeko MaTeMaTuvIKe WHIYKITH]e.
(Baza unaykuumje) 3a n = 1 umamo:

a- (u1) = auy

IIITO je TadHO.
(MupykruBaa xunoresa) [IpermnocraBumo ja 3a Heko n € R jeqHaxocT BazKu.
(Unnykrusau Kopak) Cajia umamo:

A5
a-(ur4+us+- Uy +tUpgr) =a- (ug +us+ - +up) + au
X
= auy +aug + -+ oy + QUp
Haxkme, u 3a n + 1 jeIHAKOCT BaXKu, 1a I1eJ1a, jeITHAKOCT BaXKH.

2. CiangHo Kao moj 1, IpUMeHOM WHIYKIMje, caMo INTO he y MHIYKTUBHOM KODPaKy OUTH KO-
pumthera ocoduna 6.

3. Baxu 0+ 0 =0 jep je 0 meyrpan y R. Cama nmamo:
0 u=0+0) u20-u+0-u
Oznaunmo ca v =0-u € V. Haxie:

v=v+4+uv [+(-v)

vt (—v) =(v+v)+ (-v) = v+ (v+(-v))
—— ——
w0 w0
=0, =v+0,
=—=v =0,
—0-u=0,

4. Amnanorso kao nox 3, aau kpeliemo ox 0, + 0, = 0,

5. Ako je a = 0, orza je mo ocoduru 3 0 - u = 0,. [IpernocraBumo ma je o # 0 u o - u = 0.
Iomro je a # 0, TO 3HAYM J1a TOCTOjU é € R. Caza umamo:

1
a-u =0, /a
1 1
“(a-u)==-0
a(a w) a 7
1 1
g(—-a)-u:—-Ov
« «
~—~— S~
=1 =0,
=1-u=0,
gu:()v

quMe je TBphere T0Ka3aHO.
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IIpumep 15. Heku mpumepn BEKTOPCKHUX ITPOCTOPA:

1. V=R"=RXxRx---xR={(x1,...,2,)|z; € R}. Onepanuje:
(@1, 2n) + (Y1, yn) = (@1 + Y1, T+ Yn)

a-(x1,...,2,) = (ax1,...,02,),a € R.

V' ca medunmcanmm omeparujama je BEKTOPCKH MPOCTOP. 3a M = 2 100WjaMO T'eOMEeTPHUjCKe

Bekrope. Hyuma sekrop je: 0, = (0,...,0), a cynporan BeKTOp: —(T1,...,Tn) = (—T1,..., —Zp).
——

n myTa

2. IlosmHoMu ca KoedwurmjenTnMa, U3 1MoJba F'.
V=Flz] ={ao+ a1z + -+ anz"|a; € F,n € N}
Omneparyje cy cadupambe IMOJMHOMa U MHOXKEH€ ToJIMHOMAa ejleMenTuMa u3 F. Hyna BekTop
jé HyJa TOJIMHOM, JIOK je CyIpOTaH BEKTOD CaM IO cedU OOjallibuB.

3. Marpune
V = My, (F)mn. Onepanpje:
A+ B = [ai;] + [ i1 = laij + bij)
aA = afa;] = [eagj],a € F.
0 --- 0
Hymna BekTop je marpura 0, = : : , IOK je cympoTan BeKTop —A = [—a;].
0

mXn

4. TIpoctop dyukmuja. Heka je F mome u S # ) dumo xoju cKyTr.
V =F%={f|f:S — F}. Ouepanuje:
(f —|—g)( )= f(z) + g(x) 3a cBe z € S, u rue je oneparop + y oy F
(- f)(z) = - f(z) 3a cBe x € S, u rae je oneparop - y nomy F.
V je F-exktopcku mpocrop. Hyma Bekrop je myna-byHKIMja, 0K je CYHPOTAH BEKTOP:
(—

)()— f().

5.1 BekTopckKu moTOnpoCcTOopu
Hedbununnuja 5.2. Heka je V Bexropcku npocrop Hag R u U # () mogckyn ckyna V. Ckyn U je
BEKTOPCKU HOTIPOCTOP (MM caMo IIOTIPOCTOP) Hpocropa V' ako je u caM BEKTOPCKU IPOCTOP Y

osiHOCY Ha oreparyje u3 V. Osnauaamo ca U < V.

Tephemwe 5.2. Heka je V BekTopcku npoctop Hag R u U C V, U # . Taga je U norapocTop o1,
V ako Baxke cirezieha aBa yciioBa:

1. Ako uy,us € U, ougma Baxu uy + ug € U (U je 3arBOpen 3a caduparbe)

2. Ako o € Ruwu € U, onga Baxu «-u € U (U je 3aTBOpEH 32 MHOXKEEE CKAJIAPOM )
Zloxas. Hokasyjemo ocobune BekTOpckor mpocropa pemom. Ocodune Al, A2 u A5-A8 Baxe Ha
neygoM ckymy V) ma u Ha merosom mojckymy U. Jlakie Tpeba JoKasaTu Ja JiM Cy UCIIYHEHE

ocodune A3 u A4.

A3: Us apyror ycmosa tBphema za a =0=0-u € U = 0, € U (u mocroju jep je U # ).
=0,
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A4: U3 ppyror ycaosa tBphema 3a o = —1 = (—1) - u € U. Ha g je (—1) - u = —u? Nmamo:

(-1)+1=0 /-u
(-1)+1)-u=0-u
=0,
A
=(-1)-u+1-u=0,
=(-1)-u+u=0,
= -—u=(-1) - u=(—u) €U
Hakme, U < V. O
ITocaeauna 4. Hexka je V sexropcku npoctop u U C V,U # () meros nojackyt. Taga Baskiu:
U<V<= au+Pu €U

dacBe a, € Ruu,u € U.

Joxas. Ako Baxe ycioBu 1. u 2. u3z tBphema 5.2, tama aui,fus € U (u3 yciosa 2.) na je
auy + Bug € U (u3 yeaosa 1.). ObpuyTo, ako auy + fus € U, onga 3a aw = f = 1 nodujamo yciios
1., a 3a 8 = 0 mobujamo ycjioB 2. O

ITpumep 16. Hekosimko mpuMepa MOTIPOCTOPA:

1. Ba V = R", ckyu pelema XOMOI€HOI' cucTeMa (ca 1 HellO3HATUX) S YUHU EerOB [IOTIIPOCTOD:

Heka cy uv € Staejeu = (u1,...,Up) B0 = (V1,...,0p).
U 0 (o 0
Baxwu A - =|:|unA- = | : | mm ckpaheno Au = 0 n Av = 0. Hexa
Unp 0 Un 0
cy a, B €R
auy + Buy
Alou+ fv) = A- : =a- Au - Av = 0 omaksne cnemn na au + fv € S.
(au + Bv) : +8 L aw gia au+ 3
Uy, + Bug =0 =0
Pememe HexoMoreHor cucreMa He 4uHH HOTHPOCTOP o1 R™ (CKym pellema HE CaIpIKU
0, = (0,...,0)). Pememe HexoMOreHOr cHCTeMa je jeJHAKO Dellemy oarosapajyher xomo-

I'eHOT 3ajeJJHO Ca HEKHM BEKTODOM.
IMormpocropu y R? : {0,} ,R? (oBU mOTIpOCTOpPH Ce 30BY WPUGUjAAHU TTOTITPOCTODH ),
~—
={(0,0)}
p = {(z,y)|ax + By = 0} - upase Koje mposiaze KPO3 KOOPJMUHATHH [IOYETAK.
[Mornpocropu y R3: {0,} ,R3 (TpuBmjasmu nornpocropu),
~—
={(0,0,0)}
pasau Koje cajapxke tadky (0,0,0) : Ax + By + Cz =0,
upase koje npoJase kpo3 (0,0,0) (mpecek jgBe paBHU)

2. B3a V = M,,,(R), mveku norupocropu cy:
aipr -+ Qin

GT,(R) = { o | ey €RY
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ail 0
DT.(R)={]| @ - 921 € R}
pi - Qpn
(65} 0
DR ={| . i € R}
0 an,

Sn(R) = {A € M,(R)|AT = A} - ckyn cumMeTpUIHIX MaTpHIA

Teopema 5.1. Ako cy U u W mormpocTopyu BEKTOPCKOT IpocTopa V', OHJIa je U EHUXOB IPECeK
Takohe motmpocTop ox V.

Zloxas. Heka cy Bekropu u,v € U NW u Heka a, 5 € R. dokasyjemo na au + fv € UNW. Uz
u e UNW nmamo nau € U mwu € W. Takohe uz v € U N W umamo ma v € U u v € W. Onasre
crequ ma au+ v e U nmau+ fv € W, na Baxuu au+ fv e UNW. O

Baxkno: Yauja norupocropa He MOpa OUTH yBEK OUTH HOTIPOCTOP.

Hedunumnuja 5.3. Cyma asa normnpocropa U u W BekTopckor npocropa V' ce gedununiie kao:
U+W={u+wlueclUweW}
Baxu: U CU+WuWCU+W.

Teopema 5.2. Ako cy U u W mormpocTropu BEKTOPCKOI IpocTopa V, OHJa je W HBUX0Ba CyMa
ortpoctop o V.

Jloxas. Heka cy BexkTopu vy,v9 € U + W. Onga je v1 = u; + wi, 3a Here up € Uyw; € W n
Vg = Uy + wa, 3a Heke ug € U,ws € W. Caja, 3a Heke a, 5 € R nmamo:

avy + Pug = a(ur + w1) + Bus + we) = (auy + Bwi) + (qus + Pwe) € U + W

eU ew

O

Tspheme 5.3. Heka je v € U + W maro kao v = u + w 3a wexe u € U u w € W. OBaj npuka3 je
jemuncTBeH aKo u camo ako je U NW = {0,}.

Jlokas. (=) Heka je npukas jequacteen. Onma mokasyjemo ma je UNW = {0, }. IIpernocrasumo
cynporso, 1j. na U N W # {0,}. Onma nocroju v € (UN W)\ {0,} Tako 1a je:

0p=_v +(—v)= 0, + 0,
~ U ~— =~
ev ew €U ew

Jlakie, mpuKa3 HUje JeMHCTBEH, IITO je KOHTPAJIUKIIja, IIa HaM IIpeTnocTaBka Huje tadna. Omas-
ze caeau jga je UNW ={0,}.

