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HPEATOBOP

Cenmu cumnosujym’ ,,MATEMATUKA W TIPUMEHE”, nanuonamHu ckyn ca
MehyHapoaaum ydemrhem, oxapxaH je 4. m 5. HoBemOpa 2016. rogumHe y opraHu3aiuju
MaremaTtnukor ¢axyiarera YHuBep3utrera y beorpagy um Cprcke akanemuje Hayka H
ymetHocTu. CKyI je oJlpkaH y3 nojapiiky MuHKMCTapcTBa IPOCBETE, HAYKE U TEXHOJIOIIKOT
pas3Boja Peny6nuke CpOuje.

[Tporpam CumIiio3ujyma ce 0JIBHjao y TpU NapajeiaHe CeKIuje:

e MareMaruka U NpUMEHE - JaHac
e MaremaTnka 1 HHPOpPMATHKa y 00pa3oBamby
e Hay4yHouCTpa)kuBauku U CTPYYHH pajl CTyAeHaTa

OtBapame CuMIo3ujyma opKaHo je y merak, 4. HoBeMOpa y cBeyanoj canu CAHY.
Ha ortBapamy Cummosujyma, ydyeCHHKE W TOCTE Cy Mo3apaBuid Muoapar MartesbeBuh,
nonucan uwiaH CAHY wu npencennuk IIporpamckor oxpbopa Cummnoswjyma, JAeKaH
Maremartnukor dakyarera npod. ap 3opan Pakuh - uman Ilporpamckor ombdopa
Cumnosujyma u n1p Mwuban KuexeBuh - uman opranmzanuonor ozxbopa Cummnosujyma.
Hakon otBapama, oapkaHa Cy JBa IUICHapHA IpeaBama, a 3aTUM je pag Ha CuMmnosujymy
HAaCTaBJhCH 1O CEKIHjaMa.

Wznarama y cekuuju ,,MaremaTnka 1 nIpuMeHe - 1aHac” Ouiia cy yriiaBHOM nocBeheHa
aKTyeJTHUM TeMaMa Koje ce TUYy MpHMEHa MaTeMaTHKe y Pa3IMuuTUM 00JacTUMa, HOBUM
IpaBIMMa Yy HCTPaXHBakbUMa W TIOCTUTHYTUM pe3yaTatuMa. Y OKBHPY CEKIHje
,Marematnka W HWHpOpMaTHKa y oOpaszoBamy’, TpenaBaud Cy CKPEHYJIU MMaXKBbY Ha
aKTyeJlHe MmpobiieMe Yy HacTaBU MaTeMaTHKe U MHPOPMATUKE U MPEJIOKUINA HEKe uiaeje 3a
pemaBame THX mpooOsema. TpamunmoHanHo, ceknuja ,,Marematuka u WHGOpPMATHKA Y
oOpa3oBamy” je OKyMHJIAa MHOT€ HACTaBHHKE MaTeMaTUKe M WH(OpPMATUKE U3 OCHOBHUX U
CpeImuX IIKOJIA, KOjU CYy aKTHBHO YYECTBOBAJIM y JUCKYCHJH MOBOJAOM DPA3IMYUTHX TeMa
KOje ce TUYy Ipolieca yuerma, HacTaBe, MOTHBAllMj€ YUCHUKA, MOMyIapu3allije MaTeMaTHKe,
uta. Tpeha cexnmja Ouna je mocBeheHa HAYYHOUCTPAKUBAYKOM M CTPYYHOM pajy CTyJeHaTa
ca cBUX HHMBOa crtyauja. CTyIeHTH HEKOIMKO (akynrera Cy y OKBHPY OBE CEKIHje
MPEACTAaBMWIIM CBOj€ HAyYyHE M CTPY4YHE pajJoBe, Kao M pe3ydTaTe IMpojekara Ha Kojuma
YUYECTBY]Y.

CenMoM cummno3ujymy ,Marematuka W TpUMEHE’ je NpucycTBoBasio oko 250
yuecHHKa u roctdjy. Kpos cexuuje Cummnosujyma, cBoje pesyirare npeacTaBuio je oko 90
UCTpaKMBaya W3 PEHOMHUPAHMX HAYYHOUCTPAKMBAUKUX MHCTUTYLHMja U3 3eMJbe U
MHOCTpaHCTBa. Y paay cekuuje Marematuka u MH(pOpMaTHKa y oOpa3oBamy’ aKTHBHO je
yaecTBOoBajio oko 120 mpodecopa marematuke W MHPOPMATHKE W3 OCHOBHHX M CPEIEHHX
mkoia mupom Cpbuje. Ca 3a10BOJLCTBOM MOKEMO KOHCTATOBATH Ja Cy UCIYHEHU TJIaBHU
[IWJBEBU CKyMa: carjeaaBame TNocTojehux M oTBapame HOBHX MOTYNHOCTH TIpUMEHE
MaTeMaTHKe y pa3IMuYuTHM objacTuMa, yHanpehuBame HacTaBe MaTeMaTHKE M pauyHapCTBa,
aKTUBHO ydyelrhe cTy/eHaTa y HAyYHUM U CTPYYHUM aKTUBHOCTHMA.

3axBajbyjeMO CBUM YYECHHUIIMMAa Ha YCIICIIHO] pealu3alfju CKyla U MOCTUTHYTHM
pesyararuma u yHarpen ce paayjemo VI Cumnosujymy ,,Matemaruka u npumene”, koju he
ce onpxatu 17. u 18. HoBemMOpa y opranuzaiuju Maremarnukor (axkynrera Y HUBEpP3UTETA Y
beorpany u Cpricke akagemuje HayKa U yMETHOCTH.



IIporpamcku ondoop VIl Cummnosujyma:

e mpod. 1p Muoapar Mare/beBuh,
noncHu wiaH CAHY, penoBau npodecop Marematuukor ¢akynrera Y HUBEp3uTeTa
y Beorpany - npenceaauk ondopa,
e mpod¢. ap 3opan Pakuh,
VYuusepsutet y beorpany, nekan Marematuukor akynrera,
e mpod¢. ap I'pagumup MusnoBanouh,
akanemuk CAHY,
e mpod¢. ap 3opan Ilerposuh,
VYuusepsutet y beorpany, Banpenuu npodecop Maremaruukor Qakynrera,
e 1p bopucaas I'ajuh,
Ouiy HayyHH capagHuk, Marematnuku nHCTUTYT CAHY,
e mpod¢. ap 3opuna Cranumuposuh,
VYuusepsutet y beorpany, Banpeauu npopecop Matemaruukor akynrera,
e mnpod. np Mupociaas Mapuh,
VYuusepsutet y beorpany, Banpeauu npopecop Matemaruukor akynrera,
e jou. ap Aparana Uauh,
VYuusepsutet y beorpany, norentT MaremaTiukor akynrera
e 1ou. a1p Muban KuesxeBuh,
VYuusep3utet y beorpany, norent Matematudkor ¢gakynrera
e 1ou. a1p Mapko O6pagoBuh,
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e Mapek CBeTHuK,
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VYuusepsutet y beorpany, Pauynapcka naboparopuja Maremaruukor axkynrera,
e Cama Kocanosuh,
Yuusep3uteT y beorpany, meHanep 3a oxHoce ca jaBHorthy MaTemaTHakor
¢axynTera,
e Jlymko Bumuh,
VYuusepsutet y beorpany, Pauynapcka naboparopuja Maremaruukor Qakynrera,
o Karapuna Jlykuh,
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Ahlfors-Schwarz lemma, Hyperbolic geometry,
the Carathéodory and Kobayashi Metrics

Miodrag Mateljevic¢
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e-mail: miodrag @matf.bg.ac.rs

Abstract. In this paper we will give a review about some properties of hyperbolic metrics and various versions of
Schwarz lemma.

Keywords: Hyperbolic metric; Ultrahyperbolic metric; Quasiregular harmonic mappings; Negatively curved metrics;
Bers spaces.

1. Introduction

Throughout this paper, D will denote the unit disc {z : |z| < 1}, T the unit circle {z : |z] = 1} and we will
use notation z = x + iy and z = re'? where r = |z| and @ € R are polar coordinates. For a function h, we
use notation dh = 3 (hl, —ihi) and Oh = (hl, + ih/,); we also use notations D°h and D°h instead of dh and
oh respectively when it seems convenient. By A/, and hgl we denote partial derivatives with respect to x and y
respectively. We write D2_h = D(Dh), where Dh = D¢h and Dh = D°h.

Probably the best known equivalent of Euclid’s parallel postulate, contingent on his other postulates, is
Playfair’s axiom, named after the Scottish mathematician John Playfair, which states:

In a plane, given a line and a point not on it, at most one line parallel to the given line can be drawn
through the point. Hyperbolic geometry was created in the first half of the nineteenth century in the midst of
attempts to understand Euclid’s axiomatic basis for geometry. It is one type of non-Euclidean geometry, that is,
a geometry that discards one of Euclid’s axioms (Euclid’s parallel postulate). The development of non-Euclidean
geometry caused a profound revolution, not just in mathematics, but in science and philosophy as well. Einstein
and Minkowski found in non-Euclidean geometry a geometric basis for the understanding of physical time and
space.

Hyperbolic geometry is tightly related to the function theory of one and several complex variables. Using
Schwarz’s lemma it is proved that
(A) holomorphic functions do not increase the corresponding hyperbolic distances between the corresponding
hyperbolic domains.

The Caratheodory and Kobayashi metrics have proved to be important tools in the function theory of several
complex variables. In particular, we have:

(B) If G and G5 are domains in C™ and f : G; — G2 holomorphic function, then f does not increase the
corresponding Caratheodory(Kobayashi) distances.

But they are less familiar in the context of one complex variable. Krantz [31] gathers in one place the basic
ideas about these important invariant metrics for domains in the plane and provides some illuminating examples
and applications.

In [54], Wong proved:

(a) If G is a hyperbolic manifold in the sense of Kobayashi and the differential Kobayashi metric K is of class
C?, then the holomorphic curvature of K¢ is greater than or equal to —4.

(b) If G is Carathéodory-hyperbolic and the differential Caratheodory metric C is of class C2, then the holo-
morphic curvature of C is less than or equal to —4. With this result the author obtain an intrinsic characterization
of the unit ball. For (b) see also Burbea [12].

In [27], Earle, Harris, Hubbard and Mitra discuss the Carathéodory and Kobayashi pseudometrics and their
infinitesimal forms on complex Banach manifolds. Their discussion includes a very elementary treatment of the
Kobayashi pseudometric as an integral of its infinitesimal form. They also prove new distortion theorems for the
Carathéodory pseudometric under holomorphic maps from the open unit disk to a complex Banach manifold.

Although this is mainly review paper we treat known results with novelty and outline a few new results.
The content of the paper is as follows. In Section 2, we outline how to introduce hyperbolic distances from



the point of complex analysis (more precisely, using Schwarz’s lemma). We also shortly consider versions of
Ahlfors-Schwarz lemma related to ultrahyperbolic metric and the comparison principle related to curvatures and
distances.

In Section 3 we consider hyperbolic geometry, M&bius transformations and Cayley-Klein model in several
variables. It is supposedly classical and can be found in the literature that the restriction of the Beltrami-Klein
metric on the ball of R™ to any minimal surface (minimal with respect to the flat metric) has curvature < —1.
Using a heuristic argument we give application to minimal surfaces.

The properties (a) and (b) of holomorphic curvature of Kobayashi and Caratheodory metric are considered
in Section 6.

Several years ago, the author communicated at Belgrade seminar (probably around 1980 -1990), some results
related to the Carathéodory and Kobayashi pseudometrics and their infinitesimal forms on complex Banach spaces
(see also [36]). In Section 7 we outline our approach, which is probably known to the experts in the subject (in
particular see Theorems 6 and 7)'.

2. Schwarz lemma and Hyperbolic geometry

2.1. The Schwarz lemma, Introduction

Throughout this paper by S(a,b) we denote the set (a,b) x R, —oo < a < b < oo, and in particular
So = S(—1,1). Note that S(a, b) is a strip if —0o < a < b < 0o and S(a, +00) is a half-plane if @ is a real
number, and S(—o0, +00) = C.

If w is complex number by Rw (or u = Rew) we denote the corresponding real part, and in a similar way
if f is complex-valued function by R f (or u = Ref) we denote the corresponding real valued function and by
Vf(z) = (f2, f,) the gradient of f.

Occasionally by \g and pg we denote respectively hyperbolic metric on the unit disk and on the strip Sy. See
[61] and also [62] for discussion in this subsection.

The following result is a corollary of the maximum modulus principle:

Proposition 2.1 (classical Schwarz lemma 1-the unit disk). Suppose that f : D — D is an analytic map and
f(0) = 0. The classic Schwarz lemma states : |f(z)| < |z] and |f'(0)] < 1.

It is interesting that this result(which looks simple and elementary at first glance) has far reaching applications
and forms. In this paragraph we follow [39, 43]. We will see below, if we do not specify the value of f(0), we get
Pick’s lemma.

Pick’s lemma. Suppose f : D — D is holomorphic. Then

1-|f(x)?
!/
< )
el o
for any z € D. Equality holds for some z € D if and only if f is a conformal self-map of D (and in that case
equality holds everywhere). Pick’s lemma leads naturally to the hyperbolic metric on D (see also Section 9).

2.1.1. the subordination principle

(A) Let f(z) and g(z) be analytic functions in D, f(z) is said to be subordinate to g(z) in DD written, or f < g
(z € D), if there exists a function w(z), analytic in D with w(0) = 0 and |w(z)| < 1, (z € D) such that (i)
f(2) = g(w(z)), (z € D).

(B) In particular, if the function g(z) is univalent in D, the above subordination is equivalent to (ii) f(0) =
9(0) and f(D) C g(ID).

In the setting (B), then f(D,) C g(DD,.), forall 0 < r < 1 and |f'(0)| < |¢’(0)], where D,. = {z : |z| < r}.

Since g is one-to-one, g is in fact a conformal map from D to g(DD). Let h = g~! be the inverse of g.
Then h o f is holomorphic and maps D into D with (h o f)(0) = 0 since f(0) =
we have |(h o f)’(0)] < 1 and |(ho f)(2)| < |z| for all z € D. Hence f(
(ho f)(0) = g:ggg. So the first inequality gives |f/(0)] < |¢'(0)].

As an exercise, formulate the condition for equality. Here we give a simple example.

Because of limited time author could not settle some details related to this paper.



Example 1. (i) Let R = {z : Re(z) > 0} be the right half plane. Let f : D — R be holomorphic. We claim that

| £/(0)] < 2Re(f(0)).
(ii) Let f : D — Sg be holomorphic. Then | f'(0)] < %.
(iii) Let f : D — D\ {0} be holomorphic. Then |f'(0)] < %

Proposition 2.2. Suppose (a) ¢ is univalent in I, f holomorphic in D and f(D) C (D).
(b) ¢(20) = f(20), 20 € D. Then [f"(20)| < [¢'(20)]-
2.2. The Schwarz lemma

If |a| < 1 define the M&bius transformation

(—a

va(C) = T—ac 2.1)

Example 2. Fix a € D. Then ¢,(0) = —a, @,(a) = 0, @, is a one-to-one mapping which carries T onto T, D
onto ). The inverse of pq is Y _q.
Check that ', (z) = (1 — |a|?)(1 — @z) =2 and in particular ©},(0) = (1 — |a|?), ¥ (a) = (1 — |a]?)~L.

In the literature the notation 7}, is also used instead of ¢,. Here we define T,, = —¢, and therefore we have
T, =T,.

Proposition 2.3 (Schwarz lemma 1). Suppose that f : D — D is an analytic map and f(0) = 0. The classic
Schwarz lemma states : | f(2)| < |z| and | f'(0)] < 1.

Proof. A standard proof is based on an application of the Maximum Modulus Theorem to the function g defined
by g(z) = L&) for, = # 0, and g(0) = f(0).

Now we shall drop the assumption f(0) = 0. Let f : D — D is an arbitrary analytic map. Fix an arbitrary
point z € D and consider the mapping F' = ¢,, o f o p_., where w = f(z). Since p_.(0) = z, F(0) = 0. By
an application of Schwarz lemma,

[F(O = lpwo fop-(QI<[C, CeD, 2.2
and | F’(0)| < 1. Hence, since F'(0) = ¢, (w) f'(2)¢",(0), we find
[f'(2) 1
< , z€D, (2.3)
- [f@F ST-[:P
with equality only if F' = e‘“Id, thatis f = ¢_,, o (e'%¢.).
Hence, equality holds in (2.3) if and only if f is a Mobius transformation of ID onto itself. 0

Let w be an arbitrary point in D and { = ¢, (w), then ¢_.(¢) = w, and by (2.2), we find |, (f(w))| <
|0z (w)]-

It is convenient to introduce a pseudo-distance

Z—w
0 = |ps = , 2.4
(2,0) = s ()] = | T 4
which is a conformal invariant. Thus we get:
Proposition 2.4. The following inequality
6(f(2), f(w)) < 6(z,w) 2.5)
holds, with equality if only if f is a Mbius transformation of I onto itself.
This shows that the Riemannian metric, whose element of length is
2|dz]|
ds = A(2)|dz| = T (2.6)



is invariant under conformal self-mappings of the disk. In this metric every rectifiable arc v has length

il _/ 2|dz|
T TP

~

and | f o Y|nyp = |V|nyp. if f is a Mobius transformation of ID onto itself.

We call the distance determined by this metric the non-Euclidean distance (hyperbolic) and denote by \; we
also use notation \(z) = 7 2> for metric density and [|h][x = A(2)|h|, for h € T,.

The fact that the hyperboilc distance is invariant under self-mapping of the disk we can state in the form: If
heT,, Ae Aut(D) and h, = A'(2)h, then ||h.||x = ||h]|» for every z € D and every h € T,.

The shortest arc from 0 to any other point is along a radius. Hence the geodesics are circles orthogonal to
T = {|z| = 1}. The non-Euclidean distance from 0 to  is

[ o2dt 147
)\(077"):/17t2:1n17r. 2.7

0

Since §(0,7) = r it follows that non-Euclidean distance ) is connected with § through § = tanh %
Hence, the hyperbolic distance on the unit disk D is

I+17=5
AMz,w) =1n (2.8)
1 - lz:z%

If f : D — D is an arbitrary analytic map, then

A(fz, fw) < Az, w).

Exercise 1. Check the formula (2.7).

Hint. f(t) = Qtz,f(t)*—JrH_t,F ff (t)dt = ¢ —In(1 —t) +1In(1 +¢t). Hence \(0,r) f f(@)
—In(1—¢t)5+ (1 +t)y =In(l+r) —In(l —r) = In

—r"

Exercise 2. If v is a piecewise continuously differentiable path in D, whether |Y|nyp, = |V|5?

2.3. The upper half plane

A region G is conformally equivalent to a region D if there is an analytic bijective function f mapping G to
D; we call f conformal isomorphism. Conformal equivalence is an equivalence relation. Conformal isomorphism
of a domain onto itself is called conformal automorphism. Conformal automorphisms of a domain D form a group
which we denote by AutD.

If fo : G — D is a fixed conformal isomorphism, then every conformal isomorphism f : G — D can be
represented in the form

f=¢ofy, ¢€AutD. (2.9)

The cross-ratio of a 4-tuple of distinct points on the real line with coordinates z1, 22, 23, 24 is given by

(21 — 23)(22 — 24)
(22— 23)(21 — 21)

(Zla 223523, Z4) =

Example 3. Describe Aut(H). If A € Aut(HH), there is a point x¢ € R such that A(xy) = oc. We consider two
cases.
Case (i) xog = co. Then A = L, whereL( )=Xz+s5A>0ands ER

Case (i) T € R. Define w = T(2) = —% + 2. Then T~ (w) = 2w and AoT maps oo to 0o. Hence AoT =
L, for some X\ > 0 and s € R, and therefore f = LoT 1. That is A( ) AT (w)+s = Angw—hs “;:ii’},



where a1 = —s and by = X\ + sxg.
Therefore, every A € Aut(H) can represented in the form

b
flz)= az—td , where a,b,c,d € Rand D =D(f) =ad —bc=1. (2.10)
cz
If A is represented by (2.10), then
_ zZ—Zz

Hence it is clear that A € Aut(H).
There is another way to describe Aut(H) using (w,1;0,00) = w. Namely, if A carries points xa,23,%4
(x9 > x5 > x4) into 1,0, 00, then w = (z, X2, T3, X4). O

If L € Aut(H), then L is Mobius transformation and maps R onto itself and symmetric points with respect
to R onto symmetric points with respect to R. Hence, if 21, 20 € Hand wy = Lz; and we = Lz, thenwy = Lz7
and wy = Lz3. Since the cross-ratio is invariant under Mobius transformation, we get

(21,5; 2275) = (LZl, LTl? LZQ; L72) = (wlam; WQ,WQ) . (212)

Set Tz = z — ;2 Then (z1,%71; 22,%22) = T(21)/T(z1). T maps H onto I and symmetric points z; and Z7 with
— <2

respect to R onto points 7'(z1) and T'(Z7) symmetric with respect to T respectively. Hence 7'(z7)7(z1) = 1 and
therefore (21,7%7; 22, 22) = |T'(21)|?. The pseudo-hyperbolic distance on H can be defined by

zZ1 — 22

Om(z1,22) =

21— 72|

It is invariant with the group Aut(H) because of (2.12) and 6% (21, 22) = (21,71, 22, Z2). We will give another
proof of this fact in subsection on Schwarz lemma(below).

For a fixed z € H, moving on to the limit value of §g (2, w)/e(z,w), where e is Euclidean distance, when
w — z we get an infinitesimal invariant ds = |dz|/y (we drop multiple 2), where y = Imz. For a piecewise con-

tinuously differentiable path v(t) = (x(t), y(t)), 0 < ¢t < 1, in H, we define |y|nyp = f |dz|/y = f ‘V(ft))l dt.

We use this infinitesimal form to obtain Poincaré distance between two points p and ¢ in ]HI by puttmg

dhyp (D, @) = inf [|uyp = inf [ |d2]/y,
Y

where the infimum is taken over all paths « joining p to ¢q. The curve for which infimum is attained we call
geodesic. We also use shorter notation A (Am(p, ¢) ) instead of dnyp, = dnyp,m if it is clear that our considerations
is related to H.

Proposition 2.5. In half-plane model, geodesics are the arcs of circles orthogonal to the real axis. The pseudo-
hyperbolic distance and the hyperbolic distance are related by

0 = tanh(A/2).
Proof. To find geodesic which joins p and ¢ we use A € Aut(H) which maps z; and 25 to iy; and iyo. It is

easy to conclude that a minimum is attained along the vertical segment I that connects iy; and iy-. If v is a path
which joins ¢y; and ¢y, using obvious geometric interpretation, we find hf|hyp > |I0|}1yp and hence

A (iy1,3Y2) = [Lo|nyp = | In(y2/y1)|-

It is interesting to prove this inequality directly (without geometric interpretation). We outline a proof. Sup-
pose that y; < y». Since



1
1Y Ibyp = f ldz|/y = f lz(gé)‘ dt, we have
7 0

1

t
o > f L de > [ 46 =yl = (/).
Hence it follows that geodesics are the arcs of circles orthogonal to the real axis.
There is circular arc K perpendicular to the real axis that contains z; and 29 and connects real points

z — al
P then
det(1,—a1;1,—ag) = a3 — az > 0 and therefore A € Aut(H). Hence it maps K on one half of the imagi-

nary axis. If A(p) = iy and A(q) = iy, the cross ratio w equals

a1 and as. We can compute w = (p,q,a1,az). Suppose that a; > ao and define A(z) =

(iy27 Z'yla 07 OO) = y2/y1~
Hence Ay (p,q) = |In(y2/y1)| = In(p, ¢, a1, as). Since, for yo > y1, we get

A
Y2—y1 e —1
6(iyy, i =
(i, iy2) = Y2+ er+1
and since § = dy is invariant with respect to Aut(H), we find 6 (iy1, iy2) = 0((p, q).
Hence e* = 144 je.

0 = tanh(A/2).
In a similar way one can prove that this formula is valid if y2 < y;. O

We consider the canonical Mobius transformation 7" of H onto D that maps the points 0, 7, oo onto the points
—1,0, 1, respectively, and let S denote the inverse of 7". Then we find
z—1 d4+w

-, z=Sw=1 .
z4+1 1—w

w="Tz=

Note that if z,a € H, b = Ta, then (z, 2, a,a) = (w, w*,b,b*) = |¢p(w)|?.
It is convenient to introduce the mapping ¢, = 7! o ¢, o T and the pseudo-distance

Z—Ww

§(z,w) = |p.(w)| = , (2.13)

1l—wz

which is a conformal invariant. It is easy to check that dg(a, 2) := |4 (2)| = op(T(a), T(2)).

Moving on to the limit value when w — z we get infinitesimal invariant ds = A(z)|dz|, where A(z) =
2(1 — |2z|?)~! is the hyperbolic density (we add multiple 2 so that the Gaussian curvature of the hyperbolic
density is —1 see below).

The shortest arc from 0 to any other point is along a radius. Hence the geodesics are circles orthogonal to T.

Since §(0,7) = r it follows that non-Euclidean distance ) is connected with § through § = tanh %

There is another way of calculating that exhibits additivity.

Let y be a circular arc (geodesic), orthogonal to 7" at the points w; and ws, that contains the points z; and 25
of the unit disk (suppose that the points w1, 21, 22, ws occur in this order). Since (r,0,—1,1) = (1 +r)/(1 —r),
we find

Az1,22) = In(22, 21, w1, wa).

We leave to the interested reader to check that {z1, 20} = (22, 21, w1, w2) > 0, if the points are in the order
indicated above.

In this form we can consider ) as the oriented distance which changes the sign of the permutation z; and zo.
Additivity of the distance on geodesics follow from (zg, 21, w1, we) = (22, 23, w1, w2 ) (23, 21, W1, Wa).

We summarize those remarks as:

Theorem 1.

14 dm
=1 .
1— oy

(2.14)



2.4. Ahlfors-Schwarz lemma

It was noted by Pick that result can be expressed in invariant form. We refer the following result as Schwarz-
Pick lemma.

Theorem 1 (Schwarz-Pick lemma). Let F' be an analytic function from a disk B to another disk U. Then F' does
not increase the corresponding hyperbolic (pseudo-hyperbolic) distances.

2.5. Schwarz’s Lemma for harmonic mappings

Recall that throughout this paper D will denote the unit disc {z : |z| < 1}, T the unit circle, {2 : |z| = 1}
and we will use notation z = x + 4y and z = re*®, where r = |z| and 6 € R are polar coordinates. For a function
h, we use notation Oh = 1 (h, —ih/,) and Oh = & (h!, +ih!)); we also use notations D°h and D°h instead of Oh
and Oh respectively when it seems convenient. By A/, and h;, we denote partial derivatives with respect to = and
y respectively. We write D2_h = D(Dh), where Dh = Dh and Dh = D°h.

Example 4. Ler S = {w : |Rew| < 1} and S; = {w : |Rew| < w/4}. The function tan : z — tan(z )

maps Sy onto D. Let B(w) = Jw and fy = tanobB, ie. fo(w) = tan(Gw). Then fo maps S onto D, u =

?arng(iz),v = ?arng(z),t = g In |Ag(22)].
2 .
Letr < 1, Ag(z) = 1= and let ¢ = i=1InAy. That is ¢ = ¢g o Ao, where ¢o(() = igln(C). Let ¢
7r

be defined by ¢(z) = —d(iz). Note that ¢ = 4 arctan is the inverse of fo. Then, Red(z) = 2 arg 12 and
|Red(z)| < 4tan_1|z\

Let F be analytic such that Reh = ReF on D With F(0)=0.

By subordination, we show that [Re F(z)| < 2 arctan(|z|).

Example h(z) = 2 ~Re(arctan z) +iay, a € R shows that we can not control growth of h in general at 0.
The function h maps D into S, but |(Imh),(0)| = |a| can be arbitrarily large.

Butif f : D — I is harmonic and f(0) = 0, then the maximal distortion (i) L(0) < 2. (ii) In particular, if
f is conformal at 0, then | f/(0)| < 2. The estimate (i) i 1s sharp.

It seems that if f is conformal at 0, then |f/(0)| < 2

By a normal family argument there is extremal funct10n for the problem: (iii) D(0) = sup{|L/;(0)[}, where
supremum is taken over all harmonic maps f : D — D with f(0) = 0. But, extremal functions fo(z) = 2 arg 12

maps D onto (—1,1).

