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ST TR | A METHOD FOR SOLVING A CLASS OF CYCLIC
' \ FUNCTIONAL EQUATIONS

(Communicated June 28, 1968)

1. There exist different results on cyclic functional equations ([1], [2], [3],
[4], [5), [6]. [7], [8], [9), [10]). We give a method for solving a very general class
of those equations.

2. Let Sy, S, Ss, be nonempty sets and L, D:S3—S3 given functions (n-fixed
natural number). Consider the following cyclic functional equation:

(D L(f (1, X25 + v o3 Xn)s S (2, X35 00 03 X1)y < oy S (Xmy X1y« - 5 Xn—1))
= D(f(X1, X2, + + o» Xn)y (X2, X35 2 0 K1), + o 5 [ (Xms X150« 05 Xn1)),

where f:Si—S: is unknown function.
We denote this equation as follows:

E(f(X1,X2,+ « o X0)s S (X2, X3, ¢ 0 0y X1)s 0« o5 S (Xmy X150 2 Xn—1))
(x1, X2, « o, Xn E81; S (X1, X2, - . ., Xn) E52).
Obviously, the equation (1) is possible if and only if the following condition holds:
(2) Qu) uc S2 A E(u, u, ..., u4)),
Let S denote a subset of the set S3 such that:

(s 102, uu}ESg(E(m, z, .o Un) NE(uz,t3, o) A oo AE(Un,ws e Un—1))-
If the equation (1) is possible then S is a nonempty set, because:
E(u,u, ... .u)=>(u,... . u)cS.

. Next, we prove the following fundamental lemma.

Lemma. If condition (2) holds then there exists a function F: §5-+S2 such that:
1° E(F (u1, 2, « « s tin)y Fuz, i3, . s t1)s oo oy Fin, th, o .y un—1)) (for all & S2);
2° (U1, U2y« « s Un) ES= F(uy, uz, . . ., Un) =,

Proof. Let o be an element of S such that E(uo, uo, . . ., 4o). The function F:
(a1, 12, . . Un) ES= F(ur, 2, - . ., )2 un; (s, uz, . . ., tin) E 8= F(u1, uz, . . ., un)® o

satisfies the conditions 1° and 2°.

By the lemma we prove the following theorem which solves the problem
of determining the general solution of the equation (1).
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Theorem. Let F:57-S; be a function satisfying the conditions 1° and 2°.
Then by the formula
(3) S (x15 %250 0 0y Xm) = F(I1 (%1, X2, . . o, Xm), 1 (22, X3, . . sy Xads ooy XL (o5 g0, i)
(IT: ST -S> an arbitrary function )
is determined the general solution of the equation (1).

Proof. If I1:S1-S; then the function f defined by (3) satisfies (1). (This
follows from the condition 1°).

Taking f (f is the solution of (1)) instead of IT in (3) we conclude (by 2°):
F(f (X1, X250 00y Xn), f(X2, X35 000y X1y e oy f(Xmy X1y e vy Xnt)) =F (X1, X2, 0 o o Xn).

Accordingly, (3) determines the general solution of the equation (1).

3. We give some examples.

(I) f(xi, X2y 000y x“) '1"_,((.1'1, X3, .. .,X[) s gl f(xﬂa Xly o uay xﬂ—l}z 0
(X1, X2, ..., Xn; f(X1, X2, ..., xs) real numbers).
In this case, one function F is:

— (14U + -+ un)+ 0w
n

Fui, uzy ..., up)def

and the general solution of (I) is

S (X1, X250 o xp) =TI (21, %3, .., .,x,.)—-l—(ﬂ (x1, X2, .. ., Xn) +
n

IT (x2, %3, .. ., 1) + -+ -+ I1 (Xm, X1, . . ., Xn—1)) (1 -an arbitrary real function).

Similarly, in the case of the general linear cyclic functional equation,
there exists the linear function F [9].

The equation, [7]:
(I) Af2(x,9)+Bf (X, ) f (3, ¥) + CL2 (3, X)+ D f(x, ) + Ef (3, x) + F=0,
(4,B,C,D, E, F; x,y, f,(x, y) real numbers).
Let S be the set of all (u, v) such that:
Aw+Buv+ Cv: 4+ Duy+ Ev+ F=0(

Av24 Buv+ Cu? 4 Dv+ Eu+ F=0 (u,v real numbers).
Determine, for example, the function F in the following way:

u,VES>F(u,v)=u; (u,V)ES=F(u, v)=to
where uy is a real number such that:

(A+B+ C)u+ (D+ E)uo+ F=0.
Then

S, »)=F(I(x,»),0(y,x) (I1—an arbitrary function)
is the general solution of the equation (II).
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The equation (II) is possible if and only if
(3u) (u a real number A (A+B+C)ut+(D+ E)u+ F=0).

The equation:

(IIT) 3x,N—=31(y,x)+2=0 (x,y, f(x,y) real numbers).

In this case only (1,1) and (—2, —2) are elements of the set S. One
function F is

F(—2,—2)%f_2: F(u,v)* 1, otherwise.
The general solution of (III) is:
f(x, y)=F(I1 (x, y), [1(y, x)) (IT—an arbitrary function).

Remark. The set Sy may be {t, [} (t—,,truz”, f—,,false”). Then E (uy, uz, . . ., tn)
is a relation of the set Sa. '

Example. Dctermine all re.ll functions f(x,y) which satisfy the conditicn

(IV) S+, x)<0.
Solution. The function F(u, v) is determined, for example, by

u+v<0=F(u, V¥ u; u4v>0=F(u, v)¢0.
(For instance, F(u, v}:u(l—% (sgn (u+v)+sgn|u+v|))).

Then the formula
f(x, y)=F(1(x,y),II1(y,x)) (Il—an arbitrary rezl function),
gives all functions f(x, y).
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