(<) Heka je UNW = {0, }. Jokasyjemo za je mpuka3 jeauHCcTBeH. I[IpeTIIoCTaBUMO CYIIPOTHO, Tj.
HEKa T0CToje U1, Uz € U 1 wy,wy € W TakBu 1a je u; +wyp = us+wso. Heka je x = ug —ug = wo—ws.
Opnaspne cieqm na © € U NW, ma je up — ug = 0, 1 wy — w1 = 0, OMHOCHO U] = Us U Wy = w1, IITO
j€ KOHTPAUKIIja Ca IPETIIOCTABKOM. 3HAYHU, IIPUKA3 je jeIMHCTBEH. O

Hedununuja 5.4. 3a cymy U + W nornpocropa U u W kaxkemo j1a je AUPEKTHA, U IHUIIEMO
U W, ako je UNW = {0,}.
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IIpumep 17. ITap mpumepa:
1. 3aU = {(2,0)|zr e R} <R?*u W = {(0,y)|y € R} <R? paxu naje U+ W =U @ W, jep je
Unw ={0,}.
a b a
2. Ba GT>(R) = {[ 0 ¢ } la,b,c € R} u DTH(R) = {[ b
DTy(R) # GT»(R) & DT(R). Hup.
1 2 1 2 0 0 0 2 1 0
[3 4]_{0 4]+[3 0}_{0 0]*[3 4}
—_———— m—— —— ~—

EGTy(R) €DT,(R) €GT,(R) €DT,(R)

g } la,b,¢ € R} je GT»(R) +

5.2 JImHeapHa kKoMOMHAaIIja, reHepaTpuca

Hedununmja 5.5. Heka je V BekTopcku mnpocrop Haj mosbeMm F. 3a mpousBosbHE BeKTOpe

U1, U2, ..., Uy, € V WU IPOU3BOJBHE CKAJIAPE O, 2,...,0, € F KaxKeMo Ja je BeKTOp U = qqui +
Qoliy + + -+ + Qply, AUHEGPHG Kombunayuje (MU IperusHuje JuHeapHa KoMOUHAIU]a HaJl HOJHEM
F, F - suneapHa KOMOMHAIM]A) BEKTOPA Ug, U, - - « , Up.

Hedununuja 5.6. Heka je V' Bekropcku npocrop Haj nosbeM F' u neka je S = {uy, ug, ..., up}t C

V' komavan mogckyt. Jluneapru omotiay (aunean) ckyma S (y osnamu L£(S)) je CKyI CBHX JIHHe-
apHUX KOMOWHAIUja BeKTOpa u3 S, Tj.

L(S) = {arui + avus + - + apup|oa, ..., a, € F}

Tephemwe 5.4. Heka je V BekTopcku mpocrop HaJl mojbeM R u Heka je S = {uy,uz,...,up} CV
KOHauaH HOJCKyI. Baxu na je L(S) < V.

Joxas. Heka cy u,v € L(S). Onga je u = aju; +asus+- -+ apu, u v = Brug + Pous+- - -+ Brtin,
3a a;, 5; € Ryi € {1,...,n}. Baxu:
u+tv=(oq+pB1)ur + (g + f2) ug + - - + (an + Bn) up € L(S) m3a a € R

S—— N——— ——

€R €R €R
au=(a-aj)u; + (a-ag)us + -+ (- ap)u, € L(S)
——— ——— ——
€R €R €R
Hakie, L(S) < V. O

Axko je S ckyn BekrTopa BeKTOpCKOr Ipocropa V., onga je L£(S) HajMamu HOTHPOCTODP KOjU
cagpxu S (1j. S C L(S9)).

Tepheme 5.5. Ako je S ckyn BeKTOpa U3 BeKTOPCKOr Iipoctopa V' Haj nosbeM R, onga je S = L(S)
axKo u caMo ako je S < V.

Joxas. (=) Axo je S = L(5), a u3 uperxomuor tphema Baxku na je L(S) <V, onma je S < V.
(<=) Heka je S < V. Opo 3nauu ja cBaka juHeapHa kKomOuHanuja esemenara u3 S ocraje y S, 1j.
L(S) C S. Mehyrnm, ysek Baxkn ga je S C L(S). Hakie, S = L(5). O

Hamomena: Ako je S deckoHavdaH CKyIIl, OHJIa y3UMaMO JHHeapHe KOMOMHAINje KOHATHO MHOTO
BeKTOpa u3 S:

L(S) ={a1u1 + -+ agunn € Nyoy € Rrmejei € {1,...,n}}
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Tephewe 5.6. Baxu (S u T cy cKynoBu BeKTOpa U3 BEKTOPCKOL mpocropa V):
1. L(SUT)=L(S)UL(T)
2. L(L(S)) = L(S)
3. SCT = L(S) <L(T)

Hedunumnuja 5.7. 3a ckyn S, Koju je CKyIl BeKTOpa BEKTODPCKOI mpocropa V Haj mosbem R,
KaykeMo J1a je lenepatipuca BeKTOpCKor npocropa V ako je L(S) = V.

IIpumep 18. Hekonmko nmpumepa:

1. Hexa je mar Bextop u = (1,2,3) € R?® u ckyn S = {u}. Onma je L(S) = L(u) = {«a-
(1,2,3)|a € R} < R3 (urro je mpasa). Mehyrum L(u) # R3, na omaryie ciaemu ma S nuje
rereparpuca oj R3.

2. Axo yamemo ckyn R[z] u ckyn S = {1,x,22,..., 2"}, ckyn S jecre reneparpuca ox R[x] jep

je L(S)={ap-1+ar-z+az - z®+- - +a, 2"|a; e Ryi € {l,...,n}} = R[]

3. Ako y3memo ckyn M (R) u marpune E1q = { (1) 8 ] , By = { 8 é ] ,Eo = { (1) 8 } , Eag =

[ 8 (1) ], ckynr S = {E11, E1a, Eo1, Epp} wmnn reneparpucy ox Ma(R) jep je
a b

,C(S):{|: d e :| Za'Eu+b-E12+C~E21+d~E22|a,b,C,dER}:Mg(R)

Hedbununuja 5.8. Cxyn S = {ug,ug,...,u,} je JUHEADHO HE3ABUCAH CKYIl BEKTOPA U3 BEKTOD-
ckor mpocropa V' Ha mosbeM R yKOMUKO BaXK! J1a, ako je Uy + Qog + - -+ + apu, = 0,, T1e je
at,...,0, € R, oHga MOpa /1a BaXn oy = g = ... =y =0

IIpumep 19. Hekonmko nmpumepa:
1. Ako je 0, € S, onga ckyu S nuje suneapuo nezasucan (Hup 1 -0, = 0,).

2. Cxyn S = {1,z,22,...,2"} je muHeapHo HezaBUCaH cKyI. AKO je ag-1+ag-1+. . .+ay-2" = 0,
OHJIa MOpa JIa BaXXU g = ] = ... = Qi = 0

3. Bexropu (1,2) u (5,10) u3 R? cy smHeapHo 3aBHCHHME:
5-(1,2) + (~1) - (5,10) = (0,0) = 0,
1ok cy Bekropu (1,2) u (1,3) JiuHeapHO HE3aBUCHU:

a(1,2) + B(1,3) =0, = (0,0) = a= =0

JIema 5.1. Cucrem e = [eq, ..., e,] je IMHEAPHO 3aBUCAH CHCTEM BEKTOPA W3 BEKTOPCKOT MPOCTOPA
V ako m camo aKo HeKW BEKTOD €;,1 € {1,...n} MOXKeMO U3pa3uTH MPEKO NPYTHUX.

Jokas. (=) Heka je e muaeapHo 3aBucaH cucreM Bektopa. Onasie cieau 1a je ajer+. . .+ ane, =

0, u mocroju a; # 0,4 € {1,...,n}. Caga umamo:
aq Q1 Q41 70
—er+...+ i1 te+—=eqr1+...+—e, =0,
n Q; Q; Q;
(051 Q1 Ayl (o7%
—€; = ——€1 — ...— €i—1— € — €ir] — ... — —E€p
Qp, Q; Q; a;

—e; € E(el,...7€i,1,€¢+1,...,€n)
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(<) Hexka je ¢; = a1eq + ... + j—1€;-1 + @jp1€i41 + ... + ape, u3 ckyna S = {e1,...,en}.
Onagne crenn na je aje; + ...+ a;—1e;-1 + (=1) - e; + ajr1€i41 + . . . + ape, = 0,, omakie ciean
Jla je e JIMHeapHO 3aBHCAH CHUCTEM. O
JIema 5.2. Cucrem e = [eq,...,e,] je IMHEAPHO HE3ABUCAH CUCTEM BEKTOPA M3 BEKTOPCKOT MPO-

cropa V ako u caMo akKo je IpeCTaB/baibe OUJIO0 KOI' BEKTOPA Kao JMHeapHe KOMOMHAIM]e BEKTOPA
u3 S jeqHO3HAYHO.

Joxas. (=) Heka je e nuHeapno Hesasucan cucreM. Heka je

are] + ases + ...+ age, = fre; + Baes + ...+ Bren
Opasue cienn aa je:
(a1 = Br)er + (az — B2lea + ... + (an — Bn)en = 0,

Can, Kako je e JIMHEAPHO HE3aBHCAH cucreM, oHza je o — B3; = 0 1j. oy = By 3a i = {1,...,n}
(<=) Heka je npezicrasbarbe BEKTOPa Kao JIMHeapHe KoMOuHanuje u3 e jeanosnadno. OHa ako je:

e + ases + ...+ ape, =0,
¥ TIOMITO je TPUKAa3 je THO3HAYAH, OHJIA je
0-eg+0-es+...40-¢, =0,
OJIaKJIe CJIEJTA JIa je o] = Qg = ... = vy, = 0, Tj. € je JIMHeapHO HE3aBUCAH CHCTEM. O

Teopema 5.3. Heka je V' Bekropcku npocrop Haj 1ojkeM R u e = [eq, ..., e,] cucrem BeKTOpa U3
V. Cneneha TBphema cy eKBUBaJeHTHA!

1. e je muHEapHO He3aBHUCAH U TeHepaTpuca of V'
2. e je MUHUMAJIHA TeHepaTpuca ox V'
3. e je MaKCUMaJIaH JIMHEAPHO HE3aBUCAH CUCTEM

Joxas. okazyjemo sanan uminmkanmja: 2) =— 1) = 3) = 2)

2) = 1) Haro je Aa je e MUHUMAJHA I€HEPATPHCA, [Ia CAMUM THM je U TeHeparpuca. Tpeda
MOKa3aTH Jia je e JIMHeapHO He3aBHCaH. [IpeTmocTaBMMO CYMpPOTHO, HEKa je e JIMHeApHO 3aBUCAH
cucreMm. Onya, no Jjemu 5.1, nocroju e; € e tako na L(e) = L(e \ {e;}). Kako je L(e) = V
omarie ciaeqn ga je u L(e\ {e;}) =V, na je e\ {e;} remeparpuca ox V, mro je y KOHTpaUKIH-
ju ca matum yeiosoM (e\{e;} je Mama reneparpuca o e). 3HaH, € je INHEAPHO HE3ABUCAH CUCTEM.