Lemma 2.1. Ler S = {w : |Rew| < 1} and let h : U — D be a harmonic mapping with h(0) = 0. Then
[Reh(z)| < 2tan™!|z].

Proof. Let My,(r) = max{|h(z)| : 2 € T}}. Then there is 2, = re'® such that R = My(r) = |h(z,)|. If
h(z) = Re'® and H(z) = e"Ph(e'*z), then My (r) = Mp(r) = R. By Lemma 2.2, My (r) < 2 arctanr
and the proof follows. O

Lemma 2.2 (Schwarz lemmma for harmonic functions [17]). Let S = {w : |Rew| < 1} and let h : D — S be
a harmonic mapping with h(0) = 0. Then |Re h(z)| < Ltan~'|z| and this inequality is sharp for each point
zeD.

Proof. Let A; be defined by z — Ag(iz). Then A; carries the segment [—3, 7] onto half circle Tt = {w : |w| =
1,Rew > 0} and £ arctanr = ¢, (r) = 2 arg A;(r) = — 2o
Observe now that the linear fractional mapping w = +Z carries the circle K, : |z| = r < 1 onto the circle
R |w—wo| = R with center wg = (1+72)/(1 —r?) andradlus R=2r/(1—r?).Letr <1, Ag(z) = 1£2,
s—s71 2r
2 1-r?
tana = R and o(r) = arctan R = 2arctanr; recall S = {w : |Rew| < 1} and let ¢ = i;lnAo. We prove, if
h : D — S is harmonic, 2(0) = 0, then |h(z)| < 2a(|z]).
The linear fractional transformation A maps the circle |2| = r onto the circle K(a,R), where a =
(1472)/(1 — %) and R = 12%;; and therefore the disk D, onto the disk B(a; R) of radius R with the center at
a.

s =Ay(r), R =

and « be the maximum of | arg w| on Kg; therefore since w3 — R? = 1,




Thus,
(1) |arg A;|is bounded by a(r) = 2 arctanr on D, and therefore
since Re ¢ = —2 arg A,
(2)  |Reg)| is bounded by a(r) = 2 arctanr on D).
Thus, (1) says that Ay maps D,. in the angle of opening 2«/(r) = 4 arctan .
Let F be analytic such that Reh = ReF on D with F'(0) = 0. By subordination F'(D,.) C ¢o(B(a; R)).
Hence, by (2) (recall | arg z| < 2arctanr on B(a; R)),
(3) |Re¢|is bounded by a(r) = % arctanr on D,
From (3), it follows

4
|Reh(z)| = |Re F(2)| < — arctan |z|.
7r

2.5.1. Rado-Kneser-Choquet

Example 5. Let h(z) = z +i(z? — y?). Then J, = =2y, h(i) = =1, h(H) = D = {(z,y) : y < 2°} and
h(z) = h(Z); Since h(z1) = h(za) implies x1 = x2 and yy = Ty, h is univalent on the upper half plane.
Consider triangle Ay with vertices A = 0, B = 2 and C = 1 + i and Ay with vertices A = 0, B = 2 and
D =1 —1i/2. Quadrilateral A3 = A1 U Ay, D = 1+ i/2 and let quadrilateral Ay consist of points A = 0, D,
B=2andC.

Verify that Lo = h(0As3) = h(0A4), h(As) # int(h(0As)) and that h(0As3) is not a convex set.

Consider a conformal mapping o of the unit disk onto As and h = h o . Check that a h is harmonic on D, a
homeomorphism of T onto L, but h is not 1 — 1 onto .

Choquet showed For every Jordan domain D which is not convex, there exists a homeomorphism ¢ : T —
0D such that h = P[¢] is not a homeomorphism in D.

Theorem 2. Assume that Q C R? is a convex domain with smooth boundary 0S). Given any homeomorphism
@ : ST — 0O, there exists a unique harmonic map h : D — Q such that h = ¢ on S* and h is a diffeomorphism.

Proof. Let h = (u,v). It suffices to show that detJJ(h) # 0. Suppose that detJ (k) is zero at zo, that is

=0.

. (20) uy,(20)
vz (20) vy (20)

Thus vectors X = (u},(20),uy(20)) and Y = (v} (20),v;(20)) are linearly dependent and therefore there exists
(o, B) # (0,0) such that X + BY = 0, thatis U; = 0, U, = 0 at 29, where U = au + Sv. Let L = {z :
U(z) = U(zp)}. Since U is a real harmonic function, there is an analytic function F such that U = ReF in
D and that F'(zp) = 0. By the maximum principle for harmonic functions, no pair of the arcs of I emanating
from zg can rejoin elsewhere in ID. Since a neighborhood of z; consists of at least four arcs emanating from z,
and each of these arcs must extend out to the boundary, which means that L must meet 7" in at least four distinct
points (that is L N A contains at least 4 points). On the other hand, » maps L into the line, which meets 02 in
exactly two points because of the assumption that € is convex. It follows that A maps at least four points on T’
onto two points in 92, contradicting the hypothesis (p being 1 — 1). This contradiction proves that the Jacobian
cannot vanish in D, so h is locally univalent. An application of the argument principle completes the proof. [

(A-1) If ¢ conformal mapping of a planar domain D onto D, we define the ¢-hyperbolic density on D
by Hypp(¢2)|¢'(2)| = g p(2). If another ¢ conformal mapping of the domain D onto D, set w = ¢(z),
w1 = ¢1(2),w = ¢10¢~ ! and w; = w(w). Then ¢1 = w o ¢, and by the composition rule ¢} (z) = w’(w)¢'(2).
Since w € Aut(D), 1 — |w1|? = |w'(w)[(1 — |w|?) and hence 1 — |w1 |* = |¢}(2) /¢’ (2)|(1 — |w]?).

Therefore Ay, p = Ay,,p and the definition of the hyperbolic density is independent of conformal maps from
D onto D; and we write Hyp () for the hyperbolic density on D at z.

Exercise 3. (I-1) If G and D are simply connected domains different then C and f conformal mapping of D onto

G, then Hypg(f2)|f'(2)| = Hypp(2)-
Outline. Let 1) be conformal mappings of the domain D onto D, g = f~! and 1)1 = 1 o g; set also z1 = f(z).

Then Ap(z) = Ao(Vz)|[Y'z| and Mg (2) = Ao(¥121) ¢ 21|



Exercise 4. Suppose that D is a simply connected domain different then C and w holomorphic map from D into
self with w(zg) = zg for some zy € D. Then |w'(2p)]| < 1.

If G1 = kG, then H(z) = kz maps G onto Gy and H ! (w) = w/k. Hence Hypg, (w) = Hypg(w/k).

Example 6. /. [fII = {w : Rew > 0}, then By(w) = %;5 maps I on D. Since 1 — |By(w)|* = H-ﬁiyﬂlz’ where
u = Rew, B)(w) = 2(1 + w) =2, and Hypy; (w) = Xo(Bo(w))|B)(w)|, we find
Hypr(w) = o
YPIt) = Rew
2. Since e = exp maps S = {y : |y| < 7/2} onto 11, we have As(z) = Hyp(e®)|e?| = Colsy.
3. Let Ao be a hyperbolic density on Sy. Then
No(w) = Hypg, (w) = = — @.15)
oVt = BPs, 10 = 5 cos(5u) '

4. Xo(iy1,iy2) = Fly2 — yil, y1,y2 €R.
S5.Ifa,b € R a < b, the linear map L defined by L(w) = W, maps S(a,b) onto Sy and p(w) =

po(Lw) 2. Hence

T 1

—a)cos (3[(2u— (a+0b))/(b—a)])

p(w) = Hypg(q p) (w) = o (2.16)

Example 7. Check arctan(125; = 2arctan(r), 0 <r < 1.

Outline. If tgfs = r, then tg(28) = %'

Example 8. For wy,ws € So, po(u1,u2) < po(wy, ws).

A plane region D whose complement has at least two points we call a hyperbolic plane domain. On a
hyperbolic plane domain there exists a unique maximal ultrahyperbolic metric, and this metric has constant
curvature —1.

Using holomorphic covering 7 : D — D, one can define the pseudo-hyperbolic and the hyperbolic metric
on D.

2.6. Hyperbolic domains

Now we outline how we can use powerful tools which yield the uniformization theorem to get hyperbolic
version of Ahlfors-Schwarz lemma.

Let W and W* be surfaces and f : W* — W a continuous surjective map such that for every p € W, there
exists an open neighborhood V' of p, such that is a union of disjoint open sets in W* and every component of
p~1(V) is in one-to-one correspondence with V. When this is so The map f is called the covering map and the
pair (WW*, f) is called a covering surface of . A deck transformation or automorphism of a cover f : W* — W
is a homeomorphism A : W* — W* such that f o A = f. The set of all deck transformations of A forms a
group under composition, the deck transformation group Aut(f). Deck transformations are also called covering
transformations.

In particular, if W and W* are Riemann surfaces and f : W* — W holomorphic, we call f the holomorphic
covering map. If W* is simply connected, we call the pair (W*, f) a universal covering.

The uniformization theorem says that every simply connected Riemann surface is conformally equivalent to
a disk, the complex plane, or the Riemann sphere. In particular it implies that every Riemann surface admits a
Riemannian metric of constant curvature. Every Riemann surface is the quotient of the deck transformation group
(a free, proper and holomorphic action of a discrete group on its universal covering) and this universal covering
is holomorphically isomorphic (one also says: "conformally equivalent" or "biholomorphic") to the Riemann
sphere,the complex plane and the unit disk in the complex plane. If the universal covering of a Riemann surface
S is the unit disk we say that .S is hyperbolic. Using holomorphic covering 7 : D — S, one can define the
pseudo-hyperbolic and the hyperbolic metric on .S. In particular, if S = G is hyperbolic planar domain we can



use

(I-2) Hypg (72)|7'(2)| = Hypp(2) and

(I-3) If G and D are hyperbolic domains and f conformal mapping of D onto G, then Hyp(f2)|f'(2)| =
Hypp (2).

Proposition 2.6 (Schwarz lemma, 1-planar hyperbolic domains, Ahlfors-Schwarz; hyperbolic version). (a) If G
and D are conformally isomorphic to D and f € Hol(G, D), then

dp(fz, f2') <dg(z,2), =22 €G.
(b) The result holds more generally: if G and D are hyperbolic domains and f € Hol(G, D), then
Hypp(fz, f2') < Hypg(z,2), 2,2 €G.
(©IfzeG,veT.Candv* =df,(v), then
V¥ |yp < [V]Hyp-

For a hyperbolic planar domain G the Carathéodory distance C < Ag with equality if and only if G is a
simply connected domain.

2.7. Schwarz lemma at the boundary for holomorphic functions

It this subsection we discuss some known results related to the subject.
2.7.1. Jack’s lemma

In connection with Jack’s lemma we state:
(T1) Let f be nonconstant analytic function on the unit disk and f(0) = 0. Then for given r € (0, 1) the function
| f] attains maximum at some point zg € 7). Then, zof'(20) = kf(20), for some k& > 1. Using homothety,
rotation and translation we consider the following:
(T2) Let B = B(ag; ap), ag > 0, f be analytic function on B, f(B) C B and f(0) = 0. Then f’(0) = k, where
k > 0. Contrary, if f/(0) = ke*®, where 0 < o < 2, then easily we can show that there is a small arc L on the
boundary of B centered at the origin such that f(L) is out of B.

Q1. If D is domain and f is analytic function on D, f(D) C D and there is zg € 0D such that f(zg) = zo.
Whether f'(zg) > 0? It seems that using similar approach as the above we can prove that answer to Q1 is positive
if 9D is smooth at zg.

Proposition 2.7. a) Let f : D — D. Assume that (HO) there is a point b € T so that f extends continuously to b,
|£(b)] = 1 (say that f(b) = ¢) and f is R- differentiable at b.

b) Further assume that there is a function A such that A : [0,1] — [0,1, A’(1) exists and M(r) < A(r). Then
[Ar(B)] = A'(1).

Proposition 2.8. Under the above hypothesis, if there exists f’(b), then
O [F/(0)] = A(1).

Proposition 2.9. Let f(z) = b+ cp(2 —a)? + cpy1(2 —a)P™ + ..., ¢, > 0, p > 1 be a holomorphic function of
the disc D into self and let 21, 22, .., 2, be zeros of the function f(z) in D that are different from 0. If we assume
(HO), then | f'(B)| = p+ >y %, where ay, = |zg|.

Proof. Set

Bo(z) = 2P, B = ByBj and F = f/B. Further, set ay, = |zx|, T)(r) := IT:T‘IZ;JI and B1(r) = [[,_, IT:JIZ;IJI .By

Schwarz lemma, | f| < |B|. Hence M (r) < A(r) := r? B, (r). Without loss of generality we can suppose that

b= 1.Then A'(1) = pB,(1)+ B/, (1), Hence, since T (1) = 1 and T}(1) = }I_Z: ,we find A'(1) = p+ B/, (1).
O

For example if n = 2, we have B/ (1) = %;Zi + i_gz In general, B/ (1) = >)_;

lfak
1+ag "

10



Theorem 3. Let f : D — D be harmonic. Assume that f(0) = 0. Further assume that there is a point b € T
()] = 1 (say that f(b) = V') and f is R- differentiable at b. Then

ArB)] > 2/,

In [49], R. Osserman offered the following boundary refinement of the classical Schwarz lemma. It is very
much in the spirit of the sort of result that we wish to consider here.

Theorem 4. Let f : D — D be holomorphic. Assume that f(0) = 0. a) Further assume that there is a pointb € T
so that f extends continuously to b, |f(b)| = 1 (say that f(b) = c) and f'(b) exists. Then |f'(b)| >
) If f has a zero of order p at 0, then (ii) | f'(b)| > p.

2
1+[f7(0)]"

Set k = [f/(0)|. g(2) = f(z)/zand F = T, 0 g. Theng = T_j o F, My, (r) < T_(r) = {5t% and
therefore M(r) < A(r) := Tlrirkk
Hence, since A’(1) = T +k, we have (i). Let f : D — D be holomorphic and satisfy f(0) = 0. Then

Ol < |C|1|S\t‘|(€)?|)cl| for |¢| < 1.¢) My(r) < A(r) :=r™. Hence, since A’(1) = n, we have (ii).

Setr = |z| and k = |f/(0)]. Then 1 — |f(2)| > 1 — r{jﬁk = h_ 7 and therefore = ‘f(,z)‘ > 11;” Hence

lf/(b)| = m Without loss of generality we reduce the proof to the case b = 1 and f(1) = 1. By Schwarz
lemma |f(z)| < |z]. Hence |1 — f(z)| > |1 — z|.

Theorem 5. Let f : D — D be holomorphic function. Suppose that there is an extension of f atb € T such that
|f(b)| = 1 and there exists f'(b). Then

2(1—|£(0)))
LFOO)2 + [f(0)] (2.17)

Now we state a version of Lowner and Velling result.

Ol

Proposition 2.10. Let f : D — D be holomorphic and f(0) = 0. Let S C T be a nontrivial arc, and suppose that
f extends continuously to S. Further assume that f(.5) lies in T. Let s denote the length of S and ¢ the length of
f(S) (which is also necessarily an arc, since it is a connected subset of the circle ). Then o > sm.

Proof: By Schwarz reflection, we may take it that f is analytic on the interior of the arc S. Hence it certainly
satisfies the hypotheses of the first lemma at each point of the interior of S. The conclusion of that lemma then
holds, and integration yields the desired result.

Theorem 6. Let f : D — D be holomorphic. Further assume that there is a point b € T so that f extends
f(b)| = 1 (say that f(b) = c) and f'(b) exists. Then

1*|f( )\2+|f’( )|

Suppose f is an analytic map of D into itself. If |b| < 1, we say b is a fixed point of f if f(b) = b. If |b| = 1,
we say b is a fixed point of f if lim,_,1_ f(rb) = b. Julia-Caratheordory Theorem implies If b is a fixed point of
f with |b] = 1, then lim,._1_ f'(rb) exists (call it f/(b)) and 0 < | f'(b)] < oc.

Perhaps, we can restate the hypothesis. The following boundary version of the Schwarz lemma was proved
in 1938 by Unkelbach in [Un] and then rediscovered and partially improved by Osserman in 2000 [50].

Theorem 7. In addition to hypothesis of Theorem 4, suppose that f = cpzP + o(2P), if z tends 0. Then (iii.1)
lf' (o) = p+ };I‘EPI‘ The equality in (1.7) holds if and only if f is of the form f = —2zPp, on D, for some constant
€ (-1;0].

Outline: Setc = ¢, k = g(z) = f(z)/z2Pand F =T, 0g. Theng=T_.0o F, Mp__(r) < T_p(r) =
=tk and therefore M (r) < A(r) Ptk

Hence, since A'(r) = pr? = T_;(r)+rPT" . (r) and T" , (r) = (1—k?)(14rk) =2, we have A'(1) = p—i—i;—’;,
and therefore (iii.1).

11



The inequality (iii.1) is a particular case of a result due to Dubinin in (see [16]), who strengthened the
inequality | f'(c)| > 1 by involving zeros of the function f.

Suppose (iii.2): Let f(2) = b+ cp(z — a)? + cpr1(2 —a)PT 4+ ..., ¢, > 0, p > 1, be a holomorphic function
in the disc D satisfying f(a) = b, |a| < 1 and
(©) |f(2) —a] < afor |z| < 1, where « is a positive real number and 1/2 < o < 1, and f(z) — b has no zeros in
D, except z = a. Assume that, for some ¢ € T, f has an angular limit f(c) at ¢, f(c) = 2a.

There are several papers by B. Ornek and Ornek-Akyel(see for example [48] and [47]) related to the subject.
In [47], under the hypothesis (iii.2) the optimal lower estimate for | f'(c)| are obtained, and the following functions
are used. Let 21, 29, .., z,, be zeros of the function f(z) — b in D that are different from z = a. Set

n
z — 2k
B(z) = 2P
(=Tl ==
k=1

® = @4, where d = f(0), T = ¢/B and k = ¢, where e = Y(0). Set Bo(z) = 2P, p = ¢/By and
O(z) = %. Set F' = F,, = f — «. Then the hypothesis (c) can be rewritten as (c1): F' maps the
unit disc into the disc of radius « and F'(¢) = «. The auxiliary function © is a holomorphic in the unit disc T,

|©(2)] < 1,0(0) = 0and |©(b)| = 1 for b € T. Apply

2

——— < |O'(b)].
1+ 10/(0)] &)l
Theorem 8 (Burns-Krantz [11]). Let g be an analytic function of the unit disk 1D into self which satisfy (i)
g(2) = 2+ O(1 — 2)%, when z approaches 1 throughout D. Then g = Id.

The result is the sharpest possible. Indeed, since g(z) = z — (2 — 1)2/10 maps the unit disc to itself, this
example shows that the exponent 4 in the theorem cannot be replaced by 3. The proof in fact shows that 4 can be
replaced by o((z — 1)3).

In [25], a new theory of regular functions over the skew field of Hamilton numbers (quaternions) and in the
division algebra of Cayley numbers (octonions) has been recently introduced by Gentili and Struppa (Adv. Math.
216(2007) 279-301). For these functions, among several basic results, the analogue of the classical Schwarz
lemma has been already obtained. In this paper, following an interesting approach adopted by Burns and Krantz
in the holomorphic setting, they prove some boundary versions of the Schwarz Lemma and Cartan’s Uniqueness
Theorem for regular functions. We are also able to extend to the case of regular functions most of the related
’rigidity” results known for holomorphic functions.

2.8. Denjoy-Wolff Theorem

The Schwarz Lemma is related to the following result.

Theorem (Denjoy-Wolff 1926): Let D be the open unit disk in C and let f be a holomorphic function mapping
D into D which is not an automorphism of D (i.e. a Mobius transformation). Then there is a unique point z in the
closure of D such that the iterates of f tend to z uniformly on compact subsets of ID. If z lies in D, it is the unique
fixed point of f. The mapping f leaves invariant hyperbolic disks centered on z, if z lies in D, and disks tangent
to the unit circle at z, if z lies on the boundary of D.

When the fixed point is at z = 0, the hyperbolic disks centred at z are just the Euclidean disks with centre 0.
Otherwise f can be conjugated by a Mobius transformation so that the fixed point is zero. An elementary proof of
the theorem is given below, taken from Shapiro (1993) and Burckel (1981). Two other short proofs can be found
in Carleson & Gamelin (1993).

Definition. Suppose f is an analytic map of D) into itself. If |b| < 1, we say b is a fixed point of f if f(b) = b.
If |b| = 1, we say b is a fixed point of f if lim,_,1_ f(rb) = b.

Julia-Caratheordory Theorem implies that if b is a fixed point of f with |b| = 1, then lim,_,;_ f’(rb) exists
(callit f/(b))and 0 < f/(b) < oo.

(Denjoy-Wolff 1926): (a) If f is an analytic map of D into itself, not the identity map, there is a unique fixed
point, a, of f in D such that | f'((a)| < 1.

(b) If f is not an automorphism of D (i.e. a Mobius transformation) with fixed point in D, iterates of f tend
to a uniformly on compact subsets of D

12



This distinguished fixed point will be called the Denjoy-Wolff point of f.

The Schwarz-Pick Lemma implies f has at most one fixed point in ID and if f has a fixed point in D, it must
be the Denjoy-Wolff point. See: C. C. Cowen, Iteration and the Solution of Functional Equations for Functions
Analytic in the Unit Disk, Trans. Amer. Math. Soc. 265 (1981) 69-95; C. C. Cowen and Ch. Pommerenke,
Inequalities for the Angular Derivative of an Analytic Function in the Unit Disk, J. London Math. Soc. 26 (1982)
271-2809.

Question 3. Is there a version of this result for quasi-regular mappings? For Danjoy-Wolff theorem see [18],
[19]. It seems that using the analityc covering theorem (the uniformization theorem for hyperbolic domains) one
can get a version of Theorem Danjoy-Wolff for hyperbolic domains.

Theorem Danjoy-Wolff. Let D be the open unit disk in C and let f be a holomorphic function mapping D
into D which is not an automorphism of ID (i.e. a Mobius transformation). Then there is a unique point zg in the
closure of D such that the iterates of f tend to zy uniformly on compact subsets of D. If zy lies in D, it is the
unique fixed point of f. The mapping f leaves invariant hyperbolic disks centered on z, if z¢ lies in D, and disks
tangent to the unit circle at zg, if 2z lies on the boundary of .

Proof. When the fixed point is at zg = 0, the hyperbolic disks centred at zy are just the Euclidean disks with
centre 0. Otherwise f can be conjugated by a Mobius transformation so that the fixed point is zero. An elementary
proof of the theorem is given below, taken from Shapiro (1993) and Burckel (1981). Two other short proofs can
be found in Carleson & Gamelin (1993)[18].

Case 1(Fixed point in the disk). If f has a fixed point z in DD then, after conjugating by a Mobius transforma-
tion, it can be assumed that z = 0. Let M (r) be the maximum modulus of f on |z| = r < 1. By the Schwarz
lemma | f(2)| < 0(r)|z|, for |z] < r, where §(r) = @ Since f is not automorphism of I, 6(r) < 1. It follows
by iteration that | f™(z)| < &(r)™ for |z| < r. These two inequalities imply the result in this case.

Case 2 (No fixed points in the unit disk). When f acts in D without fixed points, Wolff showed that there is a
point zy on the boundary such that the iterates of f leave invariant each disk tangent to the boundary at that point.
Take a sequence 7y, increasing to 1 and set fi(z) = rrf(2). By applying Rouché’s theorem to fi(z) — z and
g(z) = z, fi has exactly one zero zj, in D. Passing to a subsequence if necessary, it can be assumed that z, — zg.
The point zy cannot lie in D, because, by passing to the limit, zy would have to be a fixed point. The result for
the case of fixed points implies that the maps f; leave invariant all Euclidean disks whose hyperbolic center is
located at z;,. We leave the interested reader to fill details for proof of the following:

(I1)Explicit computations show that, as k increases, one can choose such disks so that they tend to any given disk
tangent to the boundary at zy. By continuity, f leaves each such disk B invariant.

To see that f™ converges uniformly on compacta to the constant zg, it is enough to show that the same is true
for any subsequence f"*, convergent in the same sense to a function g, say. Such limits exist by Montel’s theorem,
and if g is non-constant, it can also be assumed that f™*+! 7" has a limit, h say. Set my, = npy1 — ng. But then
frett = (f™)™k and ™ (w) — g(w) and f™+!(w) — g(w). Hence since f™* holomorphic function does
not increase hyperbolic distance on D, we find d(f™* (f"* (w)), f™*(g(w))) < d(f™ (w), g(w)) and therefore
h(g(w)) = g(w) for w in D.

Since h is holomorphic and g(ID) open, h(w) = w for all w.

It can also be assumed that ™+~ ! is convergent to F say. But then f* (w) = f™~(fw) = f(f™ 1 (w))
and therefore f(F(w)) = w = f(F(w)), contradicting the fact that f is not an automorphism. Hence every
subsequence tends to some constant uniformly on compacta in D.

The invariance of B implies each such constant lies in the closure of each disk B, and hence their intersection,
the single point zo. By Montel’s theorem, it follows that f™ converges uniformly on compacta to the constant z.

For the subject see: What are the most recent versions of The Schwarz Lemma at the Boundary? - Research-
Gate. Available from: https://www.researchgate.net/post/. O

2.9. Curvature

Let D be a domain in 2 = x + iy-plane and a Riemannian metric be given by the fundamental form

ds* = oldz|* = o(dz? + dy?),

which is conformal with euclidian metric. If M = (D, o|dz|?, then the Gaussian curvature of M is

1
K]V[ =——Alno.
20
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Instead of K it is also convenient to use notation K, and call o shortly metric coefficient.
Often in the literature a Riemannian metric is given by ds = p|dz|, p > 0, that is by the fundamental form

ds* = p*(dx® + dy?) .

In some situations it is convenient to to call p shortly metric density.
If p > 0is a C? function on D and M = (D, p|dz|), the Gaussian curvature of M is expressed by the
formula

Ky =K, := —p2Alnp.

We also call the above term the Gaussian curvature of a Riemannian metric density p on D. Also we write
K(p) and K, instead of K, and K (p) respectively. It is clear that K, = K (p?).

For a > 0, K(ap) = a=2K(p).

Recall that a pseudohermitian metric on D is a non-negative upper semicontinuous function p such the set
p~1(0) is discrete in D.

If w is an upper semicontinuous function on D and w € D, the lower generalized Laplacian of u is defined
by ([2], see also [24])

2
Apu(w) = 4liminf 1 [i /0 (u(w +re’) —u(w))dt].

r—0 72271
When u is a C? function, then the lower generalized Laplasian of u reduces to the usual Laplacian
AU = Ugy + Uyy -
The Gaussian curvature of a pseudohermitian metric density on D is defined by the formula
K= [_(p =—p2Arlnp.

For all a > 0 define the family of functions A,

2
) R

Also, it is convenient to write A instead of \;.
Suppose p is a semimetric density on a region GG and f : D — G is a holomorphic function. The pull-back

of pby fis f*(p) = p(f(2))| ' (2)I.

Suppose a € D, f'(a) # 0, p(f(a)) > 0 and p is of class C? at f(a). Then K. (,)(a) = K,(f(a)).The
Gaussian curvature of the density \, is K(\,) = —a?. This family of Hermitian metrics on ID is of interest
because it allows an ordering of all pseudohermitian metrics on DD in the sense of the following ([2]).

Theorem 9. Let p be a pseudohermitian metric density on D such that
K,(z) < —a®
for some a > 0. Then p < A,.
This kind of estimate is similar to Ahlfors-Schwarz lemma. Ahlfors lemma can be found in Ahlfors [5].
A metric p is said to be ultrahyperbolic in a region €2 if it has the following properties :
(a) p is upper semicontinuous; and

(b) at every zo with p(z9) > 0 there exits a supporting metric po , defined and class C 2 in a neighborhood V' of
2o , such that pg < pand K, < —1in V, while po(29) = p(20).

14



Theorem 10. (Ahlfors Lemma 1) Suppose p is an ultrahyperbolic metricon D . Then p < \ .

The version presented in Gardiner [23] has a slightly modified definition of supporting metric. This modifi-
cation and formulation is due to Earle. This version has been used (see [23]) to prove that Teichmiiller distance
is less than equal to Kobayashi's on Teichmiiller space.

Ahlfors [5] proved a stronger version of Schwarz’s lemma and Ahlfors lemma 1.