1) = 3) Haro je ga je e nmuHeapHO He3aBUCAH U reHeparpuca. Tpeda moKazaTu Jia je e Makcu-
MaJiaH JMHEAPHO He3aBUCAH cucreM. AKO DUCMO J07a/u cucTeMy e JOIIl jeJlaH BEKTOp u ¢ e, Taja
u €V = L(e), na no jgemu 5.1 e U {u} je suHeapHo 3aBucaH, MTO je Y KOHTPAIAUKIAU CA JATHM
yCJIOBOM. 3Ha4H, € je MaKCUMaJaH JIMHEAPHO HE3aBUCAH CHCTEM.

3) = 2) ato je ja je e MaKCUMaJaH JIMHEAPHO He3aBHCaH cucreM. II0KaXKMMO TIPBO Jia je e
reneparpuca ox V. IlpernocraBumo cynpoTHo, Tj. HeKa nocroju u € V rako na u ¢ L(e). Ako je
au+ajer+...+ape, =0, Tanaje a =0 jep u ¢ L(e) (y cyuporroM Ou © MOrao SUTu U3pazkeH Kao
JiHeapHa KoMOuHaIMja BeKTopa u3 e, 1j. u € L(e)). Omasue cienu na je arer + ... + ane, = 0y,
na Baxku, HOIITO je € INHEAPHO HE3aBUCAH CUCTeM, ) = ... = a, = 0. Jakie, eU{u} je smueapno
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HE3aBUCAH CUCTEM, IITO je KOHTPaJUKIHUja ca JaTUM ycjoBoM (jep je e MaKCHMAaJaH JIMHEAPHO
HE3aBUCAH CHCTEM).

TToTpedno je jomn joka3aTw Jia je e MUHUMAJHA TeHeparpuca. lIpermocraBumMo CynpoTHO, Tj. HEKa
je L(e\ {e;}) = V. Kako je u L(e) =V onamie caeau na je L(e) = L(e\ {e;}), na, no jemn 5.1,
cJIein Jia je e JIMHeapHO 3aBUCaH, MTO je KOHTpaJuknuja. lakie, e je MUHIMAIHA TeHEepATPUCa Of,

V. O

Hedunumnuja 5.9. 3a cucrem BeKTOpa € uW3 BEKTOPCKOr mpocropa V Haj mobem R koju je
JINHEApHO He3aBUCAH U reHeparpuca of V KaxkeMmo n1a je da3a BeKTOPCKOr mpocropa V.

KomenTtap: Axko je e ba3a BEKTOPCKOr ITpocTOpa V', OHJIa ce CBAKU BEKTODP HA jeMHCTBEH HAUWH
MOZKe TPEJICTABUTU KAao JIMHEapHa KOMOMHAIMja BEKTOpa U3 €.

IIpumep 20. Hekonmko mpumepa Haza:

1. 3a V =R", merosa 6a3a je e = [eq, ..., e,] 1€ cy:

e1 = (1,0,...,0)
(0,1,...,0)

€2 = )

en =(0,0,...,1)

2. 3aV = M,,,(R), merosa daza je e = [E;;], rue je E;; € M, (R) Marpuna aumensuje m X n
K0joj cy cBu enemuTu 0 cem Ha nosunuju (4, j) rae je 1 (Heka gurasar mpoda cam Ja J0KaxKe
za je cucrem e Haza).

Jlema 5.3. Akoje f = [f1,..., fm] nuneapuo nesasucan cucrem u f C L(e), rue je e = [e1, ..., en],
oHJIa je m < n.

Jloxas. Ioka3yjemMo MHIYKIIIJOM IO M.

(Baza unaykmuje) Heka je n = 1. Ouna je e = [e1] u f C L(e1). Ako &u m > 2 oHza nocroje
JBa BekTopa f1, fo U3 cucrema f 3a Koje BaxKn

f1 = Qqj€1

fa = ey

rae ¢y ag,as # 0 (jep je f nureapHo HesaBucaH cucteM). U3 npBe jeHAKOCTH je e = a%fh mna je
fo=as- O%lfl, na je f nuneapno 3asucan. 3uauu, m < 1.

(UnnykrusHa xurnore3a) Heka TBpheme Baskm 3a CBe cECTeMe e ca Mambe o7 n > 1 BeKTopa.
(Unnykrusuu Kopak) Heka je e = [eq,...,e,] u f = [f1,..., fm]. Cana je:

fi=ounie1 +apea + ... Faine,

fo=oo1e1 + agges + ...+ agne,

fm = amie1 + Amae2 + ... + Qmpén
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Cana, fi # 0, (jep 0, He MOXKe OUTH y JMHEAPHO HE3ABHCHOM CHCTEMY), Ia je aij 7 0 3a HeKo

j €{1,...,n}. Be3 ymamema OMIITOCTH, KO Y3MEMO (1] U CPEJIUMO CHCTEM:
Q1 Qm1
fi=aner+appea+ ...+ ape, [/ (——) /(=)
a1 11
f2 = (21€1 + Qig€g + ... + Qop€n (—I +
_ < +
fm = amier +amaes + ...+ ampen <
JooujeMo ciesehe:
f1=a11e1 +azea + ...+ aipey
Q21 120021 130021 1n (2]
fo——f1 = (a2 — Jea + (o3 — ———)ez + ... + (a2n — —— ey,
Q11 a1
Om1 Q120m1 A130m1 A1nQml
fm - Lfl = (amQ - 7771)62 + (amS - 7m)63 +...+ (amn - &) n
a1 aq1 11 Qi1
Cana, osHaumMo ca fi = fo — g—ﬁfl, ces fr = fm — ‘z—’l"llfl. Cucrem f' = [f5, ..., f]] je nuHeapHo
HeszaBucaH. Takohe umamo u na je f! € L(ea,...,e,), Ia, 0 UHAYKTUBHO] XUIOTE3H, CASIH 12 je
m—1<n-—1, 1. m<n. O
Teopema 5.4. Ako cy e u f Gaze Bekropckor upocropa V', onma je |e| = |f| (|e] osnagasa &poj

BEKTODA Yy CUCTEMY €).

Joxas. Tlomro je e smneapuo HezaBucan cucreM u f remeparpuca, cieau Ja je e € L(f) na no
aemu 5.3 je |e| < |f]. Camano, f je muHeapHO He3aBHCAH CHCTEM U € je TeHepaTpuca, na je f C L(e),
na je o jemu 5.3 | f| < |e|. Buaun, |e| = |f]. O

Hedununmja 5.10. Heka je V Bekropcku npocrop Haj R koju uma KoHauny dazy. JdnmeH3ujy
npocropa V nedunumemo kao 6poj eemenara y Ouso Kojoj dasu ox V u osmagaBamo ca dimV.
Axko BekTOpcku mpocTop V' Hema KOHa4YHY Da3y, KaykeMo Jia je DeCKOHAYHE JTUMEH3Hje.

IIpumep 21. ITap mpumepa:

1. 3a Bekropcku npocrop V = R™, merosa baza je e = [eq,...,€,], Ia je merosa JuMeH3uja

dimV = dimR™ = n.

2. 3a V = M,,»(R), merosa Gaza je e = [E;;], na je mwerosa qumensuja dimV = dimM,,,(R) =
m-n.

Baxkuo: Caku JInHEAPHO HE3ABUCAH CUCTEM (CKYII) MOXKEMO JOIYHHUTHU J[0 Oa3U U U3 CBAKE I'eHe-
paTpuce ce MOXKe U3/IBOjUTH 0a3a.

Teopema 5.5. Heka je V Bekropcku mpocrop Haj R, dimV =nu U C V. Ako je U <V rtajna
BaKU:

1. dimU <n

2. Axo je dimU =n, ouga je U = V.



40 5. BEKTOPCKH ITPOCTOPU

Zloxas. Iokazyjemo pemom:

1. Baza on U je smneapuo ne3aBucHa y V' u MOxKe ce JOIyHUTH 70 da3e y V, na mo jgemu 5.3 je
dimU < n.

2. Ako je dimU = n, ouga je U = L(e), rue je e baza ox U mumensuje n. Kako je L(e) =V
ouja ciaenu u ja je U = V.

O
Hedununuja 5.11. Heka je V Bekropcku npocrop Hag R u Heka je e = [eq, .. ., e,] merosa dasa.
Koopaunare BekTopa v y 6a3u e cy opojeu (i, ..., Q) TIe a1, ..., &, € R, 33 Koje BaxKu:
v=wo1€1 + ... +apen
aq
Osnaka: v, =
an
[TpumeTnmo J1a BaXKu v = € - V.
5.2.1 IIpomena Haze
Heka je V BekTopcku mpoctop Ha | R u Heka ¢y e = [e1,...,e,] u f = [f1,..., fn] 1Be Baze oz
V. Kako ma mpezicraBumo jeany a3y mpeko gapyre?
Kako je e baza, ouma f C L(e) 1j. BekTopu f1, ..., f, cy odiuka:
fi = aner+...+ane,
fa = aizer+ ...+ anze,
. (*)
fn = Qipel1+ ...+ Qupen
Heka je A maTpuna dmje cy KOJOHe KoopauHaTe BeKTopa f;,1 € {1,...,n} y da3u e, Tj.
14
Aii = (fi)e =
Qng
@11 Q12 - Olp
Q21 Qg2 - Q2p .
Cucrem (%) uma obuk [f1,..., fn] = [e1,...,€n] - . ) ) Tj. f=e- A.
Qp1  Qp2 - Qnn

Marpuiy A HasuBaMO MaTpHIlA IIpeJiacka ca dase e na 6asy f,y osmaim A = [f|. nmn A = Ac_¢.
IIITa ce nemaBa ca KoopAuHaTaMa HEKOI BEKTOpa v € V' ako mpoMeHHMO 0a3y?