Theorem 11. (Ahlfors Lemma 2) Let f be an analytic mapping of D into a region on which there is given
ultrahyperbolic metric p. Then p[f(2)]|f(z)] < A .

The proof consists of observation that p[f(z)]|f’(z)| is ultrahyperbolic metric on ID. Observe that the zeros
of f/(z) are singularities of this metric.

Note that if f is the identity map on D we get Theorem 3 (Ahlfors lemma 1) from Theorem 4.

The notation of an ultrahyperbolic metric makes sense , and the theorem remains valid if 2 is replaced by a
Riemann surface.

In a plane region €2 whose complement has at least two points, there exists a unique maximal ultrahyperbolic
metric, and this metric has constant curvature —1.

The maximal metric is called the Poincaré metric of ) , and we denote it by \q. It is maximal in the
sense that every ultrhyperbolic metric p satisfies p < Aq throughout 2.

The hyperbolic density (metric) of a disk |z| < R is given by

2R
Ar(z) = P

If p is ultrahyperbolic in |z| < R , then p < Ar . In particular , if p is ultrhyperbolic in the whole plane,
then p = 0. Hence there is no ultrahyperbolic metric in the whole plane.

The same is true of the punctured plane C* = {z : z # 0} . Indeed, if p were ultrahyperbolic metric in the
whole plane, then p(e*)|e*| would be ultrahyperbolic in the whole plane. These are only cases in which ultrahy-
perobolic metric fails to exist.

Ahlfors [5] used Theorem 4 to prove Bloch and the Picard theorems. Ultrahypebolic metrics (without the name)
were introduced by Ahlfors. They found many applications in the theory of several complex variables.

The comparison principle.

Theorem 2 ([37]). If p and o are two metrics (densities) on the disk D, o is complete and 0 > K, > f(p onD,
then o > p.

Here, K is Gaussian curvature. For the hyperbolic density on the disk we have K = —4 (or —1, depends of
normalization).
Example 9. If o is the Poincaré metric with K, = —1 and p is any other metric with K, < —1, then p < 0.

In particular this holds if p = F*(o) for a holomorphic map F: D — D (that is, the map F must be conformal
with respect to the complex structures induced by the respective metrics).

2.10. An inequality opposite to Ahlfors-Schwarz lemma

Mateljevi¢ [37] proved an estimate opposite to Ahlfors-Schwarz lemma.

A metric H|dz| is said to be superhyperbolic in a region €2 if it has the following properties:
(a) H is continuous (more general, lower semicontinuous) on ).
(b) at every z, there exists a supporting metric (from above) Hy, defined and class C? in a neighborhood V' of
zg, such that Hy > H and Kp, > —1in V, while Hy(z9) = H (z0).

Theorem 12 ([37]). Suppose H is a superhyperbolic metric on D for which

(c¢) H(z) tends to +00 when |z| tends to 1_.
Then A < H.
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Proof. Let p,(2) = 2r(1 — |rz|?)~!, where r € (0, 1), and let
\IIT(Z) = log |H(Z)‘ — log pr(z) :

By the hypothesis of theorem V¥, has a minimum on DD at a point zy. Let Hy be supporting metric density
from above to H at 2 in a neighborhood V" and

7r(2) = log [Ho(2)| —log pr(2) -

Function 7, has a minimum on V" at z; and so

(1) 0 < A7 (20) = Alog|Ho(20)| — Alog p(20) -
By the hypothesis, we have

K, (20) = —Ho(20) " 2(AIn Hy)(2) > —1,
that is

(A 1n Hy)(z0) < Ho(20)?,

and

(A lnpr)(ZO) < (pT(ZO))z'
Hence by (1),

(2) 0 < A7(20) = Alog |Ho(z0)| — Alog pr(20) < Hg(20) — (pr(20))?
and therefore p,.(z9) < Ho(z0). Since Hy(z9) = H(zp) it follows that ¥,. has non-negative minimum at 2
and hence we conclude that p,. < H forevery z € D. If r tends to 1_, we find p < H on D. O

By applying a method developed by Yau in [58] (or by generalized maximum principle of Cheng and Yau
[15]), it follows that this result holds if we suppose instead of (c) that
(d) H is a complete metric on D.

Theorem 13. If p and o are two metrics (density) on D, o complete and 0 > K, > K p onD, then o = p.

This theorem remains valid if p is ultrahyperbolic metric and o superhyperbolic metric on . Also, we can
get further generalizations if D is replaced by a Riemann surface.

Suppose that €2 is a hyperbolic domain and
(a) Hp : Q — (0, 00) is continuous (more general, lower semicontinuous) on 2,
(b) the generalized Gaussian curvature of Hy, K, > —1 on (2.
Then A\ < H.
Curvature. Let D be a domain in z = z + iy-plane and a Riemannian metric be given by the fundamental
form

ds* = oldz|* = o(dz? + dy?),

which is conformal with euclidian metric. If M = (D, o|dz|?, then the Gaussian curvature of M is
1
Ky =——Alno.
20

Instead of K )y it is also convenient to use notation K, and call o shortly metric coefficient.
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Often in the literature a Riemannian metric is given by ds = p|dz

, p > 0, that is by the fundamental form
ds* = p?(dx® + dy?).

In some situations it is convenient to to call p shortly metric density.
If p > 0is a C? function on D and M = (D, p|dz|), the Gaussian curvature of M is expressed by the
formula

Ky=K,:= —p2Alnp.

We also call the above term the Gaussian curvature of a Riemannian metric density p on D. Also we write
K (p) and K, instead of K, and K (p) respectively. It is clear that K, = K (p?).

Proposition 2.11 ([64]). If p, po, p metric densities on By = B(zp; o). Suppose that 7 := % has a local minimum

at zo, K5 > K, at zp and po > p and p(zp) = po(2o). Then p < p on By.

A metric p is said to be ultrahyperbolic in a region €2 if it has the following properties :
(a) p is upper semicontinuous and
(b) at every zg, with p(zo) > 0, there exits a supporting metric po, defined and class C? in a neighborhood V' of
20, such that pg < pand K,, < —1in V, while po(20) = p(20).
Set I,(a,r) := 02” (u(a+re™) —u(a))dt. If uis a C* function in a neighborhood V, then u(a+re®) —u(a) =
Ar cost+ Brsint + Dr? cos®t + Er? costsint + Fr? cos® +o(r?), where D = u,,(a)/2 and F = uy,,(a)/2.
Hence I, (a,r) = 5r2Au(a) 4 o(r?) and therefore 2r~21,(a,r) tends to Au(a), if r tends to 0.

Definition 1. If « is an upper semicontinuous function, the lower generalized Laplacian of u is defined by ([2],
see also [24])
R I I it
Apu(w) = 411£nﬁ1(r)1f = [g /0 (u(w +re) — u(w))dt].
When u is a C? function, then by (i) we conclude that the lower generalized Laplasian of u reduces to the usual
Laplacian
AU = Uy + Uyy.

Definition 2. A region (2 is hyperbolic if C \ €2 contains at least two points. The hyperbolic metric A on €2 is the
unique metric on 2 such that Ap(z) = Aq(2)|f'(2)|, where f : D — € is any holomorphic universal covering
projection. The hyperbolic metric has constant curvature —1.

Theorem 14 (Ahlfors Lemma 1). Suppose p is an ultrahyperbolic metric onD. Then (1) p < A .

Definition 3. A conformai metric p(z)|dz| on a region €2 is called an SK metric provided p : Q — [0, 4+00) is
upper semicontinuous and A7, log p(a) > p?(a) at each point a € € such that p(a) > 0.

Thus, an SK metric is a conformai metric with generalized curvature at most —1 at each point where it does
not vanish.

Here A\p|dz| is the hyperbolic metric on normalized to have curvature —1. (In some references the curvature
is taken to be —4; we will translate all such results to the context of curvature —1 without further comment.)
Ahlfors did not show that equality in (1) at a single point implied p = Ap which would be the analog of the
equality statement in Schwarz ’s lemma. Heins [2] 2 introduced the class of SK metrics, which includes ultra-
hyperbolic metrics, and verified that (1) remains valid for SK metrics. In addition, he showed that equality at
a single point implied p = Ap. However, his proof of the equality statement is not as elementary as the proof
of Ahlfors’ lemma since it relies on an integral representation for a solution of the nonlinear partial differential
equation Au = exp(2u).

In [45] D. Minda also considered the strong form of Ahlfors’ lemma and present a relatively elementary
proof of the equality statement for Ahlfors’ lemma for SK metrics; it relies on the fact that the Laplacian of a
real-valued function is nonpositive at any point where the function has a relative maximum. His proof is in the

2See D. Minda [45] for papers Heins [2], Hopf[3], Jorgensen [4].
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spirit of Ahlfors’ derivation of (1) and is a modification of a method introduced by Hopf [3] for linear partial
differential equations. A related proof was given by Jorgensen Jorgensen [4] in the special case of metrics with
constant curvature —1.

Theorem 15. Ler Q) be a hyperbolic region in C and \q the hyperbolic metric on Q. If p(z)|dz| is an SK metric
on Q, then either p(z) < Aq(z) for all z € Q or else p(z) = Aa(z) forall z € .

Proposition 2.12 ([45]). Suppose G is aregion in C, u : G — [—00, 00) is upper semicontinuous and there is a
positive constant K such that Au(z) > Ku(z) at any point z € G with u(z) > —oc. If limsup,_, u(z) < 0 for
all ¢ € 9@, then either u(z) < 0 forall z € G orelse u(z) = 0 forall z € G.

Outline. Fix a € G and take r > 0 such that B = B(a, ). There exists M > O suchthat p < A < M
on B. Now u = In(p/A) is upper semicontinuous on B, u(z) < 0, for z € B, and at any point z € B where
u(z) > —oo (that is, where p(z) > 0) we have Au > p? — A2 > 2M(p — \). Hence Au > 2M?u. Theorem 1
implies that either p(z) < Ag(z forall z € B orelse p(z) = A\g(z forall z € B. o

Note that H. L. Royden [The Ahlfors-Schwarz lemma: the case of equality, J. Analyse Math. 46 (1986),
261-270] also established the sharp form of Ahlfors’ lemma by a different method.

Theorem 16 ([64]). If p and o are two metrics (density) on D, o complete and 0 > K,>K o onD (where K,
and K, are the generalized curvatures), then o = p.

The method of sub-solutions and super-solutions have been used in study harmonic maps between surfaces
cf. [32].

3. Hyperbolic geometry, Mobius transformations and Cayley-Klein model in several veriables

The unit sphere in three-dimensional space R? is the set of points (z,y, 2) such that 2% + 3% + 22 = 1. Let
N = (0,0,1) be the "north pole", and let M be the rest of the sphere. The plane z = 0 contains the center of the
sphere; the "equator" is the intersection of the sphere with this plane.

For any point P on M, there is a unique line through N and P, and this line intersects the plane z = 0 in
exactly one point P’. Define the stereographic projection of P to be this point P’ in the plane.

In Cartesian coordinates (x,y, z) on the sphere and (X,Y") on the plane, the projection and its inverse are

given by the formulas
(V) = (7= 72 )
1-2"1-=2

(2.9, 2) = 2X 2Y -1+ X2 +Y?
W T T X Y 1+ X2+ Y2 1+ X2+ V2

If M is a surface in R® space and suppose that f is a difeomorphism of ID onto M we can transfer the
Poincaré disk model onto M. For example, L is line on M if f~!(L) is a U-line on D. We define dpyp 1 (p, q) =
dnypo(f71(p), F71(q)), p,q € M. The disk model and M- model are isomorphic under f.

The inverse of the stereographic projection S maps the unit disk onto the hemisphere S?> and defines a S? -
hyperbolic model and an orthogonal (orthographic) projection of this model on xy-plane defines the Klein model
on D.

Thus, the two models are related through a projection on or from the hemisphere model.

Shortly, the Klein model is an orthographic projection of the hemisphere model, while the Poincaré disk
model is a stereographic projection.

Given two distinct points U and V' in the open unit ball of the model in Euclidean space, the unique straight
line connecting them intersects the unit sphere at two ideal points A and B, labeled so that the points are, in order
along the line, A, U, V, B. Taking the centre of the unit ball of the model as the origin, and assigning position
vectors u, v, a, b respectively to the points U, V, A, B, we have that that |a — v| > |a — u| and |u — b| > |v —b|,
where | - | denotes the Euclidean norm. Then the distance between U and V in the modelled hyperbolic space is
expressed as

1, v—allb—u]

d =
(V) = g log o v
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where the factor of one half is needed to make the curvature —1.
We will prove below that on the unit ball in R" the associated metric tensor is given by the formula: if
v € TyR"™, then

lavl*  (Si, anon)?

ds*(v) = Kle(x,v) = 5 AV
) o) 1 — ||| (1= [x[7)

3.1

It is supposedly classical and can be found in the literature that the restriction of the Beltrami-Klein metric on
the ball of R™ to any minimal surface (minimal with respect tot he flat metric) has curvature < —1. Unfortunately,
the B-K metric is not conformally equivalent to the Euclidean one. Hence, a conformal minimal disk is not
isothermal with respect to the B-K metric, and the pull-back is not a hermitian metric on the disk. Probably it is
not even quasiconformal.

3.1. The Cayley-Klein model of hyperbolic geometry

The Poincaré disk model also called the conformal disk model, is a model of 2-dimensional hyperbolic
geometry in which the points of the geometry are inside the unit disk, and the straight lines consist of all segments
of circles contained within that disk that are orthogonal to the boundary of the disk, plus all diameters of the disk.
Hyperbolic straight lines consist of all arcs of Euclidean circles contained within the disk that are orthogonal to
the boundary of the disk, plus all diameters of the disk.

By arcosh and arsinh we denote inverses of hyperbolic functions:

arsinhxz = In (x—i— 2 —l—l) , arcoshx = In (a:+ Va2 — 1) ;x> 1.By(9.1), we find

_11+J 1—0 _1—1—02 202

= — = =14+ = _
2(1—0+1+a) 1— o2 +1—a2’

1
coshd = i(ed +e9)

where d = dpypm and o = d. Hence,

2
coshd=1+2 |21 — 2|

|21 = Z2|? — |21 — 22
and since |21 — Z3|? — |21 — 22|? = 4y1y2, we find
|21 — zof?

291Y2

Thus, in general, the distance between two points in H measured in hyperbolic metric along such a hyperbolic
geodesic is:

coshd =1+

(22 — 21)° + (yo — y1)2> _

dist({(x1, 1), (T2, = arcosh | 1+
((z1,91), (T2, Y2)) < 20192

Distances in this model are Cayley-Klein metrics. Given two distinct points p and q inside the disk, the
unique hyperbolic line connecting them intersects the boundary at two ideal points, a and b, label them so that
the points are, in order, a, p, g, b and |aq| > |ap| and |pb| > |qb|.

b
The hyperbolic distance between p and ¢ is then d(p, ¢) = log :aq|||pb:'
ap| |q
Set {p,q} = :Zf}ll \1; gi . If the ideal points, a and b, label them so that the points are, in order, a, p, g, , b, then

{p.a}{q,7} = {p,r} and therefore d(p, ) = d(p, q) + d(q, 7).
The vertical bars indicate Euclidean length of the line segment connecting the points between them in the

model (not along the circle arc), log is the natural logarithm. Both the Poincaré disk model and the Klein disk
model are models of the hyperbolic plane. An advantage of the Poincaré disk model is that it is conformal (circles
and angles are not distorted); a disadvantage is that lines of the geometry are circular arcs orthogonal to the
boundary circle of the disk. This section focuses on the projection of the unit sphere from the north pole onto the
plane through the equator. Other formulations are treated in later sections.
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The unit sphere in three-dimensional space R? is the set of points (z,y, z) such that 22 + y? + 22 = 1. Let
N = (0,0, 1) be the "north pole", and let M be the rest of the sphere. The plane z = 0 contains the center of the
sphere; the "equator" is the intersection of the sphere with this plane.

For any point P on M, there is a unique line through N and P, and this line intersects the plane z = 0 in
exactly one point P’. Define the stereographic projection of P to be this point P’ in the plane.

In Cartesian coordinates (x,y, z) on the sphere and (X,Y") on the plane, the projection and its inverse are

given by the formulas
X, v)=(—,-2 ),
1—-2"1-z2

( - 2X 2Y —1+X2+Y?
T I X2y I+ X2 4V 1+ X2+ Y2

If M is a surface in R® space and suppose that f is a difeomorphism of D onto M we can transfer the
Poincaré disk model onto M. For example, L is line on M if f~*(L) is a U-line on D. We define dpyp a1 (p, q) =
dhyp.u(f71(p), f~1(q)), p,q € M. The disk model and M- model are isomorphic under f.

The inverse of the stereographic projection S maps the unit disk onto the hemisphere S?> and defines a S? -
hyperbolic model and an orthogonal (orthographic) projection of this model on zy-plane defines the Klein model
on D.

Thus, the two models are related through a projection on or from the hemisphere model.

Shortly, the Klein model is an orthographic projection of the hemisphere model, while the Poincaré disk
model is a stereographic projection.

Let o be an orthographic projection defined by o(y1,y2,y3) = (y1,y2,0) and denote by .S the inverse of the
stereographic projection. Then S maps the unit disk onto $2 and S; = o o S the unit disk onto itself. S maps
circles K orthogonal to T onto circles S(K) in S2 orthogonal to 7" and every S(K) belongs to a plane parallel
to e3. Let L be a plane parallel to e3 and let the half- circle K be the intersection of L and S . If a,b € S(K),
c and d are ideal point on K, and ' = o(a) and b’ = o(b), then by similarity |a — d|*> = 2R|a’ — d| and
la — ¢|*> = 2R|a’ — c|, where R is the radius of S(K). Hence
() |a’, b, c,d| = |a,b, c,d|*. Now let z,w € U be points on the circle K and let points z*, w* be the intersection
of the unit circle by the circle K. Since S(z*) = z*, S(w*) = w* and the absolute cross ratio is invariant under
Mobius,

(i) |z, w; 2*, w*| = |Sz, Sw; z*, w*|.
Let K (in honor of Klein) denote the inverse of S7. Note that K fixes the points on the unit circle T.

Proposition 3.1. The distance in Klein model is dye (2, w) = dpyp(K;(2), Ki(w)) an it equals 3 In |z, w; 2, @
where Z, w0 are the intersection of the unit circle by line zw.

s

When projecting the same lines in both models on one disk both lines go through the same two ideal
points(the ideal points remain on the same spot) also the pole of the chord is the centre of the circle that contains
the arc.

3.2. The Hyperbolic Metric and Mobius transformations

For Mobius transformations in several dimensions see [6]. By ey, ..., e, we denote the coordinate unit
vectors of R™. For example, e; = (1,0,...,0), e = (0,1,...,0) and e3 = (0,0,1,...,0). We denote by
T1,..., T, the coordinates of a point z € R". Thus x = (z1,...,7,) and z = z1€1 + - - - + ,,€,,. We denote by

R” = R" = R"U{oo} the one point compactification of R". By B"(a; ) we denote ball {x € R" : |z—a| < r}
and by S"~!(a;r) sphere {z € R" : |[x — a| = r}.

Mobius transformation is a mapping which is composition of a finte number of the following:

1. Translation: f(x) = = + a;

2. Stretching f(z) = ra, r > 0;

3. Orthogonal: f is linear and | f(z)| = |z| for all x € R™;

4. Inversion in a sphere S = S(a;7): J(x) = a + r? oalz
Every isometry of R™ can be uniquely written as the composition ¢ ok where ¢ is a translation and k is an isometry
fixing the origin.
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An n x n matrix A is called orthogonal if A” A = I,,, or equivalently if AA” = I,,. The geometric meaning
of the condition AT A = I, is that the columns of A are mutually perpendicular unit vectors (check!). Let
O(n) = O,,(R) denote the set of n x n orthogonal matrices.

The group of similarities consists of all mappings x — mx + b where b € R™ and m is a conformal matrix,
ie.m = Ak, with A > 0 and k € O(n). Every Mobius can be expressed as a composite of inversions.

The reflection with respect to the unit sphere in R" is defined by

rat = Jr=a/|lz]?, Jo=00, Joo = 0.

The matrix J'(x) has components J'(x);; = ‘x%(éij - Qﬁflﬁj ). We adapt a special notation for the matrix Q(x)

with entries Q(z);; = % This enables us to write J'(z) = #(I —2Q(z)). This an important formula. From
Q* = Q we obtain (I — 2Q)* = I. In higher dimensions, a Mdbius transformation is a homeomorphism of
R™, the one-point compactification of R"™, which is a finite composition of inversions in spheres and reflections
in hyperplanes. Lioville’s theorem in conformal geometry states that in dimension at least three, all conformal
transformations are Mobius transformations. Every Mobius transformation can be put in the form

fl@)=b+ Mj
|z —al

where a,b € R", a € R, A is an orthogonal matrix, and € is 0 or 2. The group of Mdbius transformations is also
called the full M6bius group and denote by M (R™).

The orientation-preserving Mobius transformations form The sub-group of M (R™) which we denote by
M (R™) and which is the connected component of the identity in the Mdbius group. For any v € M(R™) we
denote by |y/(x)| the positive number such that v'(z)/|v'(z)| € O(n). In other words, |y'(z)| is the linear
change of scale at = which is the same in all directions. In higher dimensions, we define absolute cross ratio

.y € M(R™). This is clear when  is a

la,b,c,d| = \IZ:E‘\ : I‘Z:(Ci‘l’ which is invariant |ya, vb, yc, yd| = |a, b, ¢, d

similarity, and for J we obtain |Jz — Jy|* = |J'(z)||J (v)||x — y|?.

Fora € B" (a # 0), R = R(a) = (la*|*> — 1)Y/? = \/1 — |a|?/|a|. Then S~ (a*, R(a)) is orthogonal to
the unit sphere S.

The reflection (inversion) with respect to this sphere is given by

oar = a* + R(a)*(z — a*)*. (3.2)

Define canonical mapping
To(z) = (I —2Q(a))o.x. (3.3)

The explicit expression for Tp, () is

—lal®)(z — a) — |z — a|a
To(e) = —a+ (1 - |aP)(" —a)r = L le)e—a) Zjr—al

, 3.4
where [z, a] = |z|[z* — a| = |al|x — a”].
If v € M(R™) maps a in 0, then v = kv, where k € O(n).
Let z = (1, ...,y) be the coordinates on R™. The Poincaré metric on the unit B C R™ is given by
4|dz|?
dsp = —————.
L

It is conformally equivalent to the Euclidean metric. The 2-dimensional case n = 2 is the standard Poincaré
metric on the unit disk D C R? = C.

The Hyperbolic Metric: Let B? be the unit ball {z € R? : ||z|| < 1} in Euclidean 3-space. Using analogy
with the planar unit disk

the hyperbolic density on B3 is defined by
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The hyperbolic length of a smooth curve 7 : [a, b] — B? is then

b b !
2l @Il
L) = [ Ao® @l = [ 200
a o 1=Ih@IP

The hyperbolic metric A on B? is defined by A(xg,z1) = inf{L(y), where the infimum is taken over all
smooth curves 7 in B2 from z to x;.

A curve that attains this infimum is a hyperbolic geodesic from g to x;. The arguments used for the hyper-
bolic metric on the unit disc show that:

Proposition 3.2 (Hyperbolic metric on B3). The hyperbolic metric is a metric on the unit ball B3.

Moreover, the hyperbolic geodesic from the origin 0 to any point € B? is a radial path with hyperbolic
length log iHiH
Hyperbolic distance between arbitrary point =,y € B? is

L+ [|T, ()]
1= ||Ty (=)’

where £ and 7 are ends of geodesics through z and y, and T}, is defined by (3.4).

We can use the arguments above for any ball in R2_ and obtain a hyperbolic metric on the ball for which the
orientation preserving isometries are the Mdobius transformations. The most important example is when the ball
is the upper half-space:R3 = {(z1,22,73) € R®: 3 > 0} . The boundary of this is the extended complex plane
Co = R? . We can show that any Mobius transformation acting on this boundary extends to an orientation
preserving isometry of the upper half-space for the hyperbolic metric with density: A(z) = % We can also

Mz, y) = log |y, z,&,n| = log

deduce the results for the upper half-space directly from those for the ball B2 for inversion in the sphere.

We have seen how to put a hyperbolic metric on the unit ball B® in R? or the upper half-space R‘}_. We will
denote both of these by H? and call them hyperbolic 3-space. The orientation preserving isometries for hyperbolic
3-space have been identified with the group of M&bius transformations acting on the boundary OH?®.

3.3. Klein model

We can show that (A) the group M (H™) is isomorphic with the group M (B™), using a Mobius transformation
of H” onto B™. We choose so that 0, e,,, oo correspond by y = ox to —e,, 0, e,,, Where e,, is the last coordinate
vector. The restriction of o on R"~! is the usual stereographic projection.

The correspondence is given by

y=ox=(en+2(x—e,)")"
z=0"1(y) = en +2(y" —en)".

When x,, = 0, one verifies that |y|> = 1, y* = y and (X) reduces to

2331’ |3}|2 -1
i = s Yn = 5 3.5
Y= T e Y T T P (3-5)
and for |y| = 1, we find
PO A —Y (3.6)
1 —Yn

The stereographic projection (3.5) maps ball B"~! = {(x1,72,...,2,-1,0) : 2% + 23 + -+ 22_;| <
1} on the lower hemi-sphere S™~!. The composition of the stereographic projection with the mapping
(ylay27 ~~~,yn—17yn) = (yl>y23 "'ayn—l) is

2z

= ) 6Rn717 <1, 3.7
A papi || (3.7)
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and it maps B! onto itself. The inverse mapping is L is given by

y Ry <1, (3.8)

Y
1_yn7

where —y,, = (1 — |y|>)'/2. Note that here y = (Y1, %2, ..., Yn—_1)-

The equation of an orthogonal circle is of the form |z —a|? = |a|? — 1, |a| > 1 or |z|> +1 = 2za and (3.7) is
equivalent to ay = 1, the equation of a straight line. This can be used to construct the Klein model of hyperbolic
space. In this model the noneuclidean lines are the lines segments in B!,

Proof of (3.1) (Klein-Finsler norm) (see also 9.2).

Set whyp = 2(1 — [X*)7HdX], wj,, = 4(1 — |X[*)7?|dX[* and wie = L*whyp. Note that

(D1 = o = o

@1 X[ = 2

1-yn>
3) yndy, = —w, where w = y1dy + y2dys + -+ - + Yn—1dYn—_1 =y - dy.
Hence e p IV
dxX = vy tY
1 —Yn (]— 7yn) 1 — Yn yn(]- 7yn)

and
(1= [X[*)7HdX]| = 5,-|wi], where wy = dY — Y =5 Set Pv = Pyv = (Y,v)Y/|Y| and Quv =
v — Pv. Forv € TyR" 1, we find

Y|? 1
wi(v)=Pv+Quv— ———Pv=——Pv+ Qu,
Yn(1 = yn) Yn
and therefore
2 CCR ]k o] (v, V)|
= — = . 3.9
B T e P (1 o
3.4. Conformal minimal immersion
Let x = (z1,...,y) be the coordinates on R™. The Poincaré metric on the unit B C R™ is given by
4|dx|?
dsi = —————.
RCTRE

It is conformally equivalent to the Euclidean metric. The 2-dimensional case n = 2 is the standard Poincaré
metric on the unit disk D C R? = C. Let S C B be a minimal surface (with respect to the Euclidean metric). Let
h = dsiypl 5 be the metric on S obtained by restricting the Poincaré metric form ds? on S (inherited from form
ds]QB) . Since ds? is conformally equivalent to the Euclidean metric, it introduces the same conformal structure on
S as the Euclidean metric.

Problem 1. Does the Gaussian curvature of (S, h) satisfy K, < —17?

If S is euclidean disk then the Gaussian curvature of (S, h) equals —1.
Under "hyperbolic" we mean the Poincare metric, then the answer is no, the curvature of minimal submani-
folds need not decrease; we get this informaion via Forstneric [56].

Proposition 3.3. Let f: D — B C R"™ be a conformal immersion, S = f(D) and K, < —1.Then f*dsp < dsp.
That is, the pullback of the Poincaré metric on B to the disk ID is bounded above by the Poincaré metric on D. By
integration we get

dist(/(2), £(w)) < dist(z,w), z,w € D.

Proof. The conformal surface (S, k) has a unique Riemann surface structure. In any isothermal local complex
coordinate z on S we have h = A(z)|dz|?, so h is a Kihler metric. Furthermore, a conformal parametrization
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f:D — S is a holomorphic map (up to a correct choice of orientation). If K;, < —1 were, we could apply the
Ahlfors lemma which tells us that

fr(dsg) = f*(h) < dsj.
O

Via Forstneric [56], we get the following information.

It is supposedly classical and can be found in the literature that the restriction of the Beltrami-Klein metric on
the ball of R™ to any minimal surface (minimal with respect tot he flat metric) has curvature < —1. This is what
we need. Unfortunately, the B-K metric is not conformally equivalent to the Euclidean one. Hence, a conformal
minimal disk is not isothermal with respect to the B-K metric, and the pull-back is not a hermitian metric on the
disk. Probably it is not even quasiconformal.

There is a related results related to the estimate of the Gaussian curvature of analytic disks and more generally
for complex submanifolds of Hermitian manifolds. For the following result, see [30]:

Theorem 3. If M’ is a complex submanifold of a Hermitian manifold M, then the holomorphic bisectional
(sectional) curvature of M’ does not exceed that of M.

It is also interesting fact that The Bergman metric and the Beltrami-Klein metric are tightly related.
The Bergman metric is on the unit ball in C” is given by

2 |dz|? Zpzvdz,dz,
A= DGt 2 e )
pn,v=1

More precisely, if v € T,C"™, then

d5*(v) = Ber(z,v) = (n + 1)(1_‘i]£”2 4 ((le_—lllzzﬁf’;);) . (3.10)

The restriction of this metric on the unit ball in R™ is up to the constant the Klein metric. More precisely, if
v € TxR", then Ber(z,v) = (n + 1)Kle(x, v).

4. Schwarz lemma in the unit ball

In this section we follow [42].For further result see [44]. If f is a function on a set X and x € X sometimes
we write fx instead of f(x). We write z = (21, 22, ..., 2,) € C™.

On C™ we define the standard Hermitian inner product by < z,w >= Y, _, 2wy, for z,w € C", and by
|z| = /< 2,z > we denote the norm of vector z. We also use notation (z,w) instead of < z,w > on some
places. By B,, we denote the unit ball in C". In particular we use also notation ID for the unit disk in complex
plane.

For planar domains G and D we denote by Hol(G, D) the class of all holomorphic mapping from G into D.
For complex Banach manifold X and Y we denote by O(X,Y) the class of all holomorphic mapping from X
into Y.

We need some properties of bi -holomorphic automorphisms of unit ball (see [59] for more details). For
afixed 2, B, = {w : (w — 2,2) = 0,|w|> < 1} and denote by R(z) radius of ball B.. Denote by P,(z)
the orthogonal projection onto the subspace [a] generated by a and let Q, = I — P, be the projection on the
orthogonal complement. For z,a € B" we define

a—Pz—5,Qz
= pa(2) = ————2%7 4.1
Z=a(2) 1= (a) (4.1)
where P, (z) = %a and s, = (1 — |a|2)V/2. Set U® = [a] N B, Q® = b + [a]* N B,
1 _ a—Pz 2 _ —8,Qz
(pa(z)_ 1_(2701)’ @a(z)_ 1—(z7a)
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and d(a, z) = |¢4(2)|. Then one can check that
(I1) The restriction of ¢, onto U is automorphisam of U* and the restriction onto 5, maps it bi-holomorphically
mapping onto B;.

A domain U is called complete circular if whenever z € U and |A| < 1 then Az € U. Note in passing that a
complete circular domain automatically contains 0.

We need a few results from Rudin [59]. For a we define s = s, = y/1 — |a|?.

Theorem 4 (2.2.2 [59]). For every a € B, ¢, has the following properties:
(i) pa(0) = a and p4(a) = 0.

(i) ¢, (0) = —s?P — 5Q, ¢, (a) = —P/s* — Q/s.

(iii) The identity

o = e = 12?)
1 |S0a( )| - |1—(z7a)|2 :

(iv) @q is an involution: @, (pa(2)) = 2.
(V) pq is a homeomorphism of B onto B, and ¢, € Aut(B).
(vi) Aut(B) acts transitively on B.

We only outline a proof. Since (1 — (z,a))™! = 1+ < z,a > +0(|z]?) and |a|?Pz = a < z,a >,
va(2) =a— (P+sQ)z+a < z,a > +0(|z]?). Hence

©a(2) — 0a(0) = —=s*Pz — 5Qz + O(|z]?)

and therefore the first formula in (ii) follows; the second one follows from

—Ph — sQh
a h)= —————.
#ala+h) s2— < h,a >

From (iv), it follows that ¢, is one-to-one of B onto B, and that go;l = @q. [fa,b € B, ¢y 0 p, is an
automorphism of B that takes a to b.

If f € Aut(B), a = f~1(0), Jr f denotes real Jacobian, then

(1 —a[*)

n+1
1-Gop - &2

Jrf(z) = (

Proposition 4.1 (Theorem 8.1.2 [59]). Suppose that (i) G and G’ are complete circular domains in C"™ and C™,
respectively, and

(ii) G’ convex and bounded,

(iii) F' : G — G’ holomorphic.

Then

(a) F’(0) maps G into G’ and

(b) F(rG) c rG' (0 < r < 1),if F(0) =0.

The following is an immediate corollary of Proposition 4.1:
Corollary 1. Suppose that f € O(B,,,B,,). If f(0) = 0, then (A1) | f'(0)] < 1.
We give another proof which is more in spirit of this paper.

Proof. For z* = z/|z| define D, = {(z* : ( € D} and F({) = f(¢z*), ¢ € D. Let p be projection of B,,
on the slice D). By one dimensional version of Schwarz lemma [F'(¢)| < |¢| and in particular for ¢ = |z
()] < J2]. Hence (A1) [£/(0)] < 1. O

s

Proposition 4.2 (Theorem 8.1.4 [59]). Suppose that f : B,, — B,, holomorphic, a € B,, and b = f(a). Then
lon(f(2))] < |@a(2)], 2 € By, or equivalently,

L=z fal - ()
(= [FaP) L= F2P) S (T=TaP)(T - o)’

4.3)
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Set
[1—(2,0)]?

(1= aP)(1 = |2?)

Forz,w € C", [1- < z,w > | = 14| < z,w > |? — (|2]* + |w|?) + |z — w|? and therefore
(Al [1— < z,w > |> < (8280)2 + |z —w|? and [1— < z,w > |2 = (5,8,)2 + |2 — w|?, 2z,w € C. That is

on(z,a) :=

|z —wf?

|2 —w?
(stw)27

(B1) on(z,w) <14 (5o50)?

, oi(z,w)=1+ z,w € C.

Theorem 5. Suppose that f € O(B,,,B,,,), a € B,, and b = f(a).

(i) Then s3|f'(a)| < sy, ie. (1= |a?)|f'(a)] < /1= [f(a)[*

(i) If m = 1, then s2|f'(a)| < s3, and

(i) If m > 1, the inequality (a) 0, (fz, fw) < on(z,w), z,w € B, does not hold in general, but if f €
OB, By), then o1(fz, fw) < o,(2,w), that is the following inequality holds:

fz—fa?  _ |z—a)p
(= 1faP) (T = 1F#1) S (= [aP)(1 — [22)

Proof. (i) Suppose first that f(0) = 0 and take z € B,,. Hence (A1) |f(0)| < 1.
For u € T,C™, by Theorem 4(ii), v = ¢/, (a)u = —Pu/s* — Qu/s and, by Pitagora’s theorem,

lul = V|Pul? +Qul?, [v]* = |Pul?/s* + |Qu[* /s*

o1(fz, fa) = z €B,,. 4.4)

and therefore we find

(B1) Ju]

|ul
a 2

2 < eblal <

If f(a) = b, set h = ¢y o f o p,. By the chain rule 2/ (0) = ¢} (b) o f'(a) o ¢/, (0).
Setu € T,C™, v = f'(a)u € T,C™, v = ¢} (a)uand v' = ¢} (b)v. By (Al), |[v'| < |«|. Since, by (B1),

ol <] and |u| < @7
Sp Sa

hence s2|f/(a)| < sp,i.e. (1 —|a]?)|f'(a)] < v/1 — |f(a)|? and therefore (i) is proved.

(i) If m = 1, then s?|v’| = |v| and (ii) follows.
(iiii) By (B1) and (4.3),

1 (zw)

(sta)2

|z —af?

(5.54)2

[fz = fal? _

— <1
(575107 < op(z,a) <1+

Ul(fZ,be):1+

and therefore we get (4.4). If 2 tends a, (ii) also follows from (4.4). If (al) holds, then (b1) s2|f'(a)| < sZ. For
function fo = ¢ 0 . we have (1 — |al?)|f5(a)| = (1 — |b|?), which yields a contradiction with (b1). O

5. Contraction properties of holomorphic functions with respect to Kobayashi distances

The author also published a paper [36] about holomorphic fixed point theorem on Riemann surfaces.

Let G be bounded connected open subset of complex Banach space, p € G and v € T,G. We define
ka(p,v) = inf{|h|}, where infimum is taking over all h € T, C for which there exists a holomorphic function
such that ¢ : D — G such that $(0) = p and d¢(h) = v.

We define the distance function on G by integrating the pseudometric kg: for 2,21 € G

1
Koba(z, ) = inf / ka(1(8),4(0)) d, 5.1)
0
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where the infimum is over all piecewise paths v: [0, 1] — G with v(0) = z and v(1) = 2.
One can prove

Theorem 6. Suppose that G and G are bounded connected open subset of complex Banach space and f : G —
G is holomorphic. Then
Kobg, (fz, fz1) < Kobg(z, 1), (5.2)

forall z,z; € G.

Let A= {1 < |z| <4}, A* ={2 < |z] <3},1(t) =2+ 3(t — 1) andf(x) = —I(|x|)z. | maps the interval
(1,4) onto the interval (2, 3) and therefore f maps A onto A* C A, but f has no fixed point (there is no point
x € A such that f(x) = x. Hence this example shows that there is no a metric d on G such that f is a contraction
wrt d. The situation is completely different for analytic functions.

Theorem 7. Suppose that G is bounded connected open subset of complex Banach space and G, C G, sg =
; c — 1 _ _d

d.zst(G*, G°), do = diam(G) and qo = 775~ Then

(i) Kobg < goKobg, on G,.

(i) In addition if f : G — G is holomorphic, then

KObG* (fzvle) < quObG* (szl)v (53)

for z,z1 € G,.
Kobg(fz, fz1) < goKobg(z, 21), 5.4

forz,z1 € G.

Proof. Suppose that p € G, v € T,G, and ¢ : D — G is a holomorphic function such that ¢(0) = p and
dp(h) = v. Set Ry = 9922 and g, = 3% For h € D define ¢5(h) = p + Ry(¢(h) — p). Then ¢(h) — ¢(h) =
(Rs — 1)(¢(h) — p) and therefore |ps(h) — ¢(h)| < s. For s < sg, ¢ maps D into G and d¢s(h) = Rsv.
Hence k¢ (p,v) < gske, (p,v) and if s approaches sy we first get (i) ke (p, v) < qokq, (p,v) and by a standard
procedure Kobg < goKobg, . Now, by (5.2), we have (ii) Kobg, (fz, f21) < Kobg(z, z1). Combining (i) and

(i1) we get (5.3) and (5.4). O

If dy = diam(G) is not finite, elementary example H, = {z : Imz > a}, with f(z) = z + ia, which maps
H onto H,, shows that the theorem does not hold.

Theorem 8. Let D C C" domain for which Kobayshi (Carthéodory) pseudo-distance is distance and f : D — D
holomorphic mapping such that f(D) is a compact subset of D. Then f is contraction with respect to Kobayshi
(Carthéodory) metric on D. In particular f has fixed points in D.

It is a corollary of Theorem 7. A version of Theorems 6-7 was proved in 1968 by Clifford Earle and Richard
Hamilton [20] (see subsections 5.2 for further comments).

5.1. Addition to the proof of Theorem 5(iii) and and Theorems 6-7

The Schwarz-Pick lemma states that every holomorphic function from the unit disk DD to itself, or from the
upper half-plane H to itself, will not increase the Poincaré distance between points.
It is convenient to introduce a pseudo-distance

8(z,w) = [p=(w)| =

. zweD, (5.5)

Z—Ww

1

wz

which is a conformal invariant.
Shwarz-Pick lemma: If f holomorphic function from the unit disk ID to itself, then

§5(f(2), f(w)) <d(z,w), zweD, (5.6)

with equality only if f is a Mobius transformation of D onto itself.
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For z,w € C,seta = (1—|2]?)(1 — |w|?),b= |z —w|?>, A= (1—|fz*)(1 — | fw|?),and B = |fz — fw]|?.
By this notation,
A 1-<zw>PP=1+|<z,w> 2= (|22 + w]?) + ]z —w|> =a+b,
B2)|1- < fz,fw>[*=A+ B.

If f € O(By,B1), using (A2) and (B2) Shwarz-Pick lemma can be rewritten in the form % < ’?zif and
therefore Ba < Ab. That is

(D) [fz = fwlv/(1 = [P)V(1 = [w]?) < V1 = [£22) V(1 = [fw]?)]z - w].?

Question 1 (D. Jocié). If f € O(B,,,B,,) whether (I) holds?
For z,w € C™ we have
|z —w|? = |2]* + |w]* — 2Re < z,w >

and
- <z,w>?=1-2Re < z,w > +| < z,w > |

Hence

I-<zw>]P=1+]<z,w> 2= (2> + |w]?) + |z — w|? and

11— < fz, fw> =14+ < fz, fw > = (|f2]* + | fw|?) + | fz — fw]?, thus by Cauchy-Shwarz inequality
| < z,w > |? < |z||w| and therefore

(C2) [1— < z,w > |?> < ap + by, where a,, = (1 — |2]?)(1 — |w|?), and b,, = |z — w|>.

Set Ay, = (1 —|f2)*)(1 — |fw]?) and B, = |fz — fw|?. By (C2) and (4.3),

_ 2
:A1+Bl< :|1 (z,w)] <an—|—bn

01(fz,fw) T X an(z,w) an X an s
so we get (4.4).
We show that (I) does not hold in general. Contrary suppose that (I) holds and that f € O(B,,,B,,), a € B,
and b = f(a).

Recall if m > 1 we proved,

(D (1 = [a)|f'(a)] < /1= [f(a)]*

Note that for function fy = @3 o ¢, we have equality in (IT).

If (I) holds and z tends a then we have,

(1) (1 — |al?)| £'(a)| < (1 — [b]?).

An application of (II) and (II) tofy shows that s, < s? and consequently s, > 1. Since s, < 1 for b # 0, we
have a contradiction.

5.2. Further comments related to Theorems 6-7

We have worked on the subject from time to time between 1980 -1990 and in that time we proved Theorems
6-7(*). But we realized these days that it is a version of the Earle-Hamilton (1968) fixed point theorem, which
may be viewed as a holomorphic formulation of Banach’s contraction mapping theorem. A version of this result
was proved in 1968 (when I enroled Math Faculty) by Clifford Earle and Richard Hamilton [20] by showing
that, with respect to the Carathéodory metric on the domain, the holomorphic mapping becomes a contraction
mapping to which the Banach fixed-point theorem can be applied. Perhaps there are applications of this result in
the Teichmiiller theory.

6. Curvature of Kobayashi and Carathéodory metric

6.1. On the Hessian of the Carathéodory metric

Here we collect some materials from Burbea’s paper [12].
In [12], the generalized lower Hessian of an upper semi-continuous function near a point z in C" is introduced
(for n = 1 see Heins[29]). With this Burbea introduces a "sectional curvature" and he proves that the sectional

3D. Jocié turns my attantion on this form and after communication with him we have added the proof of (4.4))
4we found a my hand written manuscript 1990 and did not pay much attention to it at that time
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curvature of the Carathéodory-Reiffen metric is always < —4. This generalizes a result of Suita [51] in the one
dimensional case. The sectional curvatures of the ball and polydisk are always —4. A few other properties of the
Hessian of the above metric are shown.

Now we give more details.

For ¢ in D we write H¢(D,D) = {f € Hol(D,D) : f({) = 0}. For each  in D, Cp((, ) is the function
defined on the complex tangent space of D at { by Cp (¢, v) = sup{| < 9f(¢),v > | : f € Hol(D,D)}.

Exercise 5. For example, in the polydisk Cpn (0, z) = maxy ln }flj’;} and in the ball Cy» (0,2) = In }J_rljl

Let (z,w) and (z’,w’) be points in D? and define A(z,w) = (T./(2), Ty (w)). Then A € Aut(D?) and
A(Z,w") = (0,0) and if [T, (2)| = |Tw (w)]|, then
1+ ‘Tzl (Z)|
2 ")) =1ln —— 270
CD ((va)v (Z , W )) n 1— ‘TZ/(Z)|

Since Hol(D, D) is a normal family, the supremum in the definition of Cp((;Vv) is attained by some F' €
H¢(D,D). Here F(z) = F(z;¢, V). By anormal family argument C'p({; v) is continuous in ({, v).

The Hessian: Let f be upper semi-continuous near z € C™ and let u € C™ \ {0}. The generalized lower
Hessian (or "Laplacian") of at z along the direction u is defined by

r2 2w

P B et ity
Auf(z):411£_Il_>1(r)1f—[—/0 (f(z+re'a) — f(z))dt].

Note that, if f is a C? function near z, then A, f(z) reduces to four times the usual Hessian of at z along wu, that
is

Auf(z) =4 D2 f(z)ul; = 4H.(f, ).

If u is the restriction of f on the complex line z = (20 + (u), thatis u(¢) = f o (¢), then using the chain
rule we have

DZu= H.(f,u) = > D2 f(2)u;.

Hence, since Au = 4D§Zu, Au= A, f(z) =4H.(f,u).

Especially, if f is a C! function near the point 2, and v = (v, vs,...,v,) € C", then < df,v >=
> =1 D§fvj. Letv € C*\ {0} and consider F'(z) = F(z,(, V) as before. Define

I <0F(z),u>|
ME TR

Therefore, In A(z;u) = In| < D°F(2),u > | —In(1 — |F(2)|?). The first term on the right is pluriharmonic and
hence its Hessian along any direction (independently of u) is zero. Consequently, Ay In A(z;u) = 4\(z; w)2,
for each direction w € C™. Especially, Ay In A(¢; v) = 4A(¢; w)?2. Note that A\((;v) = Cp((;v).

Theorem 9. Let ( € D and v € C" \ {0} be fixed. Then NyInCp(;v) = 4N(C; )2, for each direction
u € C", and thus again log Cp((; v) is plurisubharmonic.

Let v € C™\ {0} and assume that the metric density p(z; v) is a positive upper semi-continuous function at
z. The "curvature" of p(z; v) at z in the direction v is given by

K(p;z,v)=— 500 Inpu(2;v).

(=)

If p = p is the restriction of y on the complex line z = I(z° +wv), then p = y, is function of one complex
variable w. If we consider p as a metric density then K, = K (u; 2, V).
The "curvature" of A(z;v)is —4 at z = (.

Theorem 10. The curvature of Cp((;v) is always < —4.
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Proof. By Theorem 9, A, InCp({;v) = 4A(¢;v)? and, since A((;v) = Cp((;v), the assertion follows. [

We also note that the Carathéodory metric has the "distance-decreasing" property thatis, if f : D — D*isa
holomorphic mapping, then Cp(f(2); f*(v)) < Cp(z;v). The Carathéodory metric may be defined on arbitrary
complex manifolds, although it may be zero in some directions v. Clearly the Carathéodory metric for the unit
disk D is given by (B1) Cp(2;v) = 11T;|2 .

Proposition 6.1. Cp(z;v)||t;||/d(2), where d(%) is the distance of z € D from the boundary of D.
Proposition 6.2. Let v € C™ \ {0} be fixed. Then log Cp(#; v) is plurisubharmonic in z € D.

6.2. Kobayashi and Carathéodory metric

For complex Banach manifold X and Y we denote by O(X,Y) the class of all holomorphic mapping from
X into Y. A complex Finsler metric F' on a complex (Banach) manifold M is an upper semicontinuous function
F:TYOM — RT satisfying
(i) F(p;v) > 0forallp € M and v € T°M with v # 0;
(i) F(p; Av) = |X|F(p;v) forallp € M,v € T}°M and X € C.

Wong proved the following interesting result, see also [12]:

Theorem 11 ([54]). (A) If G is a hyperbolic manifold in the sense of Kobayashi and the differential Kobayashi
metric Kq is of class C2, then the holomorphic curvature of K is greater than or equal to —4.

(B) If G is Carathéodory-hyperbolic and the differential Caratheodory metric Cq is of class C?, then the holo-
morphic curvature of Cgq is less than or equal to —4.

Here we shortly outline Wong approach [54].

Lemma 1. Let M, N be complex manifolds, and N complete hyperbolic in the sense of Kobayashi, suppose that
we fix two points x1 and x4 in M and N respectively. Then S = {f € O(M, N), f(x1) = x2} is compact in
O(M, N) with respect to the compact open topology.

Definition 4. (a)Suppose that F is a C? hermitian Finsler metric on a complex one dimensional manifold. It is
obvious that in this case F' is just a C? hermitian metric in the usual sense of differential geometry. Then the
holomorphic curvature of F'is given by the following formula:

D?E In F

K(F) = =

6.1)
(b) Let G be a complex manifold as before and M,,(v) any complex one dimensional submanifold through the
point p and whose tangent space at p is spanned by {v, Jv}. In the following, G(v),, is the set of all M,(v).
The holomorphic curvature kr(p,v) of a C? hermitian Finsler metric F at (p,v) € T(G) is defined to be the
following number:

kp(p,v) = sup {theholomorphic curvature of the restriction of F' to M, (v)}. (6.2)
G(V)p

If X and Y are complex Banach manifolds by O(X,Y") (the notation Hol(X, Y') is also used in the literature)
we denote the family of holomorphic mappings of X into Y. Let G be a complex manifold and T'(G) the tangent
bundle; we define the differential Caratheodory metric as follows: Cg : T(G) — RT U {0},

Ca(z,v) = sup{|df-(v)| : f € O(G,D), f(z) = 0}. (6.3)

One can obtain a mapping f belonging to O(G, D) satisfying the following conditions:
(1) f(p) = 0 and
@) Calp,v) = |df, (v)]
We observe that df,, # 0. For any M,,(v) one can choose a neighborhood U of the origin 0 in D such that
f: Mp(v) — U is a biholomorphism (for sufficiently small choice of M, (v)).
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Proof. (A) Let us fix a tangent (p, v) at p. It is clear from Definition 4(b) that it suffices to prove the holomorphic
curvature of the restriction of C; to any M,(v) of G(v), is less than —4.

With respect to the local coordinates {z,z} of M, (v), f*(Bp) (the pullback of Bp by f restricted to M, (v))
and the restriction of C to M, (v) can be written as follows:

The restriction of f*(Bp) to M, (v) is hdzdz; The restriction of Cs to M, (v) is gdzdz, where h and g = g¢
are smooth functions on M, (v).

It is important to point out here that the Caratheodory metrics enjoy the distance decreasing property under
holomorphic mappings. Therefore we have the following inequality: f*(Bp) < C¢ (i.e. h < g), where By is
Finsler form of Poincare metric D.

We let u = h/g. From (2) we have h(p) = g(p) (f realizes C at the point p). Together with the above
inequality (b < g on M,(v) ) and the definition of u, one can obtain the following two conditions of u:

(@ u(p) =1 (@G.e. lnu(P) = 0),
(b) u < 1on Mpy(v) (ie. Inu < 0).

This means Inw attains a maximum at p. Therefore we have D Inu(p) < 0. From the fact that Inu =
In h — In g, we have the following inequality:

D2z Inh(p) < DZzIng(p).
However, since h(P) = g(P) and 1/h > 1/g, we easily get

1

1
hDgz Inh(p) > _EDZE Ing(p),

that is —4 = K, (p) > K,(p).

The left-hand side is just the holomorphic curvature of the Poincaré metric on D, which is equal to —4. The
right-hand side is the holomorphic curvature of the restriction of C to M), (v). This completes the proof.

(B) From the definition of the differential Kobayashi metric there exists a sequence of holomorphic functions
{fi} in O(D, G), such that f;(0) = p, K(P,v) = lim df;(w;)|, where df;(w;) = v, w; is a tangent at the origin
of D, and |w;| is taken with respect to the Poincaré metric in the unit disc D.

G is assumed to be hyperbolic in the sense of Kobayashi, so that it is a tight manifold in the sense of Wu
(see [55]). Therefore there exist neighborhoods Uy, Us of 0 and p, respectively, such that f;(U;) C Us for all 4.
Furthermore, U; can be chosen to be complete hyperbolic (for example, biholomorphic to the unit ball).

Applying the lemma in part (A) again, we obtain a holomorphic mapping f : U; — U, satisfying the
following conditions: f : U; — Us satisfying the following conditions:

) f(0) = p, (df)o(wo) = v and |wo| = Kg(p,v).

Since f does not increase the corresponding distances we have
(i) Hypp(z,w) = Ka(f(2), (df)o(w)), for all (z,w) € T(D), z € U;.

Let gdzdZ (9 = gx) be the pullback of the restriction of K¢ to My(v) by f and let hdzdZ be the Poincaré
metric of the unit disc D. We let w = h/g. Clearly, by (i), log u attains a minimum at 0 in D. Hence we have
the following inequalities: D?_Inu(0) > 0 and K5 (0) < K,(0). One observes that the left-hand side of the
above second inequality is the holomorphic curvature of the Poincaré metric, which is identically equal to —4
(K1 (0) = —4). The right-hand side is equal to the holomorphic curvature of the restriction of K¢ to M, (v) at
the point p. Our proof is therefore completed.

Exercise 6. (a) Check that in unit ball Kg(0,z) = Cg(0,z) = In }fl‘j
(b) Fill the details for the proofs: Dz Inh(p) < D¢z 1nge(p) in the case (A) and —4 = K3 (0) < K4(0), where
9 = 9JK-

The following question is fundamental in hyperbolic complex analysis. If G is complete hyperbolic, does
K¢ satisfy the maximum modulus principle in T'(G).

A Schwarz-Pick system is a functor, denoted by X — dx, that assigns to each complex Banach manifold
X a pseudometric dx so that the following conditions hold: (a) The pseudometric assigned to D is the Poincare
metric (b) If X and Y are complex Banach manifolds then (2.2) dy (f(z1), f(z2)) < dx(z1,22) if 21 € X,
x2 € Xand A f € O(X,Y).

Because of conditions (a) and (b) the sets O(ID, X) and O(X, D) provide upper and lower bounds for dx.
These upper and lower bounds lead to the definitions of the Kobayashi and Caratheodory pseudometrics, which
we shall study in the remainder of this paper.
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In this paper dp will always be the Poincaré metric (2.1) on the unit disk D.

Definition 5. A Schwarz-Pick pseudometric on the complex Banach manifold X is a pseudometric d such that
B.D d(f(2), f(w)) < dp(z,w) forall zand winD and f in O(D, X). If X — dx is a Schwarz-Pick system,
then dx is obviously a Schwarz-Pick pseudometric on X for every complex Banach manifold X.

The Carathéodory length of a piecewise C"' curve v : [a,b] — X in X is Ly ( f ex( '(t))dt and
the distance C'x (x,y) is the infimum of the lengths of all piecewise C! curves J01n1ng z to y. Observe that the
integrand in (4.6) is piecewise continuous. The functor assigning Cx to each complex Banach manifold X is a
SchwarzUPick system. In particular, if 2 and y are points in X, then d(fz, fy) < Cx (z,y) forall f in O(X,D).
Definition (4.3) therefore implies that Cx (z,y) < C'x(z,y) forall z and y in X.

Complex geodesics. Since X +— Cx is a Schwarz-Pick system, Cx is a Schwarz-Pick pseudometric on
X for every complex Banach manifold X. Therefore Cx < Ky for every X. Combining that inequality with
(4.7) we obtain C'x (f(2), f(w)) < Cx(f(2), f(w)) < Kx(f(2), f(w)) < dp(z,w), whenever X is a complex
Banach manifold, f € O(D, X), and z and w are points of D.

Following Vesentini [Ves81], we call f in O(D, X) a complex geodesic (more precisely a complex Cx-
geodesic) if there is a pair of distinct points z and w in D, with

CX(f(Z)» f(w)) = dID)(Zﬂ w)7 6.4)

so that none of the inequalities in (5.1) is strict.

Definition 6. A holomorphic map ¢ : D — X in a complex manifold X is a complex geodesic if it is an isometry
between the Poincaré distance dy,;, and the Kobayashi distance kx.