Heka je v =e-v. = f-vy. OmaBne umamo na je v = (- Aes ) - vy = e - ve. Jaxie, ve = Aeyy - vy,
Tj. vf = Ae__l)f - Ve
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JImHeapHa npecjJukaBamba

Hedununuja 6.1. Heka cy V, W Bekropcku npocropu Haj R. 3a npeciukabamwe L : V. — W
KazKeMo J1a je JIMHEAPHO MPECINKABAme WM XOMOMOP(MU3aM BEKTOPCKHUX IIPOCTOPA aKO BarXKu:

1. L(u+v) = L(u) + L(v) (agurusaoct)
2. L(au) = aL(u) (xomorenoct)

Baceeu,veVuaelk
Vemose 1. u 2. MOXKEMO 3aMEHUTH jETHUM YCIOBOM:

L(auw+ pv) = aL(u) + BL(v),Vu,v € V,a, B € R
KowmenTap: [Ipumerumo ma Baxku ciejehe: Ako je L jimHeapHO Ipec/iMKaBambe, OHJIA je:
L(oquy + agus + ... + apuy) = an L(uy) + asL(ug) + ... + a, L(uy ), Va; € R
L(0,) = L(0-u) =0+ L(u) = 0,

{

Haxkue, ako je L(0,) # 0., oHna L HUje JIMHEAPHO IIPECINKABAHE.
TepMmunosioruja:

L(V,W) - cKyll cBUX JIMHEAPHUX IIPECIUKABAbA U3 BEKTOPCKOD POCTOpa V' y BEKTOPCKU LPO-
crop W.
ako je V=W : L(V,V) = L(V) - ckyn JuHeapHUX olepaTopa BEKTOPCKOT mpocropa V'
(ako je L : V — V juneapno, L HazsuBamo JIMHEAPHU OLEPATOP BEKTOPCKOr IpocTopa V)

Hedununmja 6.2. Heka je L muHeapHO IpecInKaBambe:
e axo je L ”’1-1”, ouma ra Ha3mBaMoO MOHOMOpP(MU3aAM
3 9. ”
e axo je L "Ha’”, oHIa ra HA3UBAMO eMUMOpPQU3aM
e axo je L Oujexmuja, oHma Ta HA3WBAMO U30MOpdu3am

Hedununuja 6.3. 3a Bekropcke mpocrope V u W kaxkemo fa cy nuzomopduu, u numemo V = W
axKo moctoju dap jeman nzomopduzam L : V — W.

41
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IIpumep 22. Ilpumepn guHEeaApPHUX TPECTUKABAIHA:

1. V, WBekTOpCKH IPOCTOPHU
L:V—W
L(v) = 0y,Yv eV
L(au+ Bv) =0y = 04 + 0y = a0y + B0y, = aL(u) + BL(v)
=L(u) =L(v)
=—> L je qumeapuo

2.L:V—=V
Lv)=v,YveV
L(au + pv) = \ag/—l—\ﬁij/ = alL(u) + SL(v)
L(w)  L(v)
—> L je JmHeapHU ONEPaTOp
L=1Id, =1

3. A€ M,(R) - buxcupana marpura

=M, x1(R) =M, x1
=~ ~~
A wnnykyje jeqno npeciukaBame u3  R" y  R™
Ty
)
L(X)=AX,tnejeX=| . | €R.
Ty
L(aXy + BXz) = A (aXi + fX2) = a AXy +8 AXy = aL(X1) + BL(X2)
~—— ~——
L(X1) L(X2)

4. Tp : M,(R) — R, Tg - Tpar Marpuie

a1 a2 ‘e A1n
ag1 a9 N aA2n,

TrR(A) =a11 +ax+ ...+ ann
ap1  Anp2 ... Qdnn

A = [a;;] m B = [bi]

TR(OLA + BB) = (aa11 + 5()11) + (01(122 + ﬂbgz) + ...+ (aann + ann) =
«Q (a11 —+ a22 + ...+ ann) +ﬂ (bll —+ b22 + ...+ bnn) = OATR(A) —+ ﬂTR(B)

Tr(A) Tr(B)

6.1 Panr m nedeKrt JmHeapHOT Hpec/inKaBamkba

Hedunnunmja 6.4. Heka cy V, W Bekropcku npocropu, a L : V — W sinneapHo npecankaBarbe.
Taza je cimka JIMHeapHOT NPEC/IMKaBaba:

ImL = L(V) = {L(v)v e V}

Tepbemwe 6.1. Baxu: ImL < W.
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Joxas. Heka a, 8 € R u wy,ws € ImL. VI3 wi,wy € ImL = w; = L(v1),wy = L(vy) 3a Heke
v, v9 € V.
awy 4+ Pfwe = aL(vy) + BL(v2) = L(av; + Bvs) € ImL

O
Hedununuja 6.5. Je3rpo JuHeapHOTr ITpecjInKaBama je:
L' {0,}] = {v € V|L(v) = 0,} = KerL
Tephemwe 6.2. Baxxu KerL <V
Joxas. Hexka o, f € Ruvy,vy € KerL. Iz v1,v9 € KerL = L(v1) = 0y, L(v2) = 0.
L(awvy + Bug) = aL\(l/JB—F,@L\(@ = aly, + 30, =0, = av, + Bvy € KerL
=0, =0,
O

Hedununuja 6.6. Tumensuja BekTopckor npocropa I'ml Ha3uBa ce paHT JIMHEAPHOT MIPEC/IUKa-
Bama. Jlumensuja BekTopckor npocropa Kerl mHazusa ce nedeKT JTUHEapHOT IPECINKABAA.
O3znake:

p(L) = dimImL - panr JuHeapHOr IPECIUKABAbA,

§(L) = dimKerL - nedekT aMHEAPHOT TIPECIINKABAbA

Tspbemwe 6.3. Panr mepu na su je npeciukaBarme "Ha':
Lje ,ua” & ImL =W < p(L) = dimW

Joxas. (=) Heka je L ,ua”. Onya 3a ceaku w € W nocroju v € V tako ga je L(v) = w. Onasaue
zakJbyuyjemo xa je ImL = W, onnocuo p(L) = dimW.

(<) Heka je ImL = W. Onga je L(V) = W, onnocHo 3a cBaku w € W nocroju v € V' Tako ja
je L(v) = w. 3naun, L je ,Ha. O

Tspbemwe 6.4. ledexr mepu ma mu je npeciukaBame “1-1:
Lije ,1-1” & KerL={0,} (L) =0
Jokas. (=) Axo je L ,1-1”7 onma ce camo 0, cimuka y 0,, = KerL = {0,}
(<= ) neka je KerL = {0} :
L(ul) = L(Ug) - L(ul) — L(UQ) =0, = L(u1 — UQ) = 0y

uy —us € KerL
KerL =0,

= u; —us =0,u1 = us O
Baxkuo: Kako nahu 5a3y 3a ciuky u jesrpo (To jecr kako Hahu panr u medexr)?

Heka cy V, W Bekropcku mpocropu u Heka je L : V — W jumeapno mnpecinkaBarmbe

Heka je e = [e, ea,. .., €,] HeKa Ba3a 3a BEKTOPCKU MPOCTOp V.

3a cBako v € V Baxkn v = a1 + ases + ... + anen, Tae a; € R,

Lw)=a1L(e1) + ...+ anL(ey)
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Haxke, ceaku BekTOop n3 I'mL ce MOXKe HammcaTh Kao JUHeapHa KOMOWHAIN]ja BEKTOPA

L(e1), L(ea),...,L(en)

= ImL = L(L(e1), L(ea), ..., L(ey)) u3 smHeanta n3QBOjUMO JMHEAPHO HE3ABHUCHE
BEKTOpE U JI00ujeMo Oa3y.

Basza jearpa ce Tpaxu u3 gedunuruje KerlL:
v € KerL < L(v) =0,

Jlodujamo cucTeM XOMOI'€HHX jeJHAYMHA U3 Kora Hahemo v.

CraB o paury u gedexkry: Ako je L:V — W juHeapHo mpecinkaBame, OHJA je

p(L) + §(L) = dimV.

Jokas. Hexa 6(L) = dimKerL = k. Yamumo npousBosbHy 6a3y jesrpa: € = [eq, ..., ex].. Jomymu-
Mo OBy 0a3y 1o baze 3a V:e = [e,..., e, f1,..., fi]. Ipumernmo na je k + 1 = dimV . Ilokaxxnmo
na je p(L) =1

ImL = £(L(€1), ey L(ek), ce L(fl)7 PN ,L(fl)) = E(L(fl), ey L(fl))
~—— ——
0w 0w
Ocraje ga nokaxkemo na cy L(f1),..., L(f,) 1uneapuo nesaBucHu.
arL(f1))+...+aL(fo) =0 = a1fi+...+afi € KerL
[Tocroje S, ..., Br € R TakBu 1a je:

ayfi+.. .+ aofi = Bier + ...+ Brex

Brer+ ...+ Brer —arfi — ... — e fe = 0 KOMOUHAIM]a JIMHEAPHO HE3ABUCHUX BEKTOPA
61,"'7ekf1,""fe

= fi=...=fr=a1=...=a.=0

Haxae, [L(f1),...,L(fe)] je nuneapHo HezaBucan cucreM na je o dasa ox ImL

= p(L) =dimImL =1
3aK/bydyjeMo:
dimKerL + dimImL = dimV, 1j.

8(L) + p(L) = dimV
O

Ilocnemuua 5. L:V — V je "1-1"= L je ,ua”, 1o ject §(L) = 0 < p(L) = n, rae je n = dimV
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6.2 Marpuiia JuHeapHOT IIpec/inKaBamba

Heka cy V,W BekTOpCKH HPOCTODH, HeKa je e = [e1,...,e,] ba3a BeKTOpCKOr mpocropa V, u
ueka je f = [f1,..., fn] 0a3a BekTOpckor npocropa W. Heka je L : V — W jiuHeapHo npeciauka-
Barbe.

aq

(6%)]
UEV:v:alel—l—...—l-anen(:e-ve:[el,...,vn]- . )

L(v)=a1L(e1) + ...+ aL(e,) = L(e) - v, !
L(e) = [L(e1),...,L(en)]
1

L(er),...,L(en) € W

L(er) =anfi+anfo+...+amifm
L(es) = anafi +asafo+ ...+ amafm

(%)

L(en) = alnfl + a2nf2 +...+ O‘mnfm

Hexka je A = [oyj], To ject A; = (L(e;))s - i-Ta KomoHa MaTpume A je KOJIOHA KOOPIHHATA
Bektopa L(e;) y dasu f.
L(e)=[f1,---, fm]-A = L(e)

= f - A - marpuunm 3anmc 3a ().
3a buno xoju eextop v € V : L(v) =

Lie) - ve=f A v,

Hakje, ako 3HAMO CIWKe OA3HMX BEKTOpA, OHIA JIAKO MMPOHAJIA3UMO CJIMKY OWJIO KOI' BEKTOPa
13 BEKTOPCKOI mipocTopa V.
A = [L]ef - Marpuna npecinkasama L y napy dasa (e, f)
[L]ey moTmyno onpebhyje mpecnukasarme L.
[Lley € Mpn(R), e je m = dimW,n = dimV.

Marpuria KomMmnosuriuje JuHeapHux npeciankaBawa Hekacy L:V — Wu G: W — T
JINHeapHa mpecjnkaBama. Heka cy pemom e, f u g daze BekTopckux mpoctopa V, W u T
(G o F)(u) = G(L(u))

GoF:V — T je muHEeapHO IPECTUKABAE.

Sa v € V Baxu:

L(v)=f-A-ve, e je A= [L].y.

3a w € W Baxu:

G(w) =g¢-B-wy, rme je B=[W]y,

Heka je L(v) = w, Tana:

G(L(v))=g-B-(L(v))f=9-B- wy =g-B-A-v

Ca apyre crpane, G(L(v)) = g[G 0 L]eg - ve.

,ZLaKJIe, [GO L]ef = [G}fg . [L]ef.

Tephemwe 6.5. Heka je dimV = dimW u Heka je e da3a 3a BekTOpcKu Ipocrop V a f dasa 3a
BekTopcku nipoctop W. Jluneapuo npecnukasame L : V. — W je nHBepTUOMIHO aKO M CaMO aKO
je [L]ey unBepTHOMIHA.

Uokas. (=) :
IIperniocraBumo 11a je L mHBEpTUOUTIHO
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nocroju L™ : W — V raxBo gaje L' oL =Idy u Lo L™" = Idy .
[L_l o L]ee = [IdV]ee

E
[L7Yfe [Llef = E = [Ll]es je uusepruduina.

(=):
ITpermocraBumo ga je [L]e; = A unseprubmiana:
[ocroju B taxkso maje AB=F =— B=A"'=[L]}

ef "
IMocmarpajmo npecnuxasame G : W — V' 3agaro marpunom [G e = [L];f1
[GoLlee =[Gl [Llef=B-A=A"1"" A=FE = GoL=1Idy. O

Axo je mar L : V — V jiuHeapHU omepartop, u ako je e 6a3a BEKTOPCKOT MIPOCTOpa €, YeMy je
jemmako L1 (v)?
[L]=A = L '(v)=e- A1 v, jep je A unpepruduina

Hexka je mato smuueapuo npeciukaBame L : V — W, u Heka cy 0a3e BeKTOpPCKUX mpoctopa V'
u W penom e = ler,...,en] 1 f = [f1,--+, fn]
p(L) = dimImL,aImL = L(L(ey),...,L(ey,)). Basy unue nuneapro Hesasucuu u3 [(L(e1), ..., L(ey)].
p(A) = 6poj jemurmma na mujaronama y A°. A € M,,,(R) mvma n spcra (BekTopn m3 R™) m m Ko-
Jjona (Bekropu u3 R™)
p(A, =) = pant epciia = HajBehu Opoj TMHEADHO HE3ABUCHUX BPCTA
p(A, ) = pani xoaona = Hajsehu Opoj TMHEAPHO HE3ABUCHUX KOJIOHA
TTocmarpajmo A u PA, tie je P uHBepTHOMIHA MATPUIA JTOOKjeHa TpaHcdOopMalijaMa Ha BpCTaMa
Marpuie A.
A u PA wmajy uctu panr kojona AX =0« PAX =0.

ail ai12 A1n X1
a21 az2 ... a2n )

. :a;‘l~A1¢+$2~A2¢+...+$n~An¢:O
Am1 Am2 Amn In

<:>$1~(PA)1¢+£C2'(PA)2J,+-~~+$n'(PA)n~L:0

Jlakiie, eleMEHTAPHAM OllepaliijaMa Ha BpCTaMa He MEHa Ce PAHI BPCTA, AJIM HUA PAHT KOJIOHA.
Crmdano, eJleMeHTapHUM OllepaliijaMa Ha KOJIOHaAMa He Meba Ce PAHT KOJIOHA, ajlil HU PAHT BPCTA.

IIpema Tome, p(A, =) = p(A°, =) u (4,1) = p(A°|)
(A% =) = p(A°]) — p(A) = Bpoj jemmuuna ma gujaronamm A°

3akKJby1yjeMo:
p(A) =Hajsehn Opoj JIMHEAPHO HE3ABUCHUX BPCTA
=najBehn Opoj JIUHEApPHO HE3aBUCHUX KOJIOHA.

Heka je A= [Lley, A= [L(e1)s L(e2)s--- Llen)y]
p(A) = p(A, )
——
= HajBehu OpOj JIMHEAPHO HE3ABUCHUX BEKTOPA

meby Bexropuma L(eq)ys,...,L(ey)s € R
= p([L]ey) = p(L)
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6.3 IIpomena daze m maTpmuila pecINKaBamba

Heka je L : V — W jummHeapHO mpec/mKaBarbe, 1 HEKa Cy € U g Da3e BEKTOPCKOr mpocTopa V.,
a f u h daze BexTopckor npocropa W. Iloctasipa ce muTame Kakas je omHOC [Lles u [L]gn?
e u g cy base BeKTOpcKor mpoctopa V. = g = e- P, rme je P marpuna npesacka (oHa je
UHBEPTUOMIIHA).
f u h cy base Bekropckor npocropa W = h = f-Q, rue je @ marpuna npesacka (oHa je Takohe
MHBEPTUOMIIHA).
HeKa cy A=[Lley u B=[L|g. Ako v € V Tazga je:

= f Q = f h-Q!
g=e¢-P = =P vq (cTape KoOpaMHATE M3paXKaBaMO IIPEKO HOBHUX), I1a je:
Llv)=f-A- :h Q1A P,
= B=Q°! A

Hakne, [Ll,n =Q ' [Lley - P,rnejeg=e-Puh=f-Q.
3ak/bydyjeMo Jia cy CBe MaTpulle IpecjnkaBama L Mel)ycoOHO eKBUBaJIEHTHE.

Axo je [L].y = A, onzna nocroje nuBepTHOMIHE MaTpuie P u Q 3a xoje je A = PAQ.
IIpecaukasame L y napy 6asa (g,h), rne je g =e-Q u h = f- P~ uma 6am marpuiy A® = [L]g,

3a cBako JimHeapHO npecyaukaBambe L : V' — W nocroju nap da3a €, f y Kome je:

10 --- 00 --- 0
01 - 0 0 --- 0
[Lleg| 0 O 10 0
0 0 0 o 0
L 00 -~ 0 0 - 0]

KOjU CaJIpKU 7 jeJINHUIlQ Ha IVIABHOj JUjaroHaJIN, & OCTaJle HyJIe.

( ) f17 ( ) f2a ’ ( ) fr
L(Ers1) = L(Ere1) = -+ = L(én) = 0

Ha ocHOBY mpeTxoiHOT, TOCTOjU CaMO KOHAYHO MHOTO PA3JIMIATHX MPECTHKABAIbA BEKTOPCKOT
npocropa W y BekTopcku 1poctop V), jep cy npeciimkaBamba ojpeheHa CBOjIM PAHTOM.

Hexka je L : ‘J{ — ‘]{ JIMHEeapHU omepaTop . Tazja je:
[L] [L]pp MdTpI/Iua oneparopa L y Sasn e ( ciuKe e-0Ba M3pa3uMo Ipeko e-oBa, L(e) = e - [L].
= rue je P marpuna npesacka (yjeiHo HHBEPTHOUIHA).

ITocrasiba ce murame kakas je oxunoc A = [L], u B = [L];. Axo je v € V, Taza je:

Liv)=e-A- v,
L(v)=f-B-uvy

= [L]y =P~ ' [L].- Prueje f =eP
e=f- P!

fr— 71. . .
b= Py } = L(v)=fP"1-A-P-v
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Hedunuruja 6.7. 3a marpune A, B € M, (R) xaxemo 1a cy ciamdHe ako IOCTOJU WHBEPTHOUIHA
marpura P taksa na je B = P"'AP. O3naka A ~ B.
Penanuja ~ je penanuja eksusanennuje na M, (R):

(Pedrekcusna) A~ Ajepje A=E"1-A-FE

(Cumerpuuna) A~ B = B= P AP — _(P]_Dl)_lBP_1 =A = A~B
b= c=qPrare = (P AP

(TpansuruBHa)

A~C

A~B B=P AP
B~C C=Q'BQ

[Ipumerunmo cienehe:
CinyHe MaTpulile Cy U eKBUBaJIEHTHE, OOPHYTO HE BaXKU
A~ B Tojectr B=P 1AP
det B = det(P~'AP) = det(P~!) - det A - det P

— _1 —

Heka je L(V,W) = {L|L : V — W JmHeapHO } CKyIl CBHUX JINHEAPHUX I[PEC/IUKABAA U3
BeKTOpCKOr pocropa V' y BekTopcku mpocrop W.
Hedunummuno onepanuje uva L(V, W) :

e Caduparmbe mpec/inKaBama
Ll, Ly € E(V, W)
L= L1 + L2
Bacee v €V L(v) = L1(v) + La(v). IIposepasamo na au je L € L(V, W), 10 ject na su je L
JinHeapHo?
L(au+ pv) = Li(au + fv) + La(au + Bv)
= ali(u) + fLa(v) + aLa(u) + SL2(v)
= a(Li(u) + La(u)) + B(L1(v) + L2(v))
=al(u)+ BL(v) = Le L(V,W)

e MHOXKEmE PECTMKABAHA CKATAPOM
a€R Le (VW)L =alL3zacsevecV: L = aL(v). lIposepaBamo na au je
L' € L(V,W), To ject ma mm je L' nmuueapno?
L'(Bu + yv) = aL(Bu + yv)
= a(BL(u) +vL(v))
BlaL(u)) +y(aL(u))
BL (u) +~yL'(v) = L' € L(V,IV)

L(V,W) ca oaxo jeduHuCaHIM OIlepallijaMa 3a/10B0JbaBa CBe aKCHOME BeKTOPCKOT IIPOCTOPA.
IIrapume, L(V,W) = M,,,(R), ako je dimV = n, dimW =m

Joxas. Tocmarpajmo npeciukasame: F @ L(V I/}/) — M,,,R

Hedunucano ca: F(L) = [L].y.

JacHo je ma je 3a dukcupano e u f npeciaukaBare F Oujeknmja, ocraje ma mokaxkemo ma je F
JITHEAPHO.