It is a well-known result of Lempert [34] that on convex domains the Kobayashi and Carathéodory dis-
tances(resp metrics) coincide.

In his famous 1981 paper [34], Lempert proved that given a point in a strongly convex domain the complex
geodesics (i.e., the extremal disks) for the Kobayashi metric passing through that point provide a very useful
fibration of the domain.

In communication with Forstneric and the author the following question has been mentioned:

Question. Whether, in the ball or a bounded convex domains of R™, there exist minimal geodesics, i.e. conformal
minimal (=harmonic) disks which are extremal at every point. This holds for holomorphic disks in any bounded
convex domain in C™ by a famous theorem of Lempert (1981).

6.3. Calculation of the curvature
Let G be a bounded domain and K (z;w) be the Bergman Kernel on G. Write ¢(z) = logK (z, z). The
Bergman metric
= Y D2 ¢dzdz (6.5)
H,v=1

is the Kahler metric with Kahler form i99¢. We use notation bp or Bergp for the Bergman distance on D. Note
that the distance in the Bergman metric from the origin in the unit ball B C C" is

bp(0,2) =vn+1 11+:: Vn +1b5(0, 2) . (6.6)

In the polydisk bp (0, z) = f S le’“I and Cp (0, z) = maxj In 1524 IZ‘I

Let (z,w) and (2/,w’) be pomts in D? and define A(z,w) = (Ty(2), Ty (w)). Then A € Aut(D?) and
A2, w') = (0,0) and if [T, (2)| = |Tur (w)], then C2((z, w), (2, w')) = 1n%
Foru > 0

ulAu — |Vul?
u? '
Let g, f € O(D,C™) and let f map D into the unit ball in C™. Thus,

Alnu =

| <g,9 >

l9|Algl = 2lg'(=)[* - IE

)
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Vgl = =0 2By
lg[?
Alf2] = 4lf"P,
VIFPP =4 < f f >
Setu=|gl,g=f" A :=lnu,v:=1—|f% 2 :=Inv, [; = A)\; and I, = —A),. Then

I=u22(¢|?—A4) and I = —AXy =40 2(|f')P+|< f',f> ).

Set
p=Ir10—=1P"
Hence I = Alnp = I; + I5. Since

L= 2(If'P =PI+ < f f> 1%

it seems that forn = 1,1 = Alnp > 4p2. But, for n > 1, we have some difficulties. Note that I; > 0. Perhaps,
we can try to apply Schwarz lemma

A= PTG <vo=1-|fP

to estimate
R=TL+4 (=[P P+ < f f>P).

Wikipedia says that the metric
4|dx|?

(1= Jzf?)?
on the ball B = {|x|?> < 1} C R™ (for any n € N) is the Poincare model of the hyperbolic space; presumably it
has constant (Gaussian?) curvature —1. However, it seems that this metric might not be the most suitable for our
purposes.

There is another model of a hyperbolic n-space, the so called Beltrami-Klein model, which is represented by
the ball B C R" by the metric

h = 6.7)

|dz)? + (2 dx)?

g=4 0|2 z-dr = ijdxj. (6.8)
j=1

In the complex case, replacing R™ by C”, the metric h is obviously not Kihler. The natural standard Kéhler
metric on the ball is the Bergman metric. Up to a normalizing constant, the Bergman kernel for the ball B,, C C"

on the diagonal z = w equals
1

The Bergman metric on B = B,, is defined by the Kihler (1, 1)-form
. = 2 in+1) <~ _ .
kg = —i(n 4 1)091og(1 — |2|%) = T TP)P > Zizkdz; Adz. (6.10)
jik=1
That is, up to a constant we have
n+1 N i
ds? = e Z Zjz dzy @ dZy. 6.11)
k=1

This is similar to the expression for g (6.8), while i (6.7) amounts to the diagonal terms.
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_ Now, if F' = (Fy,...,F,): D — B" is a holomorphic map the the pull-back /™* commutes with the 0 and
0 operators. Hence, the induced metric on ID is given by the Kéhler form

F*(kp) = —i(n +1)0d1og(1 — |F|?).

Up to a constant, the metric is therefore given by
« n+1
F*(dsg) = —5—Alog(1 — [F(Q))ldc[*.

It might now be possible to complete the calculation of the curvature and use the comparison principle.

Concerning the conformal minimal disks, there might be another problem with using the Beltrami-Klein met-
ric (6.8). This metric is not conformally equivalent to the Poincaré metric (6.7). Hence, disks which are conformal
harmonic in the standard flat (Euclidean) metric (and hence in the Poincaré metric) are no longer conformal in
the Beltrami-Klein metric. Maybe this is not essential since in calculations we get various expressions of standard
inner products which may anyhow simplify if the the disk is conformal in the Euclidean metric.

7. Further results
7.1. Boundary Schwarz lemma and harmonic functions

For the next results see [64, 65]. Define the harmonic density

1

on U, where R(w) = /1 — [w]2 and denote by dp,, the corresponding distance.

Har(w) = (7.1)

Theorem 17. If f is a harmonic mapping from the unit disk D into self, then
dhar(fzafz/) < dhyp(Z7Z/), Z,Z/ e D.

Define A(z ) (I+2)(1=2)"" A =(1+9)(1-9)" "By = Ry = 4, —Aandh = Re(A, A) Then
A" =2(1—-2)"2% andifgisa holomorph1c function, we have A’ = 2( 1-— g) ‘,and R} = 2(1—g)~?
2(1 - 2)72.

Ornek-Akyel [46, 47] use the following form of maximum principle:

Proposition 7.1. If u is harmonic on the unit disk and for every w € T, liminf, ., u(z) > 0, then u > 0.

Theorem 18. Let B : D — D be a finite Blaschke product which equal wq on a finite set A C T and let f be a
holomorphic function in the unit disc and | f (z) |z| < 1. Suppose the following condition is satisfied
(i.2) Foralla € A, f(z) =1+ B(2) +o(z —a)? 2 €T, z — a.

Then u(z) = ReAp — ReAp is continuous on D U A and satisfies the condition

(ii.1) liminf,_,,, u(2) = 0 for every w € T, and it is non-negative on D.

Forevery a € A, u(z) = o(1) if z tends a.

Theorem 19. Let B : U — U be a finite Blaschke product which equal wq on a finite set A C T and let f be a
holomorphic function in the unit disc and | f(z) — 1| < 1, for |z| < 1. Suppose in addition to (ii.2) the following
conditions is satisfied

(ii.3) there is a ag € A, such that f(z) = 1+ B(2) + 0o(z — ag)®, z € T, 2 — ag. Then u(z) = o(z — 1), if 2
tends 1, and f =1+ B.

In joint work with M. KneZevié¢ and the author, it is proved:

Proposition 7.2 (The unit disk euclidean-qch version, [32]). Let f be a k - quasiconformal euclidean harmonic
mapping from the unit disc D into itself. Then for all z € D we have

1 1-[f(»))?
Tk 1—|z2

f=(2)] <
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Using L (z) < (1 + k)| f.(2)], we get
2
(A) Ls(2) < K% and therefore

(ADA(fZ', f2) S KA(Z,2), 2,z € D.
In proof we use the metric density

or(2) = (1= k)M f(2))|f:(2)%, z € D,

and check that the curvature K(o)(z) < —1.
In communication with Pavlovi¢ appears the following question:
Question 2. Whether (A1) holds if f is k-qr? We announce a positive answer to this question in [42]:

Theorem 12. (i): Let f be a k - quasiregular euclidean harmonic mapping from the unit disc D into itself.
Then for any two points z1 and zo in D we have

1+k

A(f(z1), f(=z2)) < T—% A(z1, 22) -

8. Further comments

Because of limited space we mention only a few papers related to Schwarz lemma holomorphic maps. We
first recall the definition of normality. Let X, Y be two complex manifolds; a family F' of holomorphic maps
from X to Y is normal if every sequence in F' admits either a convergent subsequence or a compactly divergent
subsequence. A complex manifold X is taut if Hol(ID, X) is a normal family. Let X be a taut complex mani-
fold. Then Hol(Y, X) is a normal family for every complex manifold Y. A connected complex manifold X is
(Kobayashi) hyperbolic if kx is a true distance. Every complete hyperbolic manifold is taut.

1. For a review about Schwarz lemma holomorphic maps between Kahler manifolds see Jianbo Chen [14],
Abstract. In Section 1, we introduce some background knowledge of complex geometry. In Section 2, classical
Schwarz lemma and its interpretation is discussed. In Section 3, we study the Ahlfors-Schwarz’s lemma and
its generalization to holomorphic maps between the unit disk and Kahler manifolds with holomorphic sectional
curvature bounded from above by a negative constant. In Section 4, we focus on the case when equality holds at a
certain point is discussed for holomorphic maps between the unit disk and classical bounded symmetric domains
of type I, II and III. In Section 5, two higher-dimensional generalizations of the Ahlfors-Schwarz lemma for
holomorphic maps from a compact Kahler manifold to another Kahler manifold, both of which satisfy respective
conditions on curvature, are studied. In Section 6, we investigate two applications of various versions of Ahlfors-
Schwarz lemma.

2. James J. Faran [22], Abstract. The problem of local equivalence of Hermitian Finsler metrics under holo-
morphic changes of coordinates is solved. On such a Finsler metric we find some differential conditions which
imply that the Finsler metric is the Kobayashi metric of the underlying manifold (these conditions are satisfied if
the metric is the Kobayashi metric on a bounded, strictly convex domain in C™ with smooth boundary).

3. Gunnar Pér Magnisson [35], Abstract. Lars Alhfors proved a differential geometric version of the classi-
cal Schwarz lemma in 1938. His version of the lemma gives an interesting connection between the existence of
non-constant entire functions with values in a given domain and metrics with negative curvature on such domain.
We recall the classical Schwarz lemma and review the notions necessary to understand Ahlfors’ lemma, before
proving both the new form of the lemma and giving some applications.

4. In the survey [21] (see Abstract), C. Frosini and F. Vlacci give geometric interpretations of some standard
results on boundary behaviour of holomorphic self-maps in the unit disc of C and generalize them for holomor-
phic self-maps of some particular domains of C".

5. Marco Abate [3], Abstract.These are the notes of a short course I gave in the school "Aspects métriques
et dynamiques en analyse complete”, Lille, May 2015. The aim of this notes is to describe how to use a ge-
ometric structure (namely, the Kobayashi distance) to explore and encode analytic properties of holomorphic
functions and maps defined on complex manifolds. We shall first describe the main properties of the Kobayashi
distance, and then we shall present applications to holomorphic dynamics in taut manifolds, strongly pseudo con-
vex domains and convex domains, and to operator theory in Bergman spaces (Carleson measures and Toeplitz
operators).
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Theorem 20 ( Theorem 2.40 Budzynska; Abate-Raissy, [3]). Let D CC C" be a bounded strictly convex domain,
and take f € Hol(D, D) without fixed points. Then the sequence of iterates { f*} converges to a constant map
defined by zy € 0D.

As often happens with objects introduced via a general definition, the Kobayashi pseudodistance can seldom be
explicitly computed. "Besides the cases listed in Proposition 1.17 [3], as far as we know there are formulas only
for some complex ellipsoids [39], bounded symmetric domains [38], the symmetrized bidisk [11] and a few other
scattered examples.” Recall that in particular (see [30], p.47):

Kob(z, w) = max{Kob(zx,wg) : k =1,--- ,n}.

On the other hand, it is possible and important to estimate the Kobayashi distance; see Subsection 1.5 [3].

6. For Iteration theory of holomorphic maps on taut manifolds we refer the interested reader to M. Abate
monograph[4], in which a Wolff-Denjoy theorem for hyperbolic Riemann surfaces is proved:

Theorem 21 (Theorem 1.3.12, [4]). Let X be a hyperbolic Riemann surface, and let f € Hol(X, X). Then
either:

(1) f has an attractive fixed point in X, or

(i) f is a periodic automorphism, or

(iii) f is a pseudoperiodic automorphism, or

(iv) the sequence {f*} is compactly divergent. Furthermore, the case (iii) can occur only if X is either simply
connected (and f has a fixed point) or doubly connected (and f has no fixed points).

If X is compact, Theorem 1.3.12 drastically simplifies, becoming: Corollary 1.3.13: Let X be a compact hyper-
bolic Riemann surface. Then every function f € Hol(X, X) is either constant or a periodic automorphism.

7. Suzuki, Masaaki, citeSuzu-Abstract: In this paper we study the intrinsic metrics for the circular domains
in C™. We calculate the Kobayashi (pseudo-) metric at its center for pseudoconvex complete circular domain
D using the result of Sadullaev. From this we have that such D is hyperbolic iff D is bounded. If a convex
complete circular domain is complete hyperbolic, then the Caratheodory and Kobayashi metrics coincide at the
center. Using this and the results of Hua we explicitly compute the intrinsic metrics of the classical domains.
Furthermore we define the extremal function and extremal disc for intrinsic metrics and compute them in some
special cases.

8. In [1], the author (Simonic) introduces Ahlfors’ generalization of the Schwarz lemma. With this powerful
geometric tool of complex functions in one variable, he is able to prove some theorems concerning the size of
images under holomorphic mappings, including the celebrated PicardSs theorems. The article concludes with a
brief insight into the theory of Kobayashi hyperbolic complex manifolds.

9. Filippo Bracci, John Erik Fornaess, Erlend Fornaess Wold, [10]-Abstract: We prove that for a strongly
pseudoconvex domain D C C”, the infinitesimal Carathéodory metric C(z,v) and the infinitesimal Kobayashi
metric K (z,v) coincide if z is sufficiently close to bD and if v is sufficiently close to being tangential to bD.
Also, we show that every two close points of D sufficiently close to the boundary and whose difference is almost
tangential to bD can be joined by a (unique up to reparameterization) complex geodesic of D which is also a
holomorphic retract of D. The same continues to hold if D is a worm domain, as long as the points are sufficiently
close to a strongly pseudoconvex boundary point. We also show that a strongly pseudoconvex boundary point of
a worm domain can be globally exposed, this has consequences for the behavior of the squeezing function.

10. For Pluriharmonic Functions in Balls see Rudin [60]-Abstract: It is proved that a function is pluriharmonic
in the open unit ball of C™ if and only if it is harmonic with respect to both the ordinary Laplacian and the invariant
Laplace-Beltrami operator.

Theorem 22 ([64]). Suppose that G = G,, = (a,b) x R"™!, —co < a < b < oo, f: By, — G If fi is
pluriharmonic on B, and f is K-qc at a € B, then kq(fa)|f'(a)| < Kkp(a), where k is quasi-hyperbolic
density.

9. Appendix- Schwarz lemma 2

The model of the hyperbolic plane is the half-plane model. The underlying space of this model is the upper
half-plane model H in the complex plane C,defined to be H = {z € C : Im(z) > 0}. In coordinates (z,y)
the line element is defined as ds? = y%(de + dy?). The geodesics of this space are semicircles centered on
the x-axis and vertical half-lines. The geometrical properties of the figures on the half-plane are studied by
considering quantities invariant under an action of the general Mobius group, which consists of compositions of
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Mbobius transformations and reflections [4]. The curvilinear triangle formed by circular arcs of three intersecting
semicircles is one of the principal figures of the upper half-plane model H. The hyperbolic laws of sines-cosines
for that triangle are proved by using properties of the Mobius group and the upper half-plane H.

In [57] Yamaleev suggests another way of construction of proofs of the sines-cosines theorems of the
Poincaré model. The curvilinear triangle formed by circular arcs is the figure of the Euclidean plane; conse-
quently, on the Euclidean plane we have to find relationships antecedent to the sines-cosines hyperbolic laws.
Therefore, first of all, we establish these relationships by making use of axioms of the Euclidean plane, only.
Secondly, we prove that these relationships can be formulated as the hyperbolic sine-cosine theorems. For that
purpose we refer to the general complex calculus and within its framework establish a relationship between ex-
ponential function and the cross-ratio. In this way the hyperbolic trigonometry emerges on Euclidean plane in a
natural way.

For the benefit of the reader we add some details concerning some parts of subsection 2.2. The cross-ratio of
a 4-tuple of distinct points on the real line with coordinates z1, 22, 23, 24 1S given by

(21 — 23)(22 — 24)
(20 — 23)(21 — 1)

(Zla 223 23, 24) =

Let y be a circular arc (geodesic), orthogonal to 7" at the points w; and ws, that contains the points z; and 25
of the unit disk (suppose that the points w1, 21, 22, ws occur in this order). Since (r,0,—1,1) = (1 +r)/(1 —r),
we find
A(z1, 22) = In(29, 21, w1, ws).

We leave to the interested reader to check that {21,290} = (22, 21, w1, ws) > 0 if the points are in the order
indicated above.

In this form we can consider )\ as the oriented distance which changes the sign of the permutation z; and zs.
Additivity of the distance on geodesics follow from (zg, 21, w1, we) = (22, 23, w1, w2 ) (23, 21, W1, Wa).

Let K = K(z1, 22) circle orthogonal on T throughout points z7 i z2 and denote by a and b the intersection
points K and T. Usually we denote the intersection points such that z; is between a and zs.

Recall [z, 29;a,b] = ?;Z : % For example if a = —1, b = 1, then according convention about the
notation we write z; = 0izo =7, 0 < r < 1.

1—r

Since [0,7;—1,1] = T itis 0 < [0,7;—1,1] < 1. Therefore it is convenient to define {z1,22} =

[22, 215 0,02 = 223« Z1=¢.

Check that according our convention on notation {z1,22} > 1 and {z1, 22} - {22, 23} = {21, 23}. Define
dhyp(21, 22) = In{z1, 22 }. Check {0, 7} = %

Define T, (2) = =24, 2, = —1%, and

d(z1,22) = |T.,(22)] = |£=2% |- Schwarz’s lema yields motivation to introduce the hyperbolic distance: If

f € Hol(D, D), then &(fz1, fz2) < §(z1, 22).
Consider F' = ¢y, o f o .., wi = f(21). Then F(0) = 0 and |, (w2)] < |2, (22)].

Hence faP?
, 1—|fz
< —.
By notation w = f(z) i dw = f'(2)dz,
|dw] o |dz|

L= Jw]> = 1=z

Define the density p(z) = ﬁ

For v € T,C vector def |v|, = p(z)|v| and set v* = df,(v). Then |v*|, < |v|,.

If v piecewise smooth then define |y|, = f7 p(z)|dz| and d(z1,z2) = inf |7|,, where the infimum is taken
over all paths v in ID joining the points z; and 2.

We summarize

1+dp  _ 4 1+
1—op "B 01 6y

Ap = In 0.1

For v € T.,C vector we define |v|, = p(z)|v| and set v* = df,(v).
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Proposition 9.1. If f € Hol(D, D), then |v*|, < |v],.

If ~ piecewise smooth then define |y|, = f,y p(z)|dz| and d(z1, z2) = inf |7y|,, where the infimum is taken
over all paths ~y in D joining the points z; and z5.

Let G be a simply connected domain different from C and let ¢ : G — D be a conformal isomorphism.
Define the pseudo hyperbolic distance on G by % (2) = y(4(2)), where b = ¢(a), and 5 (a, z) = [p% (2)| =
op(p(a), Pp(z)). Verify that the pseudo hyperbolic distance on G is independent of conformal mapping ¢. In
particular, using conformal isomorphism A(w) = Ay, (w) = $=2 of H onto D, we find ¢4, (w) = A(w)
and therefore d g (w, wg) = |A(w)].

Proposition 9.2. The definition of d¢ is independent of conformal isomorphism.

Proof. Let ¢, ¢1 : G — D be two conformal isomorphism and let z1, zo be two points in G and wy, = ¢(z;) and
wy, = ¢1(zx), k= 1,2.1f A = ¢ 0 ¢, then A € Aut(D) and A(wy) = w), k = 1,2. Hence dp(w,ws) =
Op (wi, wy). O

For a domain G in C and z, 2’ € G we define dg(z, 2’) = sup dp(¢(2'), ¢(z)), where the suprimum is taken
over all ¢ € Hol(G, D).

Proposition 9.3. (a) If G and D are conformally isomorphic to D and f € Hol(G, D), then
p(fz, f2') <da(z,2), 2,7 €q.

(b) The result holds more generally if G and D are hyperbolic domains.

Proof. Let ¢ : G — D and ¢; : D — D be two conformal isomorphisms and set F = ¢, o f o ¢~ . Next let

21, z2 be two points in G and wy, = f(zx), (s = ¢(2x) and ¢}, = ¢1(wg), k = 1,2. Then dp ({7, ¢5) < 0p(¢1,C2)
and the result follows.
A proof of (b) can be based on the fact if ¢ € Hol(D, D), then ¢ o f € Hol(G, D). O

Set d°(z,w) = |£=£ . In a response to a nice post, Principle of subordination (see [61]), says: “In most
textbooks, the hyperbohc metrlc g is given first and then it is deduced that the isometry group is exactly the group
of all conformal self maps of the disk i.e. disk-preserving holomorphic and antiholomorphic functions. Suppose
we want to reverse this process and want to find a (hyperbolic) metric which is preserved by the conformal self
maps. We observe from the equality case of the Pick’s lemma that for w = w(z) to be a conformal self map,

|52 dw L]’ i.e. 1‘_d|7f0|‘2 = 1|_d|ZZ‘|2 . Thus we find that the hyperbolic metric is given by (up to a positive factor)

= 1= ‘2‘2 P
9= 1 ‘dlz‘lz)z = (161_"”;;};’;)2. Interestingly, the other form of Pick’s lemma is given by d°(fz, fw) < d°(z,w)
with equality hold iff f is a conformal self map. It suggests (without integrating) that the hyperbolic distance is
actually given by (up a scaling) d°(z, w) = | =% |. However, it is different from the usual definition d(z,w) =
tanh ™' (| 2=

instead of the former one (actually I havenSt checked if the former one really satisfies the triangle inequality).”
Note that the former one really satisfies the triangle inequality and we call it the pseudo-hyperbolic distance.
The pseudo-hyperbolic distance is not additive along hyperbolic geodesics.

9.1. Klein model

1-wz

=), 1 canSt think if any way to *’see” (except integrating) that the correct definition is the later one

Recall for given two distinct points U and V in the open unit ball of the model in Euclidean space, the
unique straight line connecting them intersects the unit sphere at two ideal points A and B, labeled so that the
points are, in order along the line, A, U, V, B. Taking the centre of the unit ball of the model as the origin, and
assigning position vectors u, v, a, b respectively to the points U, V, A, B, we have that that |a — v| > |a — u| and
, where | - | denotes the Euclidean norm. Then the distance between U and V in the modelled
hyperbolic space is expressed as

v —al [|b—ul
®Ju—al b=’

d(u,v) = 1

where the factor of one half is needed to make the curvature —1.
The associated metric tensor is given by
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dx|? (x - dx)?
L= x[* (1= x)?)?

ds* = g(x,dx) =

More precisely, if v € TxR", then

2 n 2
ds*(v) = Kle(x,v) = vl + (2 i) . 9.2)
L=l (= x0%)’

Acknowledgement. We have discussed the subject at Belgrade Analysis seminar (in 2016) and in particular in
connection with minimal surfaces with F. Forstneri¢ and get useful information about the subject via Forstneri¢
[56]. We are indebted to the members of the seminar and to professor F. Forstneri¢ for useful discussions.
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Abstract. We sketch the construction of PSS isomorphism between Morse homology of an open subset U of a closed
manifold M and Floer homology of U defined by Kasturirangan and Oh in [16]. We used this isomorphism in [18] to construct
symplectic invariants for the open set U.
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1. Morse homology

Let M be a closed manifold and f : M — R. Denote by Crit(f) the set of critical points of f. Morse chain
complex is a Zs-vector space (or a Z—module) generated by Crit(f).
For two critical point p, ¢ € Crit(f), consider an ordinary differential equation:

¥=-Vf ey

with the boundary condition

Y(—00) =p, (+o0) =g¢.
This equation does not have to have a solution, or can have infinitely many of them. However, for a suitable
choice of p, ¢ (depending on Morse index) and the generic Riemannian metric defining the gradient V, there are

only finitely many solutions. In that case, let n(p, ¢) denote its number.
Now define a boundary operator as:

Om p Y n(p,9)g,
q

for those ¢ for which this number is finite.

We will denote by H M ( f) the corresponding homology group, known as Morse homology.

It turns out that Morse homology does not depend neither on the choice of a Morse function nor on the choice
of Riemannian metric (that defines the gradient V in (1)). Moreover, it is isomorphic to the singular homology of
M:

HM(f) = H5(M).

See [2, 22] for the details on Morse theory.

2. Lagrangian Floer homology

Lagrangian Floer homology is a generalization of Morse homology. Namely, let 7* M be a cotangent bundle
over M, and O, its zero-section. Note that the differential df of f is an one-form and can be considered as a
map

df : Op — T*M.
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The set Crit(f) is the intersection
On Ndf (Onr).

Now, both Oy and df (Oyy) are Lagrangian submanifolds of T* M, meaning that the canonical symplectic form
wo := Y dg; A dp; vanishes on them, and that their dimension is half of the dimension of 7% M.
If (P,w) is any symplectic manifold of dimension 2n, then L C P is Lagrangian submanifold if

dimL =n, w|r, =0.
For two Lagrangian submanifolds Ly, L; C P, we consider
LoNL,

as the set of generators of Floer chain complex. Floer boundary operator is defined via pseudo-holomorphic
strips with Lagrangian boundary conditions. More precisely, consider the partial differential equation

u:Rx[0,1] =P, du=0, u(sj) €L )

The set of s satisfying (2) is a union of finite-dimensional manifolds, whose dimensions depend on u(+00,t) €
LoN L.
Let x € Ly N Ly. Floer boundary operator O is defined as

OF : ¢ +— Zn(x,y)y

Y

where n(z,y) is defined as the cardinality of the set of u solving (2) and the condition
u(—oo,t) =z, wu(+oo,t) =y,

for those y for which this number is finite.

The homology groups of this complex are called Floer homology groups and denoted by HF(Lg, L1). It
was introduced and developed by Floer in the series of papers [5-12].

Lagrangian Floer homology is not always well defined. We also refer the reader to [13] for the details on
Lagrangian intersection Floer theory.

One case when Lagrangian Floer homology is well defined is the following. Let M be a closed manifold,
Lo = Oy C T*M, Ly = ¢%,(On), where ¢l is a time one map of the Hamiltonian flow {¢%;} induced by a
smooth Hamiltonian H : T* M — R. Floer homology H F'(Ops, ¢1;(Onr)) is then well defined and independent
of the choice of . Moreover, it is isomorphic to the singular homology of M:

HF (O, ¢1(On)) = HM®"8(M).

The above isomorphism was proved by Floer. He actually proved that the Morse and Floer chain groups and
boundary operators coincide:

for the special choice of f and H. Then, since both homology do not depend on parameters involved (i.e. f, H),
it is true always.
3. PSS isomorphism

As we already mentioned, there exists a canonical isomorphism for Morse homology for different Morse
functions. We will denote it by

SapHM (fo) = HM(fp),
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for two Morse functions f,, f3 : M — R. The isomorphism S,z is defined in a similar way as the boundary
operator Jyy, via the number of certain gradient trajectories (see [22]). In Floer case, we denote the corresponding
canonical isomorphism by

Tup : HF (O, ¢3, (Onr)) = HF(Owr, 637, (Onr)).-
The map T4 is defined by the number of pseudo-holomorphic discs with Lagrangian boundary condition (simi-

larly to Or). Since the isomorphism between Morse and Floer homology is realized even on chain level, it is not
clear weather the diagram

HM(fa) HM(f3) 3)

Pssal Pssﬁl

HE (O, 0, (Orr) —2= HF(Onr, 8}y, (Oar)

commutes.
The PSS isomorphism

PSS : HM(F) — HF (O, 6% (0n))

is defined by a number of combined objects (v, u), where - is a negative gradient trajectory and u is a holomor-
phic strip with Lagrangian boundary conditions (see Figure 1). It is originally defined by Piunikhin, Salamon and
Schwarz [20] for the case of Hamiltonian periodic case (which is a special case of Lagrangian intersection). PSS
isomorphism for the case of cotangent bundle (as given in (3)) is constructed in [17] and it is generalized by Al-
bers [1] for some wider class of symplectic manifolds (P, w) and Lagrangian submanifolds L. PSS isomorphism
is functorial, meaning that the diagram (3) commutes.