F(aLy + BLy) = [aLy + BLy)es = aF(Ly) + BF(Ly)

(L1 + BL2)(€;) = aLe(e;) + BLa(e;), 3a cBe i, na je

(aLy + BLy)(e) = aLy(e) + BLa(e)
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(aly + BL2)(e) = [ - [aLy + BLo]es
Li(e) = [ [Liles m La(e) = f - [La]es
flaly 4+ BLaley = f - alLi]ey + f - BlL2]ey

= f(a[Lles + BlL2]es
= [aLy + BLa]es = a[Lile + B[Laes
F(OlLl -+ BLQ) = aF(Ll) + BF(LQ)
= F je JsmmeapHo upeciukasame BekTopckor npocropa L(V,W) y BEKTOPCKOM IPOCTOPY
Mn (R)
= F je uzomopdusam
dimL(V, W) =m-n =dimV - dimW

O

Cana hemo morsieaTi HeKa MHTEPECAHTHa JIMHeapHa npecinkasama y R2. Heka 3a cienehe
npuMepe Basm: L : R? — R? je nuHeapHO HpecimKapame, W CTaHZapIHa 0asa 3a R2 : e =
(1,0),e2 = (0,1),e = [e1, €3]

IIpumep 23. Pediekcuja y ogHOCY HA T—O0CY
L((z,y)) = (z, —y)

[L]e = [L(e1) L(ez)]z[L({H) L(HM:H —01]

L((1,0)) = (1,0)
L(0,1) = (0, -1)

IIpumep 24. Peduekcuja y omgHoCy HaA y—O0CYy
L((z,y)) = (=2, y)

(L) = [L(er) Lles)] = { —01 (1) ]

L(er) = L((1,0)) = (=1,0) =
L(eg) = L((0,1)) = (0,1) = e2

IIpumep 25. Ckasmpare
a 0
L((z,y)) = a(z,y),a € R [L]. = { 0 o }

IIpumep 26. Poraiuja 3a yrao p (KoHTpa 01 cMepa Ka3a/bKu Ha caTy)
T1 =Ccosp, Y1 =sinp
x9 = c0s(90° + p) = —sinp
y2 = sin(90° + p) = cosp
=
p  COSp

6.4 CrocrTBeHe BpeJHOCTHN N COIICTBEHHM BEKTOpPMU

Hedununuja 6.8. Heka je L : V — V juneapuu omeparop. 3a ckajap A € R kaxemo ma je
COIICTBEHA BpeaHOCT oneparopa L ako mocroje v € V,v # 0 takas na je L(v) = Av. Bekrop v Hasu-
BaMO COIICTBEHU BEKTOD KOjH OiroBapa coucrsenoj speanocru A. [lap (A, v) HasuBamo coucrsexu
map.

Heka je A dbukcupano. Heka je L(v) = \v,v # 0. Taga:
L(v) = M (v)
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L(v) = (M)(v)

L(v) - ()\I)(U) 0
(L—X)(v) =

v e Ker(L— ) v #£0.

Haxkie, A je corncrBena BpeaHocT oneparopa L ako u camo ako norupocrop Ker(L — ) uuje
tTpuBnjanaH, onHocHo Ker(L — AI) # {0}
Ker(L — M) je concrBeHu IOIIPOCTOP 3a COIICTBEHY BPEIHOCT A

Heka je L : V — V juneapuun omeparop. Ilocrasma ce murame kako nHahum cBe comcTBene
BPEIHOCTH W COIICTBEHE BEKTOpe omeparopa L?
L(v) =M ,v#£0< Ker(L— X ) #{0,}
L — AI uyje ”1-1"na uuje Hu dujeknyja, na Huje HU nHBepTndMaHO. Jdakie, [L — AI|. Huje uHBED-
THOMIHA 32 OWIIO KOjy 0asy e
A — \E unje nueprudmina < det(A — AE) =0

3aksbydyjeMo: A je COCTBEHA BPEIHOCT aKO M CaMoO ako je Hysa mnosuaoMa det(A — AE).

Hedunnuruja 6.9. Axko je A € M, (R), nomunom x4 (z) := det(A—zE) 30Be ce KapaKTepuCTUIAH
MOJIMHOM MaTpure A.

Tepbeme 6.6. Cauune maTpuile UMajy UCTe KaPAKTEPUCTUIHE MTOJIMHOME.

Jloxas. HokazyjeMo Ja CIMIHE MATPUIlE UMajy UCTe KapaKTePUCTUIHE ITOJTMHOME:
B =P AP = xp(z) = xa(z)
xB(7) = det(B — xE) = det(P~1AP — zF)
=det(P~'AP — z(P71EP))
=det(P~1AP — P~Y(zE)P)
=det(P~Y(A—2E)- P)
= det P~!.det(A - zE)-det P
= 1t -det(4 — zE) - det P
= det(A — zE) = x4, mTo je u Tpebaso J1oKa3aTH. O

Hedbununuja 6.10. Ao je L € L(V), kapakrepucTuian IOJUHOM oneparopa L je kapakrepu-
CTHYaH HOJMHOM OHJIO KOj€ HeroBe MATPHILE:

xc(z) = xqz1. (), re je e mpoussosbHa asa.

ail a2 e A1n
a21 a2 ... dQ2p
Heka je A = ) . ) ) . Taga je:
an1 an?2 P Ann
aip —x a12 T A1n
a21 Q22 — T - a2n

xa(z) = : : : = (a11—x)(a22—2)-.. . (app—x)+... = (=1)"z"+...

anl an2 T Qpn — T
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= degxa(xz) =n ako A € M,(R), Bogehn koedurmjenr je (—1)". Baxu na je:
xA(0) =det(A—0-FE)=det A, na je codonas 4jan moJuHOMA X 4 jenHak det A

Kako Hajia3uMo corcreese BpeaHocTH oreparopa L?
Heka je L(v) = Av,v # 0 & v € Ker(L — M), v # 0. Ilocmarpajmo A = [L]..
IIponaly ce pemerma xomorenor cucrema (A — AE) - X =0, X = v, #0
U = € - U ¢ CONCTBEHU BEKTOP 34 COICTBEHY BPEIHOCT .

6.5 /lmjaronasuzanuja

Hedbununuja 6.11. 3a smueapuu oneparop L : V — V kaxkemo ja je pujaronajsor tuna (OJ-
HOCHO JIMjArOHAJIAH) aKO Y dap je/lHOj 6a3u uMa JMjaroHaJHy MaTpUILY.

A0 -0 L(fi) =M fi

0 X - 0 L(f2) =Xo- fa f1, f2, .-+, fn Cy cOlCTBEHU BeKTOPU
L= . . S| = - -

: : oo : oneparopa L

0 0 - A L(fa) =22 fn

L nma n = dimV jnmreapno
—t
HE3aBUCHUX COIICTBEHUX BEKTOPA

Bazxu u 0dpuyTo, ako L nma n = dimV sinneapHO HE3aBHCHUX COIICTBEHUX BEKTOPA, OHZIA he
y 0a3m cacTaBJbeHO] OJT TUX IHbUX L MMaTH JIUjaroHATHY MATPHILY.

Hedbununuja 6.12. 3a marpuny A € M, (R) kaxkeMmo Ja je JAMjaroHAJHOI THUIA AKO je CAUIHA
JIjaroHaJjHoj, TO jeCT aKo IMOCTOju WHBEPTUOWIHA MaTpuiia P n nujaronasna marpura D 3a Koje

je P~YAP = D.

Kako ucnuraru fa it je MaTpuila aujaroHaHOT TUIA U ako jecte Hahu P u D7
P/ P7'AP=D & AP = PD & (AP),; = (PD)yj3acseje{l,...,n}
(AP)y; =P (X; - Ey)

=X P-Ey

= X (PE)y,
A O -0 0
0 Xo --- 0

=\ P, tnejeD = . .
0 0 - M\

Haxne, P~'AP = D ako u camo axo marpuna A € M,(R) uma n JuHEApHO HE3aBUCHUX
COIICTBEHUX KOJIOHA (BEKTODA).

Ako A uma m JIMHEAPHO HE3aBUCHUX COIICTBEHUX BEKTOPA, OJl BbUX Ce IpaBu MarTpuna P, a of
COIICTBEHUX BPEJIHOCTHU Ce HalpaBu Marpuila [, Bojgehu padyHa O perocieny:

A0 -0
0 X -+ 0

P:[Pl P - Pn] = D = . . . s F,ZLECy()\i,Pi),iG{l,...,n}
(') 0 B )\ oarosapajyhu COICTBEHM MMapOBU

3a MaTpHUILy ,ZLI/IjaFOHaJIHOF THUIIa JIAKO pPavyHaMO CTEIICHEe.

Heka je A € M, (R) marpura qujaronaisor tana, n seka P~1AP = D = A= PDP~! u nexa
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M0 0
0 X --- 0
D= . . . . Tpaxumo A™.
0 0 - I
A0 -0
0 e 0
A" = (PDP YY" =PDP'PDP'P...P'PDP ' =PD"P ' =P | . o _
S~ Y~ = .
E E E :
0 0 AT

P—l



7

Eykanackm BeKTOPCKHU IIPOCTOPH

Hedununmja 7.1. Heka je V Bekropcku mpocrop maz mossem R. Ckasmapaum mpomssox Ha V' je
cBako mpeciukasame o 1 V X V — R koje mapy BekTopa u3 V mojzesbyje peajan Opoj u 3a Koje
Baxke ciiejiehie ocodune:

1. (u+v)ow=uow+vow (aAUTUBHOCT)

2. (a-u)ov=a-(uowv) (XOMOreHOCT)

3. w0ov=vou (KOMyTaTHBHOCT)

4. vou>0nuou=0<= u=0, (Ho3uTuBHA JIeDUHUTHOCT)
3a cBe u,v,w € VuaclR.

Kopucru ce n oznaka < u,v >.
ITocaenuua 6. Iocieaune cBojcTaBa CKAJAPHOI HIPOU3BOJIA:

1. ao0, =0

2. (aqur + ...+ apuy)ov =a1(ug ov) + ... + ap(u, o v)
Zloxas. okazyjemo pesom:

1. aoOU=Ovoa:(0~u)oai0-(uoa):0
R
€

2. Jloka3 mpeKo MaTeMaTUYKe UHJIYKIIHjE.
. . 2.
(Baza unaykumje) 3an =1 je (aquy) ov = ag(uow).
(Mupykrusaa xunore3a) [IpernocraBumo ja 3a Heko n > 1 TBpherbe BaxKu.
(MupyxkruBau kopak) Heka je u € V 3azar kao u = ajug + ... + anu,. Cana je:

(1uy + ... + Qpy + Qpi1tny1) 0V = (U + Qpp1Upgr) 0V
Louov+ (nt1Unt1) 0V
2.
= (aqur + ..o+ apy) 0V + g1 (Unt1 0 V)

X
= ai(ugov) + ...+ ap(u, 0v) + apt1 (g1 0v)

O

53
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Hedbunuruja 7.2. Iap (V,o), rue je V KOHAYHOIMMEH3UOHU BEKTOPCKH [IPOCTOP HAJ[ I10JbeM R
ca CKaJIADHUM IIPOU3BOJOM O, HA3UBa Ce €yKJIMJACKN BEKTOPCKH MPOCTOP.

IIpumep 27. Hexkonmko mpumMepa eyKINICKAX BEKTOPCKUX ITPOCTOPA:

1. V=R"
(1,22, ..., )0 (Y1, Y2, - -+, Yn) = T1Y1 +T2Y2 + . . . + TpYn. OBie je o cTaHmAPHU CKAJAPHU
IIPOU3BO/L.

2. V =R2.
Ha rcToM BEKTOPCKOM TIPOCTOPY MOXKEMO JiebUHUCATH HA BUIE HAYUHA CKAJIAPHUA TPOU3BO/I:
(z1,22) 0 (Yy1,Y2) = T1Y1 — 221Y2 — 2T2Y1 + DT2Y

3. V=M,(R).
Ba A,B € M,(R) je Ao B=Tr(ATB)

4. V = R3[z] = {p(z) € R[x]|degp < 3}.
Ba p,q € R*[z] sau p o g = p(0)q(0) +p(1)g(1) +p(2)q(2)

7.1 Hopwma

Hedununuja 7.3. Heka je (V, o) eykimucku Bekropeku npocrop u u € V. Bpoj v/u o u ce nasusa
HOpMa (Jy»KuHa) BEKTOpa u, y o3Hanu ||ull.