= -Vf

Figure 1. Mixed-type object that defines PSS

4. Floer homology for submanifolds

Let N C M be a closed submanifold of a closed manifold M. Its conormal bundle is defined as:
V*N = {a S T*M|N ‘ arN = 0}

It is a Lagrangian submanifold of symplectic manifold (7 M, w). In his thesis [21], Pozniak proved that Floer
homology HF (v* N, ¢},(Oypr)) is isomorphic to Hging (V). He also used Morse homology of IV as a model for
a singular one and the special choice of a Morse function f and a Hamiltonian H. This isomorphism is also
established on the chain level and it is not functorial with respect to canonical isomorphisms in Morse and Floer
homology.

PSS type isomorphism

HM(f,N) = HF(v*N, ¢} (On))

is constructed in [3]. This isomorphism is now functorial, i.e. the diagram similar to (3) commutes.
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5. Floer homology for open subsets

Let U C M be an open set, such that OU is a smooth (n — 1)-dimensional submanifold of M. In [16]
Kasturirangan and Oh constructed Floer homology for U in the following way. Define

v*(0U) :={a € v*(0U) | a(n) <0, for n outward normal to U }

and
v*U = Oy Uv* (9U).

We call v* U a conormal to U. The problem is that * U is not a smooth manifold, but there are approximations Y.
of v* U (see Figure 2), such that Y. is a smooth Lagrangian submanifold of (T M, wy) and that the Lagrangian

Floer homology H F(¢},(Oy), Y.) is well defined.
There exists a certain partial order on the set of approximations {Y s}, and homomorphisms

Fa: HF (¢ (0Ov),Ya) = HF(¢3(Ou), Ty)

such that
Fbco ab:Faca for Tagrbgro

Now define Floer homology of an open set as a direct limit

HF(U) = lim HF (9} (O0), T).
Kasturirangan and Oh proved that

HF(U)= HM(f,U) = H™&(M).

Again they used special choices of f and H, which do not guarantee any functoriality of type (3).

q

Figure 2. Singular Lagrangian v*U and approximation Y

6. PSS for open subset

In [18] we used PSS isomorphisms for an open subset to construct certain numerical invariants, called spec-
tral invariants, for the case of open subset. We now give the sketch of the construction of PSS for this case
(see [18] for technical details).

In order to avoid some analytical troubles, we choose a Morse function f : M — R such that

o Crit(f)NoU =0,

; “
e V f points outward OU.
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The first step is the construction of PSS for approximations
PSSY : HM(f,U) — HF (¢} (0Oy), T*).
Next, we prove that PSSY commutes with F,;, that defines direct limit. This enables us to define
PSS: HM(f,U) — HF(U), PSS([p]) := [PSS(p)].
To prove the functoriality of PSS one needs to prove that all PSSY are functorial (see [18]).

7. Poincaré duality

There are some analytical difficulties arising in the attempt of defining the inverse of PSS. Namely, it is
usually (in [1, 17, 20]) defined via a number of (u, ) (recall that PSS is defined via a number of (-, u)). In our
situation, the choice (4) of f that enabled us to construct of PSS, disables us to construct the other way round
isomorphism. Therefore we need to use the Poincaré duality isomorphisms.

In Morse case, if we take — f instead of f, we obtain Morse Poincaré dual:

PDy : HM(f,U) = HM(—f,U)
which, in singular homology, corresponds to
HS™(U) = HM(f,U) = HM(—f,U) = H*"8(U, 0U).
In Floer case, instead of v* (OU) we need to consider
vy (0U) :={a € v*(0U) | a(n) > 0}.
Let

C:T"M —>T*M, (:x2=I(q,p)—T:=(q,—p)

be the symplectic anti-involution map. Note that
C(vroU) =vioU

and that, if Y is an Lagrangian approximation of v* U, then Y := ((7) is the Lagrangian approximation of uj_ﬁ.
Setting

H(x,t) := H(((x),1)

gives us the identification
¢ (Ov)NT = ¢ (0Op)NT.

Similarly:
J=CJ
leads to the bijection of the spaces of holomorphic discs defining the boundary operation. Therefore, we have

ot HF(¢};(0y), Y : J) — HF(¢+-(Op), T : J)

and we define
PDp := (..
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8. PSS is isomorphism

We define Floer homology for open set via positive approximations of uj‘rU in the way analogous to the

construction for negative ones. We denote this homology by H F+(U).

Now, for f satisfying (4), we can define the inverse isomorphism for the approximations

HM(~f,U) — HF(¢+(Oy),T),

using a number of (u, ). We denote this isomorphism by ™. The diagram:

HM(f,U) 25 HF(¢},(00), 1)
PD, lu

HM(~f,U) <=— HF($5(00), T)

commutes. Therefore, we conclude that PSSY is an isomorphism.

We next prove that PD;, PDj; and T all commute with homomorphisms defining a direct limits, and

obtain the commutativity of

HM(f,U) 555 HF(U)

PDMiE PDF\L:

HM(—f,U) <~— HF+(U).

This proves that PSS is indeed an isomorphism.
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Apstrakt. U radu je razmatrana varijanta problema rasporedivanja vozila (engl. Vehicle Scheduling Problem - VSP) koja
se odnosi na optimizaciju transporta u jednoj fabrici Secera u Srbiji. Predstavljen je precizan matematicki model problema
VSP koji je oblika meSovitog celobrojnog programiranja sa kvadratnim ogranicenjima (engl. Mixed integer quadratically
constrained program - MIQCP). MIQCP model je koriS§¢en u okviru egzaktnog reSavaca Lingo 17 u cilju dobijanja reSenja
na skupu realnih i generisanih test primera. Kako su optimalna ili dopustiva reSenja dobijena samo za test primere malih
dimenzija, razvijena je OpSta metoda promenljivih okolina (engl. General Variable Neighborhood Search - GVNS), kao meta-
heuristi¢ki pristup reSavanju razmatranog problema VSP. IzloZene su karakteristike predloZzene GVNS metode i opisani njeni
elementi, prilagodeni karakteristikama posmatrane varijante problema VSP. Analiza eksperimentalnih rezultata pokazuje da
predlozena GVNS metoda brzo dostiZe sva poznata optimalna reSenja na test primerima malih dimenzija i daje reSenja na test
primerima srednjih i vecih dimenzija za koje optimalno reSenje nije poznato.

Kljucne reéi: problem rasporedivanje vozila; optimizacija transportnih troskova; MIQCP; metaheuristike, op§ta metoda
promenljivih okolina.

1. Uvod

Potreba za optimizacijom transporta u brojnim transportnim sistemima prirodno vodi ka velikom intereso-
vanju istrazivaca za razlicite varijante problema rasporedivanja vozila (engl. Vehicle Scheduling Problem - VSP)
sa teorijskog i prakticnog aspekta. Problemi VSP se u opStem slucaju svode na odredivanje niza tura koje vozilo
realizuje tokom radnog dana sa ciljem smanjenja troskova transporta. Dantzig i Fulkerson su u radu [ 7] 1954.
godine predloZili model linearnog programiranja za problem odredivanja minimalnog broja tankera u cilju rea-
lizacije unapred poznatog plana transporta goriva. Njihov rad podstakao je rad drugih istraZivaca Sirom sveta i
samim tim i nastanak brojnih varijanti problema rasporedivanja vozila i razvoj metoda za njihovo reSavanje.

Znacajan broj varijanti problema VSP odnosi se na optimizaciju prevoza ljudi u urbanim sredinama. Baita
i sar. su u studiji [ 4] za reSavanje problema optimizacije javnog prevoza predlozili tri pristupa: tradicionalni,
zasnovan na skaliranju razli¢itih kriterijuma, leksikografski, koji koristi principe logickog programiranja i metod
Pareto optimizacije implementiran pomocu genetskih algoritama. Haghani i sar. su u radu [ 9] analizirali tri mo-
dela za rasporedivanja vozila pri autobuskom prevozu putnika. Wang i Shen su u studiji [ 21] razmatrali problem
rasporedivanja elektri¢nih autobusa i za njegovo reSavanje primenili algoritam zasnovan na metodi optimizacije
kolonijom mrava. Pregled problema rasporedivanja vozila moZe se pronaci u [ 2].

Problemi rasporedivanja vozila se esto posmatraju zajedno sa problemima rutiranja vozila (engl. Vehicle
Routing Problem - VRP). Preciznije, za dati skup vozila neophodno je definisati raspored po kojem vozila prave
rute, a istovremeno se vrSi optimalan izbor lokacija u okviru svake rute. Takvi problemi nazivaju se integrisani
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problemi rutiranja i rasporedivanja vozila. Moons i sar. su u radu [ 17] ukazali na znacaj ovakvog pristupa, na-
glasivsi da odvojeno posmatranje aspekata rasporedivanja i rutiranja vodi ka suboptimalnim re§enjima problema.
Agustina i sar. su u studiji [ 1] razmatrali integrisan problem rasporedivanja i rutiranja vozila pri transportu hrane,
u cilju minimizacije ukupnih troskova, koji ukljucuju transportne troSkove i troskove penala u slucaju ranije ili
kasnije dostave od planrane. Metodu simuliranog kaljenja primenili su Xiao i sar. u [ 22] za reSavanje zelenog
problema rutiranja i rasporedivanja vozila. Matematicka formulacija problema predloZenog u [ 22] ukljucuje tri
funkcije cilja koje se, redom, odnose na: minimizaciju ukupne C'O5 emisije, ukupno predeno rastojanje i ukupno
vreme putovanja. Androutsopoulos i Zografos su u radu [ 3] integrisali problem rutiranja i rasporedivanja vo-
zila pri reSavanju realnog problema odredivanja ruta opsluZivanja i rasporeda putovanja tako da ukupni troskovi
transporta i potro$nje goriva budu minimalni, pri ¢emu su uzeti u obzir i promenljivi uslovi u saobracaju to-
kom vremena. Aspekti rutiranja i rasporedivanja integrisani su u algoritmu zasnovanom na optimizaciji mravljim
kolonijama predloZenom u [ 3] za reSavanje posmatranog problema.

Organizacija transporta poljoprivrednih dobara ima svoje specificnosti koje poticu uglavnom od niske cene
sirovina na trzi$tu. S obzirom da troskovi transporta Cine glavne troskove proizvodnje, usteda koja se moZe ostva-
riti u ovoj fazi je od velikog znacaja. Kako bi motivisali individualne proizvodace da nastave saradnju, kompanije
koje se bave otkupom i preradom poljoprivrednih sirovina, organizuju i finansiraju transport od svakog proizvo-
daca do fabrike. Preciznije, kompanije obi¢no iznajmljuju vozila i angaZuju radnike koji vrSe poslove tranporta,
utovara i istovara tokom proizvodne sezone. Iz tog razloga, efikasna organizacija transporta uz ostvarenu ustedu
utroSenog vremena i novca je od velikog znacaja u preradi poljoprivrednih prozvoda. U literaturi postoji neko-
liko radova koji se odnose na razne varijante problema transporta poljoprivrednih sirovina. Higgins je u [ 11]
razmatrao problem rasporedivanja vozila pri transportu Secerne trske u australijskoj fabrici Seera. Autor je pre-
dloZio model meSovitog celobrojnog linearnog programiranja (engl. Mixed Integer Linear Program - MILP) koji
opisuje razmatrani problem i za reSavanje realnih test primera razvio dve metaheuristicke metode, tabu pretra-
Zivanje (engl. Tabu Search - TS) i metodu promenljivih okolina (engl. Variable Neighborhood Search - VNS).
Eksperimentalni rezultati u [ 11] pokazali su da je su obe dizajnirane metaheuristike uspele da pronadu reSenja
sa prose¢nim smanjenjem redova ¢ekanja za oko 90% u poredenju sa dotada$njim metodama primenjivanim u
praksi. Milan i sar. su u studiji [ 14] razmatrali problem transporta seferne trske na Kubi, sa ciljem smanje-
nja transportnih troSkova integrisanjem drumskog i Zeleznickog saobracaja. Za razmatrani problem predloZen
je MILP model, koji je potom testiran koriS§éenjem komercijalnog resavaca HyperLINDO u cilju pronalaZenja
optimalnih reSenja na realnim test primerima. Kako HyperLINDO nije uspeo da resi ceo model za 200h izvrsa-
vanja, autori su najpre resili potproblem polaznog problema, a zatim iskoristili dobijeno reSenje za konstrukciju
dopustivog resenja polaznog modela. Thuankaewsing i sar. su u radu [ 18] razmatrali problem transprorta Seéerne
trske na Tajvanu koji za cilj ima maksimizaciju o€ekivanih prinosa pod istim uslovima za sve proizvodace.

Predmet ovog rada je problem rasporedivanja vozila pri transportu Secerne repe u jednoj kompaniji u Srbiji.
Varijanta razmatranog problema VSP se razlikuje od problema iz literature [ 11, 14, 18] zbog razlika izmedu
Secerne trske i Se€erne repe u njihovoj odrZivosti na otvorenom, tipu kori§éenih vozila pri transportu i fabrickih
resursa. Razmatrani problem je formulisan u vidu meSovitog celobrojnog programa sa kvadratnim ogranicenjima
(engl. Mixed Integer Quadratically Constrained Program - MIQCP). Razvijeni MIQCP model je koris¢en u
okviru egzaktnog resavaca Lingo 17 u cilju dobijanja reSenja na skupu realnih i generisanih test primera. Dobijena
su optimalna reSenja samo na test primerima manjih dimenzija. Iz tog razloga heuristicki pristup predstavlja
logican izbor za reSavanje instanci veéih dimenzija.

Metoda promenljivih okolina (VNS) je metaheuristicka metoda koja je do sada uspe$no primenjena na brojne
probleme optimizacije, ukljucujudi i probleme rutiranja i rasporedivanja vozila [ 10]. Macedo i sar. su u [ 13] pri-
menili adaptivni metod promenljivih okolina (engl. Skewed Variable Neighborhood Search - SVNS) na lokacijski
problem rutiranja i rasporedivanja vozila (engl. Location Routing Scheduling Problem). De Armas i Melian-
Batista su u studiji [ 8] predloZzili VNS za reSavanje dinamickog problema rutiranja vozila sa vremenskim okvi-
rima (engl. Dynamic Vehicle Routing Problem with Time Windows). U radu Cheikh i sar. [ 6], razvijena je VNS
metoda za reSavanje problema rutiranja vozila sa viSestrukim putovanjima (engl. Vehicle Routing Problem with
Multiple Trips).

Brojni primeri uspeSne primene VNS metode na probleme rutiranja i rasporedivanja vozila bile su motivacija
za dizajniranje i implementaciju op$te metode promenljivih okolina (engl. General Variable Neighborhood Se-
arch - GVNS) za reSavanje razmatranog VSP. PredloZena GVNS metoda koristi adekvatne strukture okolina u fazi
razmrdavanja, a umesto klas¢ne lokalne pretrage koristi metodu promenljivog spusta (engl. Variable Neighbor-
hood Descent - VND). Eksperimentalni rezultati na realnim instancama manjih dimenzija pokazuju da predloZena
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GVNS metoda brzo dostiZze sva poznata optimalna reSenja dobijena egzaktnim reSavacem Lingo 17, dok je na
instancama vecih dimenzija, GVNS metoda dostigla ili popravila gornje granice optimalnih reSenja dobijenih
Lingo reSavacem za veoma kratko vreme izvr§avanja. GVNS se pokazao efikasnim i pri reSavanju generisanih
instanci veéih dimenzija, koje prate strukturu realnih instanci.

Rad je koncipiran na sledeci nacin. U sekciji 2 detaljno je izloZen razmatrani problem rasporedivanja vozila
pri transportu Seéerne repe, a odgovarajuci MIQCP model prikazan je u sekciji 3. U sekciji 4 opisana je dizajnirana
GVNS metoda za reSavanje razmatranog problema. Eksperimentalni rezultati su izloZeni u sekciji 5 i data je
njihova analiza. Konacno, u sekciji 6 izvedeni su zakljucci i ukazano je na moguce pravce bududih istraZivanja.

2. Opis problema

Sezona sakupljanja Secerne repe u Srbiji, tzv. kampanja pocinje u septembru i traje uglavnom do decembra
ili januara sledeée godine. Okvirni plan transporta Secerne repe definiSe se u kasno prolece, kada proizvodaci
mogu da procene kolicine Secerne repe koje ¢e spremiti za otkup. Medutim, precizan plan transporta se formira
na dnevnom nivou tokom kampanje, tako §to se za svaki datum u toku posmatranog perioda unapred priprema
lista lokacija koja Ce biti poseena toga dana. Pritom, veoma vaZan uslov je da dnevne potrebe fabrike, u smislu
koli¢ine pristigle robe, moraju biti zadovoljene. Kada se pokrenu fabricka postrojenja, proces proizvodnje ne
bi smeo da se zaustavi, s obzirom da ponovno pokretanje maSina stvara znacajne dodatne troSkove. Takode,
najavljeni vremenski uslovi kao $to su velike kiSe, mogu primorati proizvodace da pripreme robu nekoliko dana
pre dogovorenog datuma. Seerna repa, izvadena iz zemlje, ne bi trebalo da stoji previse dugo na otvorenom kako
ne bi izgubila kvalitet. U slucaju da se nekoj lokaciji repa nalazi duze od dozvoljenog broja dana, posmatrana
lokacija se smatra hitnom i mora se isprazniti tokom radnog dana.

Pretpostavka je da su vozila koja se koriste za transport homogena, odnosno imaju isti kapacitet i prosecnu
brzinu. Sva vozila su locirana u krugu fabrike, koja je poCetna i krajnja tacka svake ture. Dnevni raspored vozila
definisan je nizom tura i odgovarajuéim vremenima polazaka iz kruga fabrike. U svakoj turi, vozilo posecuje samo
jednu lokaciju i vraéa se u fabriku. Koli¢ine pripremljene Secerne repe na svakoj lokaciji znacajno su vece od
kapaciteta vozila, pa je stoga potrebno svaku lokaciju posetiti nekoliko puta kako bi se ispraznila. Kada se vozilo
vrati u krug fabrike, uzimaju se uzorci i vrsi se procena kvaliteta transportovane Secerne repe. Vozila ne prave
rute kako bi se izbeglo mesanje repe sa razlicitih lokacija. Cak i u sluaju kada vozilo nije potpuno natovareno
(8to se moze desiti pri poslednjoj poseti lokaciji) ono se vraéa u fabriku, opsluzujuéi samo jednu lokaciju. Posle
zavrsenog istovara, vozilo moZe zapoceti novu turu. Zbog jednostavnosti, pretpostavlja se da postoji dovoljno
radne snage i prostora na svakoj lokaciji i u krugu fabrike za istovremeni utovar i istovar neogranic¢enog broja
vozila.

Raspored vozila je definisan nizom tura i odgovaraju¢im vremenima polazaka iz kruga fabrike. Cilj problema
je pronaci optimalan raspored vozila koji zadovoljava postavljena ograni¢enja i pritom minimizira maksimalno
radno vreme na skupu posmatranih vozila, odnosno trenutak kada sva vozila zavrSe svoje ture za posmatrani radni
dan. U nastavku je dat pregled karakteristika razmatranog problema rasporedivanja vozila pri transportu Secerne
repe:

e Vozila su homogena i koriste se viSe puta tokom radnog dana;

e Krug fabrike predstavlja pocetnu i krajnju tacku svake ture;

e Svako vozilo u svakoj turi posecuje samo jednu lokaciju;

e Dnevne potrebe fabrike, u smislu koli¢ine prevezene robe, moraju biti zadovoljene;

e Postoji gornja granica u broju dana koliko roba moze da stoji na otvorenom;

o Svaka lokacija na kojoj roba stoji na otvorenom duZe nego Sto je dozvoljeno mora biti opsluZena;

e Cilj je minimizovati vremenski trenutak kada sva vozila zavrSe svoje poslednje ture.

3. MICP model razmatranog problema

Opisani problem je formulisan u obliku meSovitog celobrojnog programa sa kvadratnim ogranicenjima (engl.
Mixed integer quadratically constrained problem - MIQCP). U narednim podsekcijama opisani su datalji MIQCP
formulacije razmatranog problema.
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3.1. Notacija

Za predstavljanje MIQCP modela uvedena je sledeca notacija:

J: Skup lokacija;

I: Skup vozila;

K : Skup tura;

n: Ukupan broj lokacija;

m :  Ukupan broj vozila;

kmaz © Maksimalan broj tura koje vozilo moze da napravi u toku dana;

¢;j :  Koli¢ina sakupljene sirovine na lokaciji j € J;

d; :  Rastojanje od farike do lokacije j € J;

CV: Kapacitet vozila;

C: Dnevne potrebe fabrike;

R Prosecna brzina vozila;

uz Prose¢no vreme zadrZavanja u fabrici po zavrsetku ture,
potrebno za istovar i analiziranje uzoraka;

w: Prose¢no vreme trajanja utovara;

t;: Broj dana koliko roba stoji na otvorenom na lokaciji j € J;

to: Maksimalan broj dana koliko roba moZe da stoji na otvorenom bez

gubitka kvaliteta;
T;:  Binarna veli¢ina dodeljena lokaciji j € J, definisana sa:
T; = 1lakojet; > tgiT; = 0 usuprotnom.
e: Mala pozitivna konstanta, manja od CVic;/CV, j € J.
tstart: PoCetak radnog vremena;
tenq: Kraj radnog vremena;

3.2. Koncept virtualnih tura

Razlicita vozila ne moraju realizovati isti broj tura tokom radnog dana. Broj tura jednog vozila direktno zavisi
od udaljenosti lokacija koje to vozilo posecuje od fabrike. Udaljenost direktno odreduje vreme trajanja putova-
nja u oba smera, a samim tim i broj realizovanih tura tokom ograni¢enog radnog vremena. U cilju jednostavnije
formulacije matematickog modela, uveden je koncept virtualne ture, koji ne narusava ograni¢enja problema. Pre-
ciznije, izjednacen je broj tura svih vozila tako $to je dopusSteno da vozila u svom nizu tura tokom radnog dana
imaju jednu ili viSe virtualnih tura. Pretpostavka je da, u toku virtualne ture, vozilo ostaje u krugu fabrike, tj. ne
posecuje ni jednu lokaciju, pa je trajanje virtualne ture jednako nuli. Imajudi u vidu da je cilj problema minimi-
zacija maksimalnog od vremena zavrSetaka radnog dana svih vozila, virtualne ture ne uti¢u na vrednost funkcije
cilja, te se zanemaruju pri racunanju vremena zavrSetka radnog dana vozila. Zbog jednostavnosti, virtualne ture
se nalaze na kraju niza tura koji odgovara vozilu, odmah iza poslednje ture u kojoj vozilo opsluZuje neku od loka-
cija. Dodavanje virtualnih tura, ukoliko je potrebno, omoguéava dopunu broja tura svakog vozila do maksimalnih
kmas bez uticaja na ogranicenja problema i na vrednost funkcije cilja.

3.3. Promenljive
MIQCP formulacija koristi sledee promenljive:

e Binarna promenljiva x{k ima vrednost 1 ako vozilo 7 € I posecuje lokaciju j € Juturik € K,a0u

suprotnom. Ako je tura k € K vozila i € I virtualna, tada je > xf s =05
JEJ

e Realna promenljiva ¢;;, definiSe vreme polaska vozila ¢ € I u turi k € K iz kruga fabrike;

e Binarna promenljiva y;, j € J je uvedena u cilju praenja ukupne koli¢ine prevezene repe do fabrike sa
lokacije j € J. Vrednost promenljive y; jednaka je 0 ako je lokacija j € J ispraZnjena, a 1 u suprotnom.
Ako je y; = 1, koli¢ina Secerne repe koja je transportovana sa lokacije j € J u fabriku jednaka je c;.
U suprotnom, koli¢ina robe dovezene u krug fabrike sa lokacije 7 € J racuna se kao proizvod kapaciteta
vozila CV i ukupnog broja poseta lokaciji j € J od strane svih vozila;

e Realna promenljiva 7 se koristi za formulisanje funkcije cilja. Oznacava vremenski trenutak kada sva vozila
zavrse svoju poslednju turu.
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3.4. MIQCP formulacija

MIQCP formulacija razmatranog problema rasporedivanja vozila je:

min T (1)
pri uslovima
doal, <1 Viel, VkeK, )
jedJ
cv Y @ —CV+e<e Vjel, 3)
(i,k)eIxK
Tj+y; <1 Vjel, )
-y +CV- Y oyl >C )
jeJ (i,4,k)EIXx IX K
Yo wl > (q/CV)-(1—y) Viel (©6)
(i,k)EIxXK
>yl +e<c/CV Vie 7)
(i,k)eIX K
2 . .
ti et = 2 j :
ik+1 2 tik T " Zdﬂtlk + (u+w) lek Viel, VkeK\ {kna}, 8)
JjeJ jeJ
2 . .
bk T = Dl +(wtw)y ol ST Viel, ©
JjeJ jeJ
o), €{0,1} Viel, VYjeJ, VkeK, (10)
y; €4{0,1} Vi€ J, (11)
tik: € [tstartutend] Vi € Iv vk € K. (12)

Funkcija cilja (1) zajedno sa ograni¢enjem (9) minimizuje vremenski trenutak u kojem se zavr§ava dnevni trans-
port za sva vozila, odnosno trenutak u kojem poslednje pristiglo vozilo zavrsi istovar robe u svojoj poslednjoj
turi.

OgraniCenje (2) obezbeduje da svako vozilo u svakoj turi moZe da opsluZi najvise jednu lokaciju. Dakle,
svako vozilo u svakoj turi ima moguénost da poseti neku lokaciju ili napravi virtualnu turu. Ukupna koli¢ina robe
koja se preveze sa lokacije j € J u fabriku ne moZe biti veca od pripremljene koliCine c; na datoj lokaciji, Sto
je obezbedeno ogranic¢enjem (3). Umanjilac CV koji se nalazi na levoj strani ogranicenja (3) odrazava Cinjenicu
da poslednje vozilo koje posecuje neku lokaciju ne mora biti u potpunosti natovareno. Kako bi koli¢ina koja se
transportuje sa lokacije 7 € J umanjena za veli¢inu kapacita vozila CV bila strogo manja od prikupljene koli¢ine
¢j na lokaciji 7 € J, na levoj strani ograniCenja (3) je dodata mala pozitivna konstanta ¢. To je neophodno u
slucaju kada je ¢; jednako proizvodu prirodnog broja i kapaciteta vozila CV tj. celobrojnom umnosku veli¢ine
CV. Bez stroge nejednakosti, bilo bi moguée da vozila nepotrebno naparave turu vise do lokacije 7 € J. Na
primer, ako je c; = 120ti C'V = 30t, lokaciju j je potrebno posetiti najvie 4 puta, medutim, bez konstante € u
ogranicenju (3), postoji mogucnost da se lokacija j poseti 5 puta, kako je 5 - 30 — 30 < 120.

Ogranicenje (4) obezbeduje uslov da se sve koliCine sa lokacije j € J moraju prevesti tokom radnog dana,
ukoliko na ovoj lokaciji roba stoji na otvorenom duZe od ¢y dana. Imaju¢i u vidu definiciju binarnih veli¢ina T}
(videti podsekciju 3.1), u slucaju kada je t; < %o, vaZi T = 0, a desna strana ogranicenja (4) je jednaka 1. Stoga
je, u ovom slucaju, ogranicenje (4) zadovoljeno nezavisno od transportovane koliine sa lokacije j. Sa druge
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strane, ako je t; > g, tada je T; = 11 lokacija j mora biti ispraZnjena tokom radnog dana, $to znaci da y; mora
imati vrednost 0.

Ogranicenje (5) obezbeduje zadovoljenje dnevnih potreba fabrike. Prva suma na levoj strani relacije (5)
odnosi se na koli¢ine koje su dovezene sa lokacija koje su ispraznjene, a druga predstavlja koli¢inu robe, dovezene
sa neispraznjenih lokacija.

Vrednosti promenljivih y; su definisane ogranicenjima (6) i (7). Ako je lokacija j € J ispraZnjena, y; uzima
vrednost 0 i relacija (6) obezbeduje da je lokacija j pose¢ena ne manje od ¢;/C'V puta. U slucaju kada lokacija
j € J nije ispraZnjena, tada je y; = 1 i ograniCenje (6) je zadovoljeno. OgraniCenje (7) obezbeduje da je svaka
neispraznjena lokacija j € J posefena strogo manje od ¢;/CV puta. U sluCaju da se radi o neispraznjenoj
lokaciji, ogranicenje (7) nije aktivno.