Tepbemwe 7.1. Baxu cienehe:
L |y =0« u=0,
2. fla-ul| = | - [[ull
Zloxas. Iokazyjemo pemom:
L [jul| =0 <= Vuou=0<=uou=0<>u=0,

2. [Jaul| = \/(au) o (au) = v/a?(wo u) = |af - [[ull

O
HopMmupame BekTOopa AKO y3MeMo 1a je o = HTltH (u3 nperxonHor TBphema), ouga je ||a - ul| =
1. 3a jaTu BEKTOP U, BEKTOD ”Z—H uMa JIyKuHy 1.
ITpumep 28. R™ ca cranmapHUM BeKTOPCKUM T1pon3BojioM. Heka je u € R™, u = (21, 2a,...,Zy).

Onna je ||ul| = /22 + 23 +... + 22
Tephemwe 7.2. Axo je (V,0) eyKInicku BEKTOPCKH IIPOCTOP, OHJIA 34 CBE U, v € V BaxkKu:
1. Juov| < ||ull - ||v]| (Komu-IlIBapuosa HejesHAKOCT)

2. |lu+ || < ||ul| + ||v|| (Hejenquakocr Tpoyria wiu HejeqHakocT MUHKOBCKOT)
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Zloxas. okazyjemo pemom:

1. Tocmarpajmo BeKTOp v — T - u, & € R. Baxku na je (v — zu) o (v — zu) > 0. Caga nmamo:

vov—a(uov) —z(wou)+a*(uou) >0
vov—2zx(uov)+a*(uou) >0

Axko obesiexkumo uowu ca a, uov cabu vowv ca ¢, J0dUjaMo:

ar? =2z +c¢>0
rie je a > 0 (jep je uou > 0). Cama nmamo JBa ciaydaja:

(a) Ako je a =0, tama je uou =0, na je u = 0,. Caga je:

[uov] =10, 0v] = 0] <O-[[o]| = [|0u]] - [|o]| = [fu] - ||]]

(6) Ako je a > 0, onma 3a cee u # 0, Baxku ma je bynkmaja f(z) = ax? — 2bx + ¢ > 0,
OJIAKJIE CJIEIH [ j€ TUCKPUMUHAHTA OBe (DyHIKHje Marba UM jeJHaKa OJ] HyJle, OIHOCHO

D:4b2—4ac§O:>b2—ac§O

= (uov)? — (uou) (vowv) <0
S—— Y~
=lull? =[[|?

= (uov) <[l [ll* /y/

& |uov| <|lull -]l

qrMe je HejeTHOCT JOKa3aHa.

2. Nmamo:

llu+v]|> = (u+v)o(u+v)=uou+vou+uov+vouw

= [Jull* + 2(u 0 v) +]v]”
——
<2|uov]|
< [ull* + 2u o v| + [v]|*
Komm-Isapr — < [[ull* +2 - [[ul] - [Jv]| + [[v]]”

= ([[ull + [[v])?

Haxne [|lu+v[[* < (Jul| + [Jv]))?, ommocuo [Ju+ v]| < [Jul| + [Jv]]

Hedbununuja 7.4. Heka je (V,0) eykiunucku BeKTOPCKU mpocTop. Yrao usmelly Bekropa u, v
JedunmImIe Kao

O
ce
Uov
(p = arccos ————
[lull - [|v]]
us
2

u obesiezkaBa ce kao £ (u,v). Yrao usmelhy 0, u duio kor Bekropa u3 V nedununriemo ca £(0,, u)

Hakie, uov = |[ul| - [[v]| - cos £(u,v). IIpumerumo na Baxun: £(u,v) = § <= vowv =0.
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Hedunurumja 7.5. 3a Bekrope u 1 v y eyKauackoM BekTopckoMm npocropy (V) o) kaxkemo na cy
OPTOTOHAJIHU aKO je u o v = (0 u numemo u | v.

Teopema 7.1. (Iluraropuna Teopema) Ako je uov = 0, rue u,v € V (V je eyKINJICKH BEKTOPCKU
IPOCTOP), Taja je:
[+l = [[ul|® + [[v]|?

Zloxas. Baxxu cienehe:

llu+v|?=(u+v)o(ut+v)=uou+uov+vou+vouw
=uou+2(uov)fvow
=0

=uou-+vov

[lull* + [[o]”

O

Hedununuja 7.6. Heka je V eyrimucku BekTopcku npoctop u X C V' meroB mpounsBoJbaH
nonkcym. Kaxkemo na je v € V oproronasian na X, n mumemo v L X, ako je v L x 3a cBako x € X.
Cxyn X+ = {v € V]v L X} ce 308e oproronan ckyma X.

Tepbemwe 7.3. Heka je V eykauacku BekTopcKu mpoctop U X C V mHeros npon3BoJ/baH MOJICKYII.
Baxkn na je X+ < V.

Jokas. Heka je u,v € X+, 1j. u,v L = 3a cBe v € X. Tpeba mokazaTu 1a, 3a cBe o, f € R Baxu

au+ Bv € X+. Nmamo:

(cu+ pv)ox=a(uox)+B(voxr)=a-0+6-0=0
—— ——
=0 =0
3a cBe x € X. 3naun au + fv € X+ O

Cxky1 je opToroHajiaH Kaja Cy CBU F-eTOBU BEKTOPHU Mel)yCOOHO OPTOTOHAJIHU.

Hedununuja 7.7. Heka je V eykammckum BEKTOPCKH TIPOCTOP U € = [eq, ..., e,] jeIHA Werosa
basza. basa e je oproronamaHa axo je e;oe; = 0 3a 4,j € {1,...,n},i # j. HomarHo, aKo e u
HOPMHPAMO JI00MjaMO OPTOHOPMUPAHY 0a3y 3a Uhje BeKTOPE BaXKU:

0,i#j
@o%:{lﬁzj

HpnMep 29. HeKa Je V=R"uce=le,..., e, merora opronopmupana daza. 3a BeKTOpE

u—ZaleZHv—Zﬁlez (o, Bi € Ryi € {1,...,n}) Baxnu:

uov =ao18 +axf+ ...+ anfy

Y omHOCY Ha OPTOHOPMHUpPAHY 0a3y, CBAKU CKAJIAPHU I[POW3BOJI mMa craHipaiaHy ¢dopmy. IllTa
BHUIIIE, BAYXKU:
uoe; = (aje; +ages + ... +ane,)oe; = qi(e;06;) = q
na je
u=aie; +ases + ... +ane, = (uoer)er +(uoez)es+ ...+ (uoey)e,
3Ha4un, KOOPJIMHATE BEKTOpPA Yy OPTOHOPMHUDPAHO] Da3W Cy CKaJapHU IMPOU3BOJIU TOI BEKTOpa U
ofrosapajyhux da3HuX.
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Jlema 7.1. CBaku OpTOrOHAJIHU CHCTEM BEKTODA je JIMHEAPHO HE3aBUCAH.

Joxas. Hexka je [vy,...,v,] oproronanan cucreMm Bekropa, e v; # 0,4 € {1,...,n}. Baxu na je
v; 0v; = 0,4 # j. Heka je:

agv; +asva + ...+ v, =0, /ou;

=a; (v;0v;) =0
——

>0
=—=a; =03acseic€{l,...,n}
Hakue, cucreM [v1, .. .,v,] je IUHEAPHO HE3aBUCAH. O

Teopema 7.2. (I'pam-IIImur) Heka je e npoussosbaa 6a3a eyKIMICKOI BEKTOPCKOr mpocropa V.
Tasa nocroju oproHopmupana dasa f = [f1,. .., fn] mpocTopa V 3a unje BeKTOpe BasKu:

L(f1,...,fr)=L(e1,...,ex)3acBe 1 <k<n
u fioe; >03acsel <i<n.

Jloxas. loka3 MaTeMaTHIKOM WHIYKITUjOM IO 7.
(Baza unaykmumje) n = 1. Ako je L(f1) = L(e1) ouna je f1 = aey. U3

LAl = lleea]| = [alles]] = 1
cJIein Jia je o = Hellll' Taxobe u3
fioer =a(e;oer) >0
~———
>0

cieqau jma je a > 0, 1j. ﬁ > 0, na je flzui—hl
(UapykruBHa xunote3sa) IIpernocrasumMo na TBpheme TeopeMme Baxkd 3a 1 OA3HAX BEKTODPA.
(UapykruBHu Kopak) Jlokasyjemo ya Baxku u 3a n + 1 basuu sekrop. Hexka je [f1,..., fn] Beh
KOHCTPYHUCaHU OpTOoHOpMEpaHu cucreM 3a Koju je L(f1, fa,..., fn) = L(e1, ..., e,). Hakne, cana
ce muramo Kaga je L(f1,..., fn,v) = L(e1,...,en,€n11)?
Onrorop je kama je v = ajej+abes+. . .+al,eptae, 1, tae je a # 0 (unave du v € L(ey, ..., e,), ma
ou L(e1,...,en) =L(€1, - n,ent1) U eny1 € L(€1,...,€p), & TO HE MOXKE JEP CY €1, ..., En, Ent]

JIMHEAPHO He3aBHCHU BeKTOpH). [asbe liemMo pauyHarn ca f-oBuma jep je jakime (TO MOXKEMO Ja
ypaaumo jep je L(e1,...,en) = L(f1,..., fn) IPEMa HUHIYKIU]CKO] XUIOTE3H):

v=a1fi tazfat ...+ anfn+aenp
Kemmvo majev L fy,...,v L f, 1j majevo fy=vofo=...=vof,=0.

vofi=ar+a-(ept10 f1)
vofy=as+a-(ent10 f2)

Uofn:an+a'(en+lofn)



58 7. EVKJINJICKA BEKTOPCKH ITPOCTOPU

na je

a1 +a(eprr10fi) =0
A
=A1
azt+alenpiofa) =0
—_——

=)o

an+a(epy1ofn)=0
=)

rje ckajgape A; = ep41 0 fi,4 € {1,...n} MoxKeMoO Jia u3padyHaMO. 3HAUM:

a1 = 704)\1

Qg = —Oé)\g

an, = —Q\,
OJIAKJIe CJIEJIN JIa je

v = —Oé/\lfl — Oz>\Qf2 — ... Oé)\nfn + ACp41
Ckastap « Hasa3umo u3 ycuosa ||v|| = 1 u 300r e, 41 o v ckamap « mopa durtu nosurusan. lakie:
1, .
Jrp1 = —— fag1, e je fop1 =enp1 —Aifi —Aefo— o = Anfa
Il 1]l
O
I'pam-ITImuroBe popmysne Axo je e = [eq,. .., e,] Ipou3BobHA Da3a EYKIUICKOT BEKTOPCKOT
npocropa V', f = [f1,..., fn] oproronamna d5aza xoncTpyncana om e u f = [f1,..., fn] opToHOpME-
pamHa da3a KOHCTpyHCaHa OJ e, Ha OCHOBY IpeTxoaHor mnokasa, ['pam-IIImurtose dopmyste riace:
h=e

fo=es—(ea0 f1)- fu

fnzen*(enofl)fl*(enon)fZ*”-*(enofn—l)fn—l
1 N
AT
1 N
AT
fom—— 0
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7.2 OpToronajine maTrpuiie

Teopema 7.3. Heka je e oproHOpMupaHa da3a eyKJIUICKOI BEKTOPCKOr mnpocropa V u f =e- P
3a meky marpuily P. Taga je f oproHopmupana da3a mpocropa V' ako u camo ako 3a marpuiyy P
paxu PT-P=EFE.