Ogranicenje (8) odrazava Cinjenicu da svako vozilo ¢ € I ne moZe poceti novu turu dok se prethodna ne
zavr$i. Vreme polaska svake ture ne sme biti manje od vremena polaska prethodne ture, uveCanom za vreme
trajanja voZnje u oba smera i zbirom duZine trajanja utovara i istovara. Ako je tura k € K \ {kpqs} vozilai € T
virtualna, obe sume na desnoj strani ogranic¢enja (8) su jednake 0. Na kraju, ogranicenja (10)—(12) definiSu tip
promenljivih koje su kori$¢ene u predloZenom modelu.

4. Opsta metoda promenljivih okolina za predloZeni VSP

Metoda promenljivih okolina (VNS) je poznata metaheuristika koju su uveli Mladenovi¢ i Hansen 1997.
godine [ 15]. Osnovna ideja VNS metode je pretraga prostora reSenja problema koriséenjem razlicitih struktura
okolina. U opStem slucaju, algoritam VNS metode se sastoji iz tri osnovna koraka: faze razmrdavanja (engl. Sha-
king Phase), lokalne pretrage (engl. Local Search) i pomeraja (engl. Move or Not). U fazi razmrdavanja, bira
se resenje iz okoline tekuéeg resSenja, u cilju diversifikacije reSenja, sto pomaze algoritmu da ne zavrsi u lokal-
nom optimumu. Zadatak lokalne pretrage je pokusSaj poboljSanja reSenja iz faze razmrdavanja koriS¢enjem jedne
ili viSe struktura okolina. Ukoliko lokalna pretraga dostigne reSenje bolje od tekuceg, vrsi se zamena tekuceg
reSenja novodobijenim, §to predstavlja fazu pomeraja. Ova tri koraka se smenjuju do zadovoljenja kriterijuma
zaustavljanja. U literaturi postoje brojne varijante VNS metode koje su uspesno primenjene na razlicite probleme
optimizacije: Osnovna VNS metoda (engl. Basic VNS - BVNS), Redukovana VNS metoda (engl. Reduced VNS -
RVNS), Metoda promenljivog spusta (engl. Variable Neighborhood Descent - VND), OpSta VNS metoda (engl.
General VNS - GVNS), Adaptivna VNS metoda (engl. Skewed VNS - SVNS), Primalno-dualna VNS metoda (engl.
Primal-dual VNS - PD-VNS) i druge. Pregled varijanti VNS metode i njihovih primena moZe se pronaci u [ 10].

Za resavanje problema razmatranog u ovom radu predloZena je Opsta metoda promenljivih okolina (GVNS).
GVNS metoda koristi VND umesto klasi¢ne lokalne pretrage, $to zna¢i da GVNS pokuSava da poboljsa reSenje
pretraZujuéi okoline na deterministi¢ki nacin [ 5, 16, 19, 20]. Glavni koraci predloZzene GVNS za VSP pred-
stavljeni su u Algoritmu 1. Nakon generisanja inicijalnog reSenja, smenjuju se faza razmrdavanja, VND i faza
pomeraja sve dok se ne zadovolji kriterijum zaustavljanja. ReSenje dobijeno u fazi razmrdavanja se poboljSava
VND pretragom. Ukoliko je poboljSanje bolje od tekuceg reSenja, vrsi se zamena tekuceg reSenja novim i pretraga
pocinje od prve okoline. U suprotnom pretraga nastavlja od naredne okoline u nizu kori§¢enih struktura okolina.
Ovi koraci se smenjuju sve dok se ne zadovolji kriterijum zaustavljanja, koji u predloZzenoj GVNS implementaciji
predstavlja dostignutu gornju granicu vremena izvrSavanja (t,,4.). U nastavku ovog odeljka opisani su elementi
dizajnirane GVNS metode za opisani VSP.

4.1. Reprezentacija reSenja. Racunanje vrednosti funkcije cilja

Resenje S predloZenog problema VSP predstavljeno je u matricom celih nenegativnih brojeva, koja se sastoji
iz m vrsta duZine k4. Vrsta ¢ matrice S odgovara vozilu ¢ € {1,...,m} i sadrZi cele nenegativne brojeve s;;, €
{0,1,...,n}, gde s;; oznacava indeks lokacije koju vozilo i poseCuje u turi k € {1,..., kp,qz}. Preciznije, ako
vozilo i poseéuje lokaciju j € {1,...,n} uturi k vazi s;;, = j. U sluCaju kada je tura k vozila ¢ virtualna, s;;, = 0.
Zbog jednostavnosti, virtualne ture svakog vozila nalaze se uvek na kraju vrste koja odgovara posmatranom vozilu
u matrici S.

Svako generisano reSenje potrebno je evaluirati. Za dopustivo resenje, vrednosti s;;, ¢ € I,k € K odreduju
raspored tura svih vozila. Na osnovu vrednosti s;, raunaju se vrednosti ¢;; koje predstavljaju vremena polazaka
vozila iz kruga fabrike za svako vozilo ¢ € I i svaku turu k € K, na slede¢i nacin. Za svaku lokaciju izracuna
se vreme opsluZivanja te lokacije koje je jednako sumi vremena trajanja putovanja od fabrike do lokacije i nazad
i vremena trajanja utovara i istovara. Kako sva vozila zapocinju svoje prve ture u isto vreme, za svako vozilo
1 € 1, t;; ima vrednost jednaku vremenu pocetka radnog dana (¢s:4,1). Vreme polaska ;4 vozila ¢ € I u turi
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Algoritam 1 GVNS za VSP

1: Procedure GVNS(ProblemData,hpaz, tmaz)
2: Generate an initial solution S

3: repeat

4: h+1;

5: while h < h,,0. do

6: S’ « Shaking (S, h);

7: S" « Variable Neighborhood Descent(S");
8: if S is better than S then

9: S+ 8"

10: h+1;

11 else h < h +1;

12: end while
13: until SessionTime = tyas

d € {2,...,kmnas} jednako je vremenu polaska istog vozila u njegovoj prethodnoj turi, uveéanom za vreme
potrebno da se opsluZzi lokacija posecena u prethodnoj turi. Na taj nacin, obezbeduje se da vozilo moZe poceti
novu turu tek po zavrSetku prethodne. Izracunata vremena polazaka ¢;;, smeStaju se u matricu 7;. Vreme zavrsetka
radnog dana za svako vozilo racuna se kao vreme povratka u krug fabrike u poslednjoj nevirtualnoj turi, uvecano
za neophodno vreme trajanja istovara. Konacno, prema (1) i (9), vrednost funkcije cilja 7" predstavlja maksimum
skupa vremena zavrSetaka radnog dana svih vozila.

4.2. Generisanje inicijalnog reSenja

Inicijalno reSenje u predloZenoj GVNS metodi generisano je pohlepnom procedurom, koja pocinje sortira-
njem lokacija na osnovu dva kriterijuma. Najpre se svaka lokacija oznacava kao hitna ili ne, imajuéi u vidu broj
dana koliko roba stoji na otvorenom na toj lokaciji. Preciznije, ako se roba na lokaciji j € J nalazi na otvorenom
t; danait; > to, lokacija j se smatra hitnom. Za hitnu lokaciju j, nije od znacaja za koliko dana ¢; prelazi
gornju granicu od ¢y dana. Hitne lokacije imaju prioritet i moraju se opsluZiti tokom radnog dana. U slucaju
kada se kolicine repe prikupljene na hitnim lokacijama ne mogu prevesti raspolozZivim skupom vozila u okviru
unapred odredenog broja tura i pre kraja radnog vremena, smatra se da problem nema dopustivo reSenje. Drugi
kriterijum za izbor lokacija koje ¢e biti opsluzene je njihova udaljenost od fabrike, u smislu da lokacija j € J sa
manjom udaljeno$¢u od fabrike d; ima prioritet. Konacno, sortirana lista lokacija ima sledecu strukturu: na vrhu
liste nalaze se hitne lokacije sortitane u neopadajuéi niz prema udaljenosti od fabrike, a za njima dolaze lokacije
koje nisu hitne, takode sortirane u neopadajuci niz prema udaljenosti od fabrike.

Nakon opisanog sortiranja lokacija, matrica S inicijalnog resenja se formira na slede¢i nacin. Uzima se jedna
po jedna lokacija iz sortirane liste i njenim indeksom popunjava se prva kolona matrice reSenja. Kada su prve ture
za sva vozila formirane, odnosno kada je popunjena prva kolona matrice resenja, fomiraju se druge ture tj. popu-
njava se druga kolona matrice, zatim trece itd. Pritom se elementi matrice popunjavaju indeksom jedne lokacije
sve dok se posmatrana lokacija ne isprazni, nakon ¢ega se uzima sledeca lokacija sa liste prioriteta. Poslednja ne-
virtualna tura svakog vozila moZe poceti ukoliko se posecena lokacija moZe opsluZiti u okviru radnog vremena.
Ako nije moguce dodeliti lokaciju vozilu tako da ona bude opsluZena u okviru radnog vremena, posmatrana tura
i sve naredne ture tog vozila postaju virtualne, a proces generisanja reSenja nastavlja se od sledeceg vozila. Kada
se potrebe fabrike zadovolje prebroje se ture svakog vozila. Ako je indeks poslednje nevirtualne ture k; vozila
1 € I manji od k42, Sve preostale ture k; + 1, k; 4+ 2, . .., knqe postaju virtualne.

Kada je matrica S generisana, raCunaju se vrednosti matrice Ty. Vremena polazaka svih vozila u prvoj turi
jednaka su pocetku radnog vremena ts;qr¢, tj. t51 = tsiart, Za svako vozilo ¢ € I. Vremena polazaka u preostalim
turama, t;q, d = 2, .. ., kpyq, racunaju se uvecavanjem vremena polaska istog vozila u prethodnoj turi vremenom
koje je neophodno da bi se opsluzila poseéena lokacija. Na kraju, prebrojavanjem poseta svakoj lokaciji, racunaju
se vrednosti promenljivih ;. Ako broj poseta lokaciji j nije manji od ¢;/CV, promenljiva y; ima vrednost 0, u
suprotnom je y; = 1.

Lako se moze primetiti da je ovako generisano inicijalno reSenje dopustivo. Svaki element s;; matrice S
uzima jednu vrednost skupa celih nenegativnih brojeva koja odgovara indeksu lokacije j € J poseCene od strane
vozila ¢ u turi k. Preciznije, s;; = j oznaCava da je :rf . = 1, saizuzetkom s;; = 0 u sluCaju virtualne ture. Dakle,
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ogranicenje (2), koje obezbeduje uslov da svako vozilo u svakoj turi moZe posetiti najvise jednu lokaciju ili
napraviti praznu turu, je ispunjeno. Kolone matrice inicijalnog reSenja se popunjavaju indeksima lokacija sa liste
prioriteta dok se sve hitne lokacije ne isprazne i dok se ne zadovolje potrebe fabrike. Iz tog razloga su ograni¢enja
(4) 1 (5) takode zadovoljena. Kako se prilikom popunjavanja matrice reSenja, uzima jedna po jedna lokacija sa
liste prioriteta, imajuéi u vidu koli¢ine robe na svakoj od njih, odnosno indeks lokacije se unosi u matricu reSenja
sve dok se ta lokacija ne isprazni, ograni¢enje (3) ¢e biti ispunjeno. Takode, prilikom popunjavanja matrice
reSenja, vozilo zapocinje nevirtualnu turu jedino u slucaju kada ona moze da se zavrsi u okviru radnog vremena,
Sto znaci da ¢e sva vozila zavrsiti svoje poslednje ture do t.,q4. Vrednosti promenljivih y; su definisane tako da
zadovoljavaju ogranicenja (6) i (7). Vrednosti promenljivih ¢;, JJZ « 195, dobijene opisanim postupkom ocigledno
zadovoljavaju ogranicenja (8)-(12).

4.3. Strukture okolina

PredloZena GVNS metoda koristi &etiri strukture okolina, ozna¢enih sa: N7, N7I, NTIT § NIV QOkolina N’
reSenja S definisana je na sledeéi nacin: N'-sused S’ od S se dobija izborom jednog vozila i jedne njegove ne-
virtualne ture ka lokaciji koja nije hitna, koja se zatim menja nekom drugom neispraznjenom lokacijom. Okolina
NI se sastoji iz svih reSenja koja se dobijaju zamenom prve virtualne ture u nizu tura jednog vozila, turom ka
nekoj od neispraZnjenih lokacija. Okolinu N//! resenja S Cine sva reSenja koja se dobijaju kada se jedna nevirtu-
alna tura ka nehitnoj lokaciji vozila sa najduZim vremenom zavrsetka radnog dana u resenju .S, zameni virtualnom
turom, nakon ¢ega se nova virtualna tura pomera na kraj niza tura posmatranog vozila. Kona¢no, okolina N’V je
definisana na slede¢i na¢in: N7V -sused S’ od S se dobija tako $to vozilo sa najduzim vremenom zavrietka radnog
dana i vozilo sa najkra¢im vremenom zavrSetka radnog dana razmenjuju po jednu svoju turu. Treba primetiti da
potez kojim je definisana okolina N/ moZe narusiti dopustivost reSenja, jer se moze dogoditi da posle poteza u
okolini N'!! potrebe fabrike ne budu zadovoljene. Iz tog razloga, potez u ovoj okolini se prihvata samo ako novo
reSenje zadovoljava i ovaj uslov. U suprotnom potez u okolini N/ se ponavlja.

4.4. Faza razmrdavanja

Faza razmrdavanja predlozene GVNS metode koristi dve strukture okolina: NZ i N'Z, pri ¢emu se prvo
istraZuje okolina N’ za sve vrednostiredar = 1,. .., 7,42, a potom okolina N?! samo za r = 1. Razmrdavanje
u okolini N7 reda r se izvodi ponavljanjem poteza kojim je ta okolina definisana r puta, pri ¢emu se potezi biraju
na slucajan nacin.

4.5. Faza VND

VND faza koristi strukture okolina N7 i NV na sledeéi nacin. Prvo se deterministicki istrazuje okolina
NI tako §to pokuSava da zameni jednu po jednu turu vozila sa najveéim vremenom zavrietka virtualnom
turom. Nakon svakog takvog poteza, proverava se uslov zadovoljenosti potreba fabrike i pretraga u okolini N/
posmatranog reSenja se zavr$ava najboljim pronadenim susedom u ovoj okolini. Ako je dobijeno poboljSanje
bolje od tekuéeg VND reSenja, vrii se odgovarajuéa zamena i ponavlja se pretraga u okolini N///_ u suprotnom
se prelazi na pretragu u okolini NV. Okolina N’V se pretrazuje na sledeéi nacin. Pronalaze se dva vozila, m;
sa najduzim vremenom zavrSetka i ms sa nakra¢im vremenom zavrSetka radnog dana, i vr$i se zamena ture k;
vozila m; ka najudaljenijoj lokaciji u nizu svih njegovih tura sa turom ko vozila mo ka najblizoj lokaciji od
svih lokacija koje vozilo mo posecuje. Ukoliko se dobije poboljSanje na nivou dva posmatrana vozila, odnosno
ako je maksimum vrednosti njihovih novih vremena zavrSetaka manji od odgovaraju¢e vrednosti pre izvrSene
zamene, novo refenje postaje tekuée VND reSenje i postupak se ponavlja jo§ jednom u okolini N7V, Primetimo
da poboljSanje maksimalnog vremena zavrSetaka posmatranog para vozila ne mora obavezno da predstavlja i
poboljsanje na nivou celog resenja. Opisano pretraZivanje okoline NV mozZe dati poboljianje reSenja u slucaju
kada postoje dva vozila sa istom vrednosti vremena zavrsetka koja je pritom i maksimalna u skupu svih vozila.
Nakon pretrage okoline N'V', VND algoritam evaluira dobijeno reSenje. Ako je postignuto poboljianje u odnosu
na tekuée VND reSenje, tekuce reSenje se zamenjuje novim i VND pretraga nastavlja istrazujuéi okolinu N7/7.
U suprotnom zavrSava se jedna VND iteracija. Opisane VND iteracije se smenjuju sve dok se dobija poboljSanje
tekuéeg VND reSenja. Ako su nekoj iteraciji ne ostvari poboljSanje reSenja, VND pretraga se zavrSava, vrac¢ajuci
najbolje pronadeno reSenje.
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5. Eksperimentalni rezultati

Svi eksperimentalni rezultati predstavljeni u ovom odeljku dobijeni su na racunaru sa Intel Core i5 - 3320M
procesorom, na 2,60 GHz i sa 2 GB RAM memorije pod Windows 7 operativnim sistemom. Eksperimenti su
izvrSeni nad dva skupa instanci:

- Realne instance dobijene na osnovu podatka iz posmatrane fabrike Secera u Srbiji. Ovaj skup instanci uklju-
Cuje 43 test primera sa do 15 lokacija, 40 vozila i maksimalno 20 tura tokom radnog dana;

- Generisane instance koje ukljucuju do 150 lokacija, 100 vozila i maksimalno 100 tura tokom radnog dana.
Ovaj skup obuhvata 12 test primera, koji su generisani prateci strukturu realnih instanci.

Za dobijanje optimalnih reSenja problema VSP koriS¢en je komercijalni reSava¢ Lingo 17, koji je dizajniran
za reSavanje velikog broja razlicitih tipova matematickih modela [ 12]. MIQCP formulacija razmatranog VSP
problema je koriS¢ena u okviru Lingo 17 reSavaca u cilju dobijanja optimalnih reSenja ili bar gornjih granica.
Pritom je postavljena gornja granica vremena rada Lingo reSavaca od Sh. Parametar koji se odnosi na kriterijum
zaustavljanja u predloZenoj GVNS metodi uzima sledece vrednosti: ¢,,,, = 1s za male realne instance, t,,4, =
10s za realne primere srednjih dimenzija i ¢,,,, = 100s za generisane instance. Ove vrednosti paramatara su
izabrane tako da se postigne kompromis izmedu kvaliteta dobijenih reSenja i vremena izvrSavanja algoritma. Na
svakom razmatranom test primeru, GVNS metoda je izvrSavana po 30 puta.

Eksperimentalni rezultati na skupu realnih instanci malih dimenzija za koje je dobijeno optimalno reSe-
nje koriS¢enjem Lingo reSavaca predstavljeni su u Tabeli 1, koja je organizovana na slede¢i nacin. Prva kolona
T ke Sadrzi naziv instance. U drugoj i treéoj koloni, oznacenim sa opt.sol. i ¢(s), predstavljeni su vrednost
funkcije cilja koja odgovara optimalnom reSenju dobijenim kori$¢enjem Lingo resavaca i odgovarajuée vreme
rada. Naredne tri kolone se odnose na rezultate testiranja dizajnirane GVNS metode i sadrZe: vrednost funkcije
cilja najboljeg pronadenog dopustivog resenja (best sol.), pri cemu je koriS€ena oznaka opt u slucaju kada se
GVNS resenje poklapa sa opt.sol., zatim proseéno vreme koje je bilo neophodno GVNS metodi da dostigne
svoje najbolje resenje u 30 uzastopnih izvrSavanja i na kraju, prose¢no procentualno odstupanje (avg. gap (%))
najboljeg GVNS reSenja od optimalnog u 30 uzastopnih izvrSavanja.

Na osnovu rezultata predstavljenih u Tabeli 1 moze se zakljuciti da GVNS za vrlo kratko vreme (u proseku
0,001s) dostiZe sva optimalna reSenja koje je pronasao Lingo reSavac za 6,431s u proseku. MozZe se zakljuciti da
je GVNS vise od 6000 puta brzi od Lingo reSavaca na skupu realnih test primera malih dimenzija. Osim toga,
dizajnirana GVNS metoda je izuzetno stabilna na skupu realnih instanci malih dimenzija, s obzirom da prosecno
procentualno odstupanje najboljih GVNS reSenja od optimalnih ima veoma malu vrednost (0,092 %).

Tabela 2 sadrZi eksperimentalne rezultate na skupu realnih instanci za koje Lingo reSavac nije uspeo da pro-
nade optimalno reSenje za Sh, kao i na skupu generisanih instanci ve¢ih dimenzija. Prva kolona 75, ,, ... sadrZi
naziv instance. Naredne dve kolone sadrze rezultate testiranja MIQCP formulacije Lingo reSavacem: vrednost
funkcije cilja najboljeg pronadenog dopustivog reSenja (UB) i odgovarajucu donju granicu vrednosti funkcije
cilja (LB). Ako u okviru datog vremena izvrSavanja nije pronadeno optimalno ili dopustivo reSenje, oznaka / je
upisana u odgovarajuce polje. Poslednje tri kolone odnose se na rezultate testiranja predloZzene GVNS metode i
predstavljene su na isti nacin kao u Tabeli 1.

Levi deo Tabele 2 sadrZi rezultate testiranja na skupu realnih instanci srednjih dimenzija, za koje je Lingo
reSavac u najboljem slucaju dao dopustivo resenje za Sh izvrSavanja. U slucaju 9 od 12 realnih instanci srednjih
dimenzija Lingo reSavac je ponasao dopustiva reSenja koja je GVNS metoda potvrdila ili poboljsala, osim pri
testiranju instance 75 ¢ 5, a kod koje je GVNS pronasla za nijansu losije reSenje od Lingo reSavaca. Za preostale
3 instance na kojima Lingo reSavac nije uspeo da pronade ¢ak ni dopustivo resenje, GVNS je dala reSenja za
relativno kratko vreme. Prosecno GVNS vreme izvrSavanja na skupu realnih instanci srednjih dimenzija iznosi
0,950s sto je viSe od 18 900 puta brZe u poredenju sa vremenom izvr§avanja Lingo reSavaca (Sh). Pored toga, niska
vrednost proseénog procentualnog odstupanja dobijenih GVNS resenja od najboljih pronadenih u 30 uzastopnih
izvr§avanja (0,055 %) pokazuje stabilnost predloZene GVNS metode na skupu realnih instanci srednjih dimenzija.

Rezultati testiranja generisanih instanci veéih dimenzija predstavljeni su u desnom delu Tabele 2. Lingo
reSavac nije uspeo da pronade dopustivo reSenje ni na jednoj generisanoj instanci, dok je GVNS metoda pronasla
svoja najbolja reSenja za 24,495s u proseku, sa malim prose¢nim procentualnim odstupanjem od najboljih reSenja,
dobijenih u 30 uzastopnih pustanja (0,514 %).
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Tabela 1. Eksperimentalni rezultati na realnim instancama manjih dimenzija reSenih do optimalnosti

Naziv instance Lingo 17 GVNS
Tom kmase | Ot SOl t(s) | bestsol. t(s) avg. gap (%)
T3,2,4 16,874 0,40 opt 0,001 0,000
T332 9,780 0,13 opt 0,001 0,000
T53,3 13,727 0,37 opt 0,001 0,000
T334 16,303 4,33 opt 0,001 0,000
T5,4,2 10,580 0,30 opt 0,002 0,000
T5.4,3 13,727 0,27 opt 0,001 0,000
T5,4,4 16,303 52,90 opt 0,001 0,000
T3,5,2 12,294 0,30 opt 0,002 0,000
Ti2,3 12,870 0,22 opt 0,001 0,000
Ta,2,4 13,446 0,26 opt 0,001 0,000
Ty3,2 10,580 0,13 opt 0,001 0,000
Ta3,3 12,299 2,94 opt 0,001 0,000
Taa,2 11,151 0,17 opt 0,001 0,000
Tya3 14,299 6,35 opt 0,002 0,000
Th,a,4 17,446 71,06 opt 0,001 0,000
Ta5,2 10,866 0,39 opt 0,002 2,717
T52,3 10,584 0,46 opt 0,000 0,000
T5,2,4 13,156 1,40 opt 0,002 0,000
T5,3,2 10,580 0,13 opt 0,002 0,000
T53,3 13,156 6,04 opt 0,002 0,000
T5,3,4 16,589 9,42 opt 0,001 0,000
T5,4,3 13,156 5,23 opt 0,001 0,145
T5,5,2 11,437 3,59 opt 0,001 0,000
T6,2,3 11,727 0,72 opt 0,001 0,000
T6,2,4 13,160 9,98 opt 0,001 0,000
T6,3,2 10,294 0,60 opt 0,001 0,000
Ts,3,3 12,870 6,74 opt 0,001 0,000
T6,4,2 10,009 0,32 opt 0,001 0,000
T6,5,2 10,866 3,43 opt 0,001 0,000
T7.3,3 12,299 4,86 opt 0,004 0,000
T7 5,2 10,580 6,69 opt 0,004 0,000
Prosek 12,800 6,431 opt 0,001 0,092

Tabela 2. Eksperimentalni rezultati na realnim instancama srednjih dimenzija i generisanim instancama za koje
Lingo 17 nije pronaSao optimalno reSenje

Naziv instance| Lingo 17 GVNS Naziv instance|Lingo 17 GVNS
Trm,kmas UB LB |bestsol. t(s) avg. gap (%) nomkmas |UB LB |bestsol.  t(s) avg. gap (%)
Tas7 15,287 14,315 15,287 0,993 0,000 T'50,40,20 /1 42,020 25,120 0,136
Ts5,5 18,879 18,210| 18,879 0,001 0,000 T%50,30,25 /1 | 47,017 12,345 0,454
T55.10 17,839 16,540( 17,781 0,003 0,000 T50,60,15 /1 29,831 24,745 1,527
T5,10,10 17,129 15,974| 17,014 0,627 0,000 T%0,60,55 /1 103,966 19,595 0,354
T5,20,20 / / 24,591 2,321 0,205 T%5,65,70 /1 [110,774 1,551 1,001
Te,6,6 16,626 16,169| 16,569 3,355 0,076 T'50,70,70 /1 117,526 4,260 1,467
Ts,7,6 11,511 10,765| 11,479 0,065 0,000 T70,60,60 /1 172,653 23,346 0,149
Tr5.6 16,426 15,785 16,140 0,773 0,110 T'80,65,65 /1 |182,556 45,854 0,272
Ts.6,5 14,246 13,911 14,250 0,097 0,017 T'30,80,50 /1 159,383 6,956 0,255
T5,40,10 / / 27,920 0,001 0,000 T700,85,85 /1 | 18536 40,487 0,140
T10,10,10 16,924 14,998| 16,243 0,870 0,000 T120,90,90 /1 216,256 31,136 0,010
T15,20,15 / / 26,014 2,298 0,248 T150,100,000 | / /1 [240,303 40,148 0,025
Prosek / / 18,514 0,950 0,055 Prosek /1 142,625 24,495 0,514

6. Zakljucak

Predmet ovog rada je varijanta problema rasporedivanja vozila koja se odnosi na optimizaciju transporta Se-
¢erne repe u Srbiji. Problem je formulisan u vidu MeSovitog celobrojnog programa sa kvadratnim ograni¢enjima
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(MIQCP), koji ukljucuje sva specificna ograni¢enja problema i cilj optimizacije. MIQCP model je koris¢en u
okviru Lingo 17 reSavaca, pri cemu su dobijena optimalna reSenja samo za realne test primere malih dimenzija.
U cilju reSavanja instanci problema vecih dimenzija, dizajnirana je Opsta metoda promenljivih okolina (GVNS)
koja je prilagodena razmatranoj varijanti problema rasporedivanja vozila. PredloZzena GVNS metoda sastoji se
iz faze razmrdavanja, metode promenljivog spusta (VND), umesto klasicne lokalne pretrage i faze pomeraja.
Eksperimentalni rezultati pokazuju da GVNS za vrlo kratko vreme izvrSavanja dostiZe sva optimalna reSenja
dobijena Lingo reSavacem i dostiZe ili poboljSava gornje granice na realnim instancama srednjih dimenzija koje
nisu reSene do optimalnosti (sa izuzetkom jedne instance). Takode, dizajnirana GVNS metoda obezbeduje rese-
nja na generisanim instancama vecih dimenzija za relativno kratko vreme izvrSavanja, imajuéi u vidu dimenzije
problema.

Jedan od pravaca bududih istraZivanja je kombinovanje dizajnirane GVNS metode sa drugim metodama
optimizacije kako bi se poboljSao kvalitet dobijenih reSenja ili dodatno smanjilo vreme izvrSavanja, pri reSavanju
razmatranog VSP. Takode, predloZeni VSP problem se moZe prosiriti dodavanjem novih ogranienja, na primer,
ukljucivanjem vozila koja nisu homogena ili optimizacijom transporta do dve ili vise fabrika za preradu.