Jokas. Heka je e = [eq,. .., e, oproHOpMupana 5a3a eyKJIIICKOD BEKTOPCKOr IpocTopa V' u Heka
je P =[ay), 4,5 € {1,...,n}. Baxn:

f=eP <= f; =aye1 + agiea + ...+ apie,, 3acBe 1 <i<n

na je
fiofj = auionj + agion; + ... + anian
OJTHOCHO
fiof;=Pu-Py=PL - Pj=(PTP)
Haxkute
. Li=j
f je opronopmupana daza <= f; o f; = { 0.i £
T R 157' = .]
< (P P);j _{ 0.4
To ject PT . P = E. O

Hedunnunuja 7.8. Marpuma P 3a xojy Baxu PT - P = E, omaocno P~ = PT, 30Be ce oproro-
HAJIHA MATPHUIIA.

Jpyrum peanma, P je OpTOrOHAJIHA aKO Cy beHe KOJIOHE OPTOrOHAJIHE Y OJHOCY Ha CTAHIAPIHI
cKaJlapHu mpou3Boq y R”™.

Tepheme 7.4. Ako je marpuna P je oproronasina, ouja je detP =1 mwim detP = —1.
Loxas. Nmamo ciaenehn Hu3 umnukammja;

P je oproronamia = det(PT - P) = detE = 1
(Bune-Konmr) — = det(PT) - detP = 1
(Hocreuia 3) — = (detP)? =1
— detP =1 mm detP = —1

ITpumep 30. Koje cy marpuie ¢popmara 2 Hajx R oproronasze?

a b } € My(R). Uz PT - P = E umawmo:

1l

c
d
242 ab+cd |10
ba+de VP+d2 | |0 1

Hexa je P =
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OpgaxkJe ciueau ga je:

a?+F=1
ab+cd=0
V+di=1

Cana, mocroje «, B € [0,27) TakBu Ja je a = cos o, b = cos B, ¢ = sina, d = sin 8. Kaja nperxojso
yBpctuMO y ab + c¢d = 0 mobujamo:

cosacos B+ sinasinf =0
= cos(a—fF)=0

3 . — s — s - s
Opasne cnemyn ja je « — B = 5 mm a — 8 = —Z, omHocHo @ = B+ § mwm « = § — 5. Jakie,
[00mjaMo JIBa TUIA OPTOTOHAJHUX Marpuiia pena 2 nazg R:
cosa —sina cosa  sina
= . Wi = .
sina  cosa sina  —coso

IIpBa oproronanna MaTpuia IpeacTaB/ba MATPUILY POTAIFje 3a yrao &, JOK JApyra IpPeICTaBiba
maTpuily cumerpuje (0HOCHO ocHe pediekcuje).

7.3 OproronasHa npojeknuja

Teopema 7.4. 3a caku mormpocrop W eykiujckor BeKTopckor mpocropa V. Baxu nma je W @
W+ =V, arume u dimW +dim W+ =dimV

Joxas. Kpenumo oJ npoussosbHe daze [eq, ..., er] BekTOpckor mpocropa W u momyHuMO je 10
baze [e1,..., €k, ELt1,...,ey] Heaor upocropa V. Kaza opronopmupamo 6asy les,...,e,] I'pam-
IITmuroBuM dopMymama, T00MjaMO OPTOHOPMUDPAHY 0a3y [fi1, ..., [k, [k+1,-- -, [n]- OmaBme caemn
na je [f1,..., fx] oproHopmupana Gasa 3a W (3aro mro I'pam-IlIMur 4yBa siuHease y CBAKOM
kopaky, Tj. L(e1,...,ex) = L(f1,..., fr)). Cama Tparkumo W:
v=a1f1+...+afn ewt <= vlwweW

= vl fi,1<i<k

<~ vof;=0,1<i<k

<= a; =az=...= oy (jep je f oproHOpMUpaHa $a3a U BaXu v o f; = )

= V= g1 fror1 + pgofiro + .o Fanfn

—veE ‘C(fk’-‘rla"'afn)

= W = L(forsn)

Haxne, W = L(ey,...,e,) u W+ = L(epy1,...,6n), maje [er,...,ex] Ulerst,...,e,] 6azaza V,
mTo 3Haun ga je V=W @ W+, O

IMocneauua 7. Heka je V eykimycku BekTopcku mpoctop u W meros moropoctop. 3a CBakd
BekTOp v € V mocroje jemuncrsenu BekTopu v € W u v’ € W 3a koje je v = v +v'.

Jloxas. JenmHakocT ce JUPEKTHO JI00Uje U3 IIPETXOJHE TEOPEME. O

Hedununuja 7.9. Heka je V eykiuacku BekTopcku npoctop u W HBeroB moTipocTop, U HEKa je
v=v+0v €V,rmejev € Wuv' € Wt. Bekrop v ce 30Be OpTOroHAJIHA IPOjEKIIHja BEKTOPA
v ma normpocrop W (y osmanm v = pRyv), J0K ce BeKTOp v’ 30B¢ OPTOTOHAJHA JOMYHA (MK
OPTOTOHATHH KOMILTeMeHT) BekTopa v (y osnamu v’ = v1).



7.4. PACTOJAKE Y EYKJIN/ICKOM BEKTOPCKOM IIPOCTOPY 61

IMpumep 31. Heka je W = {(x,0)|z € R} < R2. Jlo nenor npocropa R MoykeMmo Ta JOMyHHTH
dniI0 KOjUM HOTHPOCTOPOM JMeH3Huje 1 Koju je paziuaut of mera (OJHOCHO OMJIO KOJOM IPAaBOM
kpo3 (0,0)), amm camo je {(0,y)|y € R} u oproronanan na W.

IIpumep 32. Kako nalin oproronasnny npojekimjy zekor Bekropa v € V' (V je eyKinicku Bek-
TOPCKH pocTop) Ha nornpocrop W < V7?7
Heka je [eq,...,er] nponssosbHa daza normpocropa W. Bekrop v pasiaikeMo Ha IPOjeKIHjy |
JIOTIYHY:

v:prijvJ‘ = aieq +...+akek+vJ‘,vJ‘ ewt

[Ipojekrnjy HATA3UMO Kaga OIPEIUMO (v, . . . (k'

voe = oq(el061)+...+ak(ekoel)—|—vJ‘oel
=0
voey = al(eloeg)+...+ak(ekoeg)+vJ‘oeg
——

=0 (%)

voe, = ai(eroer)+...+ap(eproer)+vtoey
——
=0
ITpoussone voe; u e; 0ej, rme 4,5 € {1,...,k}, Moxxemo na uspadynamo (v u daza e cy yHampesn
JIaTH), IPEOCTaje Ja PEIMMO CUCTEM (%) IO Qi . . ., Q.

7.4 Pacrojame y eyKJINJACKOM BEKTOPCKOM IIPOCTOPY

Hedununuja 7.10. Heka je V eyrimacku BekTopcku mpocrop u u,v € V. Pacrojame nsmehy
BEKTOpa U U v JePUHUIIEMO KAO:

d(u,v) = |ju— ||
d(u,v) joll HABUBAMO U €YKJIMICKUM DACTOJAH-EM.

Tepbemwe 7.5. Eykinuacko pacrojame nma cirefieha cBojcTBa:

1. d(u,v) >0
2. d(u,v) = 0 aKo u caMo aKo je u = v
3. d(u,v) = d(v,u)
4. d(u,v) < d(u,w) + d(w, v)
/loxas. CsojcTBa mpocTudy u3 CBOjCTaBa HOPME. O

Hedbunnnmnuja 7.11. Heka je V eykimacku ekTopcku npocrop u X,Y CV u X, Y # (). Pacroja-
me n3Mehy Ba HempasHa CKyIia MoApasyMeBa ,HajMambe ’ pacTojare n3Mehy Tadaka TUX CKyIOBa,
Tj.

d(X,Y)=inf{d(z,y)|lzr € X,y Y}
Tsepbemwe 7.6. Heka je V eyrimncku Bekropcku mpocrop u W < V. 3a weku BekTop v € V Baxu:
d(v, W) = inf{d(v,w)|w € W}

Jokas. Tupektro u3 nperxonne nebunnumje (3a X = {vtnY =W). O
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Tspheme 7.7. Heka je V eyrimmjcku Bekropcku mpoctop u W < V. 3a #eku BekTop v € V BaxKu:
d(v, W) = d(v, pRywv)

Jlokas. 3a sektop v € V Baxu v = pRyv + v+ . Kako je vt € W, cremn na je vt L w, 3a ce
ew ewt
weW.
Hexka je w € W npomn3Bosban, 1 Heka je wi = w — pRyv. U3 wy € W cienn na je v+ L wy, na Ha
OCHOBY Teopeme 7.1 mmamo:
ot —wn? = [Jo |7 + [|wn |

<=|(v = PRwv) = (w = PR 0)||* = [[v|[* + [Jwn | |?

= lo—wl|? = [[o|? + [Jwl? > [lo]]?
= o —w|| > |lo*|[ 1. [lv—wl| > [[o — pRw|

—_——  Y—  —

d(v,w) d(v,pRwv)
Hakae, d(v,w) > d(v, pRyv). Jennakocr hie ma Baxu kaza je w = pRyv. 3akipydyjemo:
d(v, W) = d(v,pRywv) = ||v — pPRw]|
O

Hedununmja 7.12. Yrao uamehy BekTOpa U noTpocropa ce neduHUIIe Kao yrao n3Mehy BekTopa
U HeTOBe IIPOjeKIfje Ha Taj HOTIIPOCTOP:

L(v,W) = £L(v,pRyv)
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