Zahvalnica. IstraZivanja na ovom radu su delimicno podrZana od strane Ministarstva obrazovanja, nauke i
tehnoloskog razvoja, Republike Srbije, kroz projekte pod brojem OI174010 i OI174033.
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Teopuja 6pojeBa — MEJBLUBOCT, IIPOCTU OPOjeBU, KOHT'PYEHIINj€ IO MO Iy Iy

Baamuvmup Bantuh

Bucoka wrona 3a eaexmpomernury w pauyrapemaeo, Leozpad
e-mail: baltic@matf.bg.ac.rs

Ancrpakr. Y osom npenaBamy mgahemo xpahu npersen sehier mema Teopuje 6pojeBa, Koja ce jaBiba y PemOBHOj U
IOJATHO] HACTABU Y OCHOBHOj U CPEAH-0] IMKOJIU. Y BemlieMo OCHOBHE IIOJMOBE U3 Teopuje 6pojeBa, Kao MTO Cy AeJHLUBOCT,
najsehy 3ajenHUYKN menuTesh, IPOCTH W CIOKEHW OpOjeBU, a 3aTruM hemo npehu Ha KOHIpyeHIUje M HUXOBE OCOOHUHE.
Popmynucahemo u HajBaskHmje Teopeme Teopuje GpojeBa, Koje Cy IOBe3aHe Ca IOjMOBHMA NEJLUBOCTUA M KOTDYEHIVjA.
Cse 0BO hemo miycTpoBaTy npuMepuMa.

Kiyune peun: reopuja 6pojeBa; KOHIDY€EHIMj€e; IPOCTUA U CIOKEHU OPOjeBuU.

1. ¥YBon

Jeman on majsehux maremaruuyapa cBux Bpemena, Rapa ®pumnpux I'ayc je perao: ”Marem-
aTUKa je KpaJbuila Hayka, a Teopuja OpojeBa je kpaJoura maremaruke!” Jomm on aHTUYKUX Bpe-
MeHa JbyJe Cy 3aHuMaJja HeKa cBojcTBa Opojena. Ha mpumep, y BaBumony, xumpmamay roauHa mpe
ITurarope, maTemaTuuapu Cy 3Haau kako cucremarcku na #Habhy Iluraropume Gpojese, Tj. 1meme
OpojeBe KOju uMHE CTpaHUIlE MpaBoyrJior Tpoyriaa. Ha pamoBuma roju cy ocraau usa [lurarope,
Hukomaxa, Eykaunna, Apxumena, Juodanrta, Xunauje (oHa je Ouiia mpBa sKeHA MaTeMaTUYap)
pa3BujaJia ce U CpeamOBEKOBHA M PEHECAHCHA Teopuja OpojeBa mpeko kmura Pubomaumja, Jlyke
ITahomuja u ®epma. [loToyHo HE3aBUCHO, y OAPYTUM IEJOBUMA CBETA TEOPUjOM OpojeBa GaBuiaud
cy ce kuaeckn marematudap Cyn-Ile, maaujcku Bpamarynra, ka0 1 HEKOIUIIMHA CPEIHOBEKOBHUIX
apanckux Maremarndapa. OcaMHAECTH BEK HOHOCH NPOIBAT OBe 00JIACTU KPO3 PaLOBE MATEM-
arumurknx Beaunuwmua Ojnepa, [ayca, kao u Jlarpamxa, Jlexwannpa, Bopurra, ®ypujea. Y neser-
HAECTOM BEKy 3HauajaH Tpar y oBoj obnactu ocrasuiu cy Hupuxie, Kponerep (koju je perao
"Bor je crBopuo nene Gpojese, a cBe ocrauo je meao dosera!”), Kymep, Mapkos, Ileano (xoju
jé YBEO aKCUOMATHUKY ), HOK Cy IPOILIX Bek obenesxunu Bunorpanos, [loa Epnom, nam Anekcan-
nap Vsuh u ceakaxo Ennpjy Bajuc (mokaszao Beauky PepMaoBy TeopeMy amapaToM KOJU M3JIa3U
BaH OKBUpAa eJeMeHTapHe Teopuje Opojesa). [lopen 0BUX BeankaHa MaTEMATUKE, TeOpUja Opojesa
je obiacT Koja je 3aMHTEpPEeCOBAJA U BEJIUKU DPOj MaTeMaTudapa amarepa (CBAKO HAJIO3HATU)U
on wux je ¢pannycku npasauk Iljep Pepma), jep meHu mpobiaemMu 3ay3uMajy PACIOH O OHUX
Pa3syMJbUBUX U JIAMIUMA [0 OHUX KOjU Cy OMJIM HEPEIIEHU HEKOJWKO BEKOBa (Uiu Cy U masbe 0e3
pelrena).

Y mpBoMm meny mahemo ne¢mHunUjy REHUBOCTU, 3aTUM [1€MO HABECTU M HEKE OX OCHOBHUX
ocobuna OBe pejanuje, HaBemleMo pa3He KpuTepujeMe AeJbUBOCTU Ca HEKUM OJ IIPUPOIHUX Opo-
jesa. Ha kpajy hiemo yBecTn mojam ocraTka npu nemeny (koju he umaru raasry yaory y Tpehem
nery), natu AsropuraM menema u HaBecTu nmojmose Hajeher 3ajemnauuror nenwona (H3I1) u ma-
jmamer 3ajemuuuror canp:xkaoua (H3C) ca muxoBuM HajBaskHUjUM OCOOMHAMA.

Y apyrom mesy ce 6aBUMO IPOCTUM U CJIO:KeHUM OpojeBuma. HaBomumo meron EparocrenoBor
cuTa, MOCTYIKE 3a pacTaBbame Ha mpocrte umHuone u rtpakeme H3Jl u H3C u majemo meke on
HAJBAKHUJUX OCOOMHA mpocTux O6pojesa (Hup. OcHOBHM cTaB apuTMeTuKe, EyRammoBa TeopeMa).

Y tpeheMm meny yBOOMMO KOHIDYEHNMj€ IO MOIYJIY, & IPUPOMAH PA3jOr 3a TO je mTo Opo-
jeBM KOju majy MCTH OCTaTakK OpU OeJbemy OpojeM m mMMajy MHOIITBO 3ajeTHUYKUX OCOOUHA.
Ogrosapajyhy moranujy yseo je jom I'ayc y xmwusm ”Disquisitiones arithmeticae”, koja je 6usna 06-
jaBmena 1801. romure, rana je I'aycy O6mao ceera 24 rommue. Hapemhemo m mokazaru Besuku
Opoj 0CcOOMHA KOHTPYEHI]a.

Y wyerBproM meny hemo maBectu (6e3 mokasa) Bequky O6POj Ba:kHUX TeopeMa Teopuje Gpo-
jeBa, KoOje Cy y Be3: ca IOJMOBUMA INEJPUBOCTU U KOHIDYEHIWja: OjnepoBy, many PepmaoBy,
JlarpamxoBy, BuacounoBy, JIykacoBy n Kunecky teopemy o ocrtammma.
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Ha ocuoBy mux hemo ofjacHutu kama nMa permemna KOHrpyeHuuja ax = b (mod m), ka0 U Kako
ce ona mory onpemutu. OcBpuyhemo ce n Ha HEKe MOJUHOMHE KOHTDYEHIIU]jE.

OBuM cMmo ce morakau Bedukor nesna Teopuje OpojeBa. [ToMmeHuMO M TeMme KoOja HUCMO OBIE
obyxBaTnIN, a 3HaAYAjHE Cy, IOIyT KBaAPATHUX ocraTraka, [luraropunux tpojku u InodanToBux
jemHaYyuHA.

2. IlesmsuBocT OpojeBa

Hepunumnuja 1. Ileo 6poj a je memus menum 6pojem b # 0, ako mocToju neo 6pPoj ¢ Takas ma je
a = bq. Axo 6poj b memu Gpoj a, To ce osHauasa ca b | a (Pycu xopucre u o3Hary aib 3a a je
neswus 6pojem b). Tama jomr kaskemo ma je b memwmnan 6poja a. Axo b me nenu a, To ce nume b1 a.

Ipumep 1. Baxcu 3 |15, mj. 15:3, aau 6115, jep je 15=3-5 uw 15=6-2+3. AN

Beh ma ocHOBY mperxoaHe meduHUIje MOKEMO A TOKAKEMO HEKOJIUKO OCOOMHA NeJbUBOCTU
neanx 6pojena:

Teopema 1. Hexa cy n,m,a,b u d npouszsornu yesu 6pojesu, mada 8axncu

a) n|n. (ocobuna pedaercuje)
6) d|n un|m nosaauu d|m. (ocobuna mparsumuerocmu)
B) d|n ud|m nosaauu d | (an + bm). (ocobuna auneaprocmu)
r) d | n nosaauu ad | an. (ocobuna myamuniukamuerocmu)
m) ad | an v a # 0 nosaauu d | n. (ocobuna cxpahusana)
b) 1]|n. (1 deau ceaxu 6poj)
e)n|0. (ceaxu 6poj deau 0)

&) d | n nosaawu —d |nud|—nu—d|—n.
3) d|n un#0 nossauu |d| < |nl.
u) d|n un|dnossawu |d| = |n|, mj. d =n uau d = —n.

j) d| n nosaavu g | n.

3a cBaky mpupomaH Opoj > 2 MOKEMO A HAIPABUMO KPUTEPUJYM MNEJLUBOCTU Ca HBUM. 3a
Heke OpOojeBe MOCTOjU W BUINE PA3IMUuTUX Kpurepujyma. To hemo uiaycTtpoBaTtu Kpo3 HapemHe
mpuMepe.

ITpumep 2. Cada hemo damu mexe 00 xpumepujyma dewnugocmu npupoonuxr 6pojesa ca HeKuMm 00
bpojesa.

e 2: Bpojn je denwus ca 2 (uru Opyeauuje peueno, 6poj n je napan) < n ce 3a8pULGEA NAPHOM

yugpom, oo0nocro nexom 00 yugapa 0, 2, 4, 6 uau 8.

3: Bpoj n je denwus ca 3 < sdup yudapa bpoja n je denus ca 3.

4: Bpoj n je denwus ca 4 < n ce saspwasa dsoyuppernum 6pojem xoju je dewues ca 4.

5: Bpoj n je dewue ca 5 < n ce 3a8pwasa wexom 00 yupapa 0 uaw 5.

6: Bpoj n je dewus ca 6 < n je denus u ca 2 u ca 3.

7: Bpoj n = Gxak_1 ---G302a1 je 0demus ca 7 < u 6poj m = G3a2G] — (A5G4 + G9adgay — - . . je

denus ca 7.

7: Bpoj n je dewue ca 7 < u 6poj m, xoju ce dobuja marxo wmo usbpuuiemo yudpy jedunuya

bpoja n u 00 moz bpoja odyamemo dsocmpyry yudpy jedunuya bpoja n, je dewus ca 7.

8: Bpoj n je dewus ca 8 < n ce 3aspwasa mpoyudpenum b6pojem xoju je dewue ca 8.

9: Bpoj n je dewue ca 9 & 3bup yudapa bpoja n je denus ca 9.

10: Bpoj n je dewue ca 10 < n ce saspwasa yuppom 0.

11: Bpoj n = Ggag_1 ---azaza; je denus ca 11 < u bpojm =ay —as +az —ag + ... je denus

ca 11.

e [1: Bpojn = agagr_1...0a302a1 je denus ca 11 < u bpoj m = asay + Gaa3 + Ggds + agar + . .. je
denus ca 11.

e 12: Bpojn je denus ca 12 < n je denus u ca 3 u ca 4.
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e 13: Bpojn = agar_1...a302a1 je denus ca 13 < u 6poj m = azaza] — Ggasas + GgGgdr — . .. jE€
denus ca 13.

e 13: bpoj n je dewus ca 13 < u 6poj m, koju ce dobuja marxo wmo usbpuutemo yudpy jedunuya

bpoja n u mom 6pojy dodamo wemeopocmpyry yudpy jedunuya bpoja n, je dewua ca 13.

14: Bpoj n je denmus ca 14 < n je denus u ca 2 u ca 7.

15: Bpoj n je dewus ca 15 < n je denmus u ca 3 u ca 5.

16: Bpoj n je dewue ca 16 < n ce saspwasa wemsopoyuppernum b6pojem xoju je dewue ca 16.

25: Bpoj n je denus ca 25 & n ce 3aepuiasa dsoyugpenum bpojem xoju je denus ca 25.

27: Bpojn = Grag_1 - --a302a1 je dewus ca 27 < u 6poj m = Gza2G] + GgAsa4 + GoGgay + . . . je

denues ca 27.

e 37: Bpojn = agar_1...a302a1 je denus ca 37 < u 6poj m = azaza] + Ggasas + GgGgar + ... je
denus ca 37.

e 100: Bpojn je dewus ca 100 < n ce saspwasa ca dee yugpe 0 (mj. ca 00). A

Hanomena 1. Moske ce mokaszatu m jadye TBpheme:
n u 36up mudapa Opoja n majy MCTE OCTaTKe NpU Aekemy ca 3 (umcro Basku m 3a 9, Kao u 3a
CBe IPETXOIHO HABENEHe KPUTEPUjyMe, CeM OHUX TIe ce Opuiie mociemma mudpal).

Hexe onm mperxomuux kpurepujyma hemo wmiycrpoBatu Kpo3 cienehe mpumepe, a cyc-
perahemo ux u KacHUje y 3amanuMa.

IIpumep 3. Bpoj n = 123456789 = 9 - 3607 - 3803 je denue ca 9, a mo nomaphyjemo u Hna ocrosy
KPUMEPUJYMG KOJU NOCMAMPa hezos 36up yupapa m:

m=1+2+3+4+5+6+7+8+9=45=9-5. V

Dpojn =1234567 =9-137174 + 1 nuje dewus ca 9, a Hu
m=1+2+3+4+5+6+7=28=9-3+1.k A

Bumumo u y oBOM mpumepy u ma m W n Aajy UCTe OCTaTKe mpu nedbeny ca 9 (mpso 0, ma
onma 1).

IIpumep 4. Bpojn =4976761801 = 11 -452432891 je dewus ca 11, xao u
m=1-0+8-14+6-74+6-7+9—-4=11=11-1. V
Dpojn = 25945 = 11 - 2358 + 7 nu je dewus ca 11, Kao u
m=5-4+9-5+2="7l

o ucmuzx pesyamama 00Aa3UMO U €A OPY2UM KPUMEDUJYMOM:
m=01+18476+76+49 =220=11-20. v m=45+59+2=106:11-9+7.|4 A

ITpumep 5. Lpojn = 1123477641 = 13 - 86421357, je dewus ca 13, xao u
m =641 -4774+123 -1 =286 =13-22. v
Bpojn = 865366 = 13- 66566 + 8, nuje dewus ca 13, xao u
m = 366 — 865 = —499 = 13 - (—39) + 8. |¢

o ucmux pesyamama 00AG3UMO U Ca OPY2UuM KPUMEPUjYMOM, camo hemo ymecmo n = 1123477641
ysemu mawu 6poj n = 1118 =13 - 86:

n=1118 = m; =1114+4-8 =143
n=143 = me=14+4-3=26=13-2. v
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Bpoj n = 865366 = 13 - 66 566 + 8.
n = 865366 = m; = 86536 + 4 - 6 = 86560

n = 86560 = my = 8656 + 4 - 0 = 8656

n = 8656 = ms = 865 +4 -6 = 889

n=2889 = my=88+4-9=124

n=124 = ms;=12+4-4=28=13-2+2. A

Y mocienmeM TpUMepy BUAUMO 1a OPOj n m cBU OpOjeBU My, Mo, M3, My, M5 Aajy CBE PA3IU-
yuTe OCTaTKe IpU Hemewmy ca 13 (pemom to cy: 8,6,11,5,7,2).

Cneneha TeopemMa roBopu O TOME na akKO IOCMaTpaMO ABa Ieja O0poja ¢ u b U U3BPIIMMO
nemene a/b (a # 0), onna mocroju camMo jeman 1eo 6poj ¢ (0eAuMuuHY KOAUYNUK) U CAMO jeNaH
HEeHeraTuBaH 1eo 6poj r mawu ox |b| (ocmamax) Tako ma je

a=bq+r, 0<r<|bl. )

Y 6p3o hemo BumeTu KOJIUKO je jeMMHCTBEHOCT OBOI 3amuca BasjkHA. JeTHOCTABHOCTU DPaIu,
TeopeMy hemo noxaszartu caMo 3a ciay4daj kazxa je b > 0. Iloka3 3a b < 0 je mOTOyHO aHAJIOraH.

Teopema 2. (AsropuraM nedbema).

Axo jea € Z ub €N, onda a moxce na jeduncmeen navur da ce npedcmasy Kao
a=bq+r, (g,r € Z,0 < r < b).

Joxasz Ila 6m mora3 oBe TeopeMe OWO IOTIYH, IPBO MOPaMO na JOKAKEMO Oa OpojeBu ¢ u 7
VONIITE MOCTOje, & 3aTUM CY jeIUHCTBEHM:
Er3ucrenmuja: [TocMmarpajMo apuTMeTUUKY TPOTPECUjy

...,a—3b,a—2b,a—b,a,a+b,a+2b,a+3b,...

kKoja ce y oba cmepa mporexke y GeckonauynocT. OHIa Mopa [a MOCTOJU HAjMAmU HEHETATUBHU
eneMeHT mporpecuje, permMmo r. Tana je r > 0, a mopa Outu r < b, jep je y nporuBrHOM T — b
HEHETATUBHU YJAH IPOrPecrje Mamu Of T, MTO IpoTuBpeun n3dopy r. Kako r npunana mporpe-
cuju Mopa outum r = a — bq 3a HeKku 1eo 6poj q. Tume cMO yTBpAUIU €r3UCTEHIN]Y OpojeBa q u 7.
JemunacTBeHOCT: [loKa:kuMoO na cy OpojeBu r u ¢ jenHO3HAUHO onpebenu.

Hauwme axo je a=bg+r (0<r <b), a=bg +re (0< 12 <V), OHJA CJIeIn

G|Q1 —Q2| = |7“1 —7“2|.

Ako 6u Guio ¢ # @2, oHOA je alq1 — q2| = a, DOk je ¢ mpyre crpane |r; — 12| < a, na Mopa GuTu
g1 = @2 T€ OHIA CJIENV U T1 = I'y, YAME CMO JOKA3aJU jeIUHCTBEHOCT ¢ U T. O

ITpumep 6. ITodeaumo 35 ca 11 u —51 ca -7.
35=11-3+2, —51=(=7)-8+5. A

Hedununmumja 2. 1leo 6poj d 3a koju Basku d | ¢ u d | b HazuBa ce sajednuyku deaunay 6pojeBa a u
b. leo 6poj s 3a koju Basku a | s u b | s HA3UBa ce szajednuyuky cadpacanay GpojeBa a u b.

Kako menumanm 6pojeBa He Mo:ke OuTu Behm on amcojayTHE BPEIHOCTH TOT Opoja, BUIUMO
na meby 3ajemamukum menamonmMma 6pojeBa a u b mocroju Hajsehu. Canuno meby campsraommma
nocroju HajMamu (camo hemMo Ty mocMarpary HajMamy IO3UTHBAH CAIP/KAJIAll, Tj. CAAPKAIIAL
KOju je mpupoznas 6poj).
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Hedununuja 3. Hajsehu 6poj y ckymy mesnunana 6pojeBa a u b ce Ha3uBa HajBelim 3ajemHuurn
nmennian Ta nBa 6poja m obenesxasa ce ca H3Il(a,b) unn (a,b). Hajuamu (mosurmsan) 6poj y
CKyIly canmpskajala 0pojeBa a u b ce HA3MBA HAJMAKU 3ajeMHUYKA CaAp/Kajal Ta IBa Opoja u
obenexasa ce ca H3C(a,b) nnu [a, b].

ITpumep 7. 3ajednuuru deauoyu bpojesa 12 u 18 cy bpojesu: 1, 2, 3 u 6. Hajeehu 00 wuz je 6, na
saxcu H37(12,18) = 6.

3ajeonuury cadpacoyu b6pojeaa 12 u 18 cy bpojesu: 36, 72, 108,... mj. bpojesu obauxa 36k, k € N.
Hajmawu 00 wuz je 36, na sancu H3C(12,18) = 36. A

Axo cy mBa Gpoja ysajamHo npocma, Tj. aKO HEMA]y 3ajeTHUYKIX (aKTOpa, OHIA UM je HajBehun
3ajemauukn menunan 1, tj. (a,b) = 1. 36or Tora ce ummenuna Ja cy a u b y3ajaMHO IpoCTU
cuMmBoayky nuimre Gam Tako, (a,b) = 1.

Ha ocuoBy Asropurma nemema (Teopema 2) Gasupan je nocrynak 3a ogpebusame H3 Il nsa
npuponsa 6poja. To je rakozBanu EyrmumnosB amropuram. Ou ce cacroju y ciaenehem.

Hexka cy martu npupomgau 6pojeBu a u b, npu uemy 0e3 yMamema OMIITOCTY MOKEMO y3€TU 4
je a>b (y cynpoTHOM aKo je b > a umasu GUCMO jemaH KOpak BUlle y KyKIMIOBOM aJrOpUTMY ).
Tana ako mogeaumo a ca b, npema Asnropurmy nemema (Teopema 2), mocToje jeAHO3HAUHO OADE-
jenu OpojeBu ¢ U 71 TakBU Ha je a = b-qy +r1, upu yemy je 0 <ry < b. Jlaime, MO;KEMO IIOHOBUTU
moctymak ca b u ry, b > ry, Tj. mogeamuhemo b ca r1 u nodbutu b = r1-qa+re, pu yeMy je 0<re < rq.
Osaj nocrynak hemo HacraB/paTu Jajbe, CBe NOK He NOOMjeMO Ia je HEKW OCTATAK jelHAK HYJIH,
rg+1 = 0. To moskemo npencrasuru Ha ciaeneliu Hauun (oBuae cy cBu GpojeBu ¢; u ry, 1 <i<k+1,
jemuucTBeHO onpebenn Ha ocHOBY AsropurMa Jesbema):

a = b q + 7, (0<r; <Db)
b= 1" q + 7o, (0<re <m1)
re= T2-q3 + T3 (0<ry <ra)
The3 = Th—2 * Qk—1 + Th—1, (0 <7Tp_1 <7k_2)
Tk—2 = Tk—1 " Gx  + Tk, (0 <7 <7Tp—1)
Tk—1 = Tk * Qk+1, (Th41 = 0).
Hwusz ry,7ra,...,7r; je onamajyhm mHu3 nmpupomamx OpojeBa Mamux on b, MITO MOBJAYM OA C€

rOpBU MOCTYIAK MOPa 3aBPIIATA Y KOHAUYHOM Opojy kopaka. Ciuenelie tBpbheme mam maje Besy
Eyrkaunosor anropurma u Hajselier 3ajeqHuUKOr meanona.

Teopema 3. Kada npumernumo Eyxaudos aszopumam na npupoone bpojese a u b, nocaedmu noumuean
ocmamax jeonax je najeehem zajednuurom deauvouy dpojesa a u b, mj. H3/A(a,b) = ri.

IIprmep 8. Odpedumo H3/(768,180).

Pewewe. Y EyrkammnoBoMm anropurmy mMamo cienehu Hu3 nenema:

768 = 180 - 4 + 48, (0 < 48 < 180)
180 = 48 -3 + 36, (0< 36 < 48)
8= 36-1 +12, (0<12< 36)
36 = 12 -3, (r=0),

na je H3I1(768,180) = 12. A
[Mocnenuua Eyrnunosor amropurma je u ciaenehe rBpbheme.

Teopema 4. [Tocmoje yeau bpojesu xo u yo maxo da je
(av b) =azro + by07

axo bapem jedan 00 bpojesa a u b nuje Hysa.
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Ioka3 mperxomuor tBphema wm3ocraBmamo (mobunm O6u ra kama OW UmIIM OX NPBOT IO
npeTnocienmer kopaka y Eykaunosom asroputMy), amum hemo ra miryCcTpoBaTH Ha KOHKPETHOM
npuMepy OpojeBa M3 MPEeTXOMHOr IpUMEpPA.

Ipumep 9. IIpedcmasumu H3/(768,180) = 12 y obauxy 768z¢ + 180yp.

Pewewe. M3 mpBor ropaka EyrkammoBor aaropurma mMmamo ma je 48 = 768 — 180 - 4. Popwmaino
OBy jemHAKOCT Ou Moriu xa 3amumeMo kao 48 = 768 - 1 + 180 - (—4) ma 6u mmanu o6JIUK Kao y
TBpbemy nperxonme Teopeme. To mehemo uumbautu. [Iperxoany jeHAKOCT YBPCTUMO Yy j€IHAKOCT
13 APYror Kopaka EyramnoBor airopurMa:

180 =48 -3 4+ 36 = (768 — 180 - 4) - 3 + 36,

omakiie HAKOH cpebuBama mobujamo na je 36 = 180-13 — 768 - 3.

Canma hemo mperxonHo HOOGUjEHO YBPCTUTHU Y jeOHAKOCT M3 APYTOr KOpaka EyKIMIOBOT aJyro-
puT™Ma:

48 =361+ 12 = 768 —180-4 = (180-13 — 768 -3) - 1 4 12,
onakse HakOH cpebuBama nobujamo na je 12 =768 -4+ 180 - (—17), Tj. zg =4 u yo = —17. A

ITomohy oBor tBphema Moxemo mokaszaTu u Ilmraropus pesymrar ma 6poj V2 mHuje
pamuonanan. To hemo ypamuru y apyrom morasy.

Teopema 5. (IIlmraropuaa Teopema).
Bpoj V2 je upauuonaran.

Jokaz 1. TIpermocraBumo ma je 6poj /2 pammonanan. Tama ce OH MOe IPEACTABUTH Y OOIUKY
V2 = £, rae cy a u b ysajammo mpoctu mpupomsu 6pojesu, (a,b) = 1. KBampupamem mpexomane
jemmarocTu mobujamo ma je a’? = 2b%. Kako je ma mecHoj cTpamu mapar 6poj, cienu ma je u a?
mapaH, mMTO je Moryhe camMo YKOJWKO je M a mapaH, Tj. a = 2¢. Kamga 1o 3aMeHUMO y TPETXOAHY
jemnakocT mobujamo ma je (2¢)? = 2b%, onakne je b = 2¢%, na je b? mapam, mTO MOBJAYM U OA je
b mapan, Tj. b = 2d. Anu omma cmo mobwuiau ma Cy ¥ a U b IapHM, MTO je y CYIPOTHOCTU CA TUME
Ia Cy OHHU y3ajaMHO IPOCTH. Kako ¢MO JOGHIN KOHTDAIMKIM]y, HOJIa3Ha IPETIOCTABKA Aa je v/2
palMoOHAJIAH HUje TavyHa YUMeE je NOKa3aHa TeopeMa. O

Jokaz 2. TIpermocraBumo na je /2 pammonangan tj. V2 = ¢, rme je a,b € N, (a,b) = 1. IIpema
Teopemnu 4, mocToje meam GPOjEBU I M § TAKO Oa Baky jeaHarkoct ar + bs = 1. Kako u3z /2 = ¢
nMaMo na je a = b\/§7 a KaJ IMOMHOMKUMO ca /2 umamo 2b = av/2, To moBIAYN A je

V2=+2-1=V2(ar +bs) = (a\/§)r+ (b\@)s = 2br + as.
Ha oCHOBY mpeTxomme jeaHakoCTH mMao na je /2 = 2br + as € Z, mro je memoryhe. Tume je

IIOKA3aHO Ja IO0Ja3Ha IPETIOCTABKA HUje TadvHA. O

Hanomena 2. Ilrasume, Baxku na je (a,b) HajMama DO3UTUBHA BPEAHOCT QYHKIWMje ax + by Kam x
U Yy IpoJia3e CKyIoM Z.

IIpumep 10. Ha ochosy npemzodne Hanomere u npemroonoz npumepa umamo da je H3(180,48) =
12 najmama nosumuena apednocm gynryuje 768x + 180y xad z u y nposase ckynom Z.

360z moza umamo u da ce nujedan 00 bpojesa uz ckyna {1,2,...,11} ne moxce npedcmasumu y
obaury 768z + 180y. A

Teopema 6. a) (ma, mb) = m(a,b), sa m € N.

6) Axod|a,d|bud>0, onda je <Z,Z>:

r) Axo je (a,m) = (b,m) =1, onda je (ab,m) = 1.

(a,b).

) Axo c|ab u (b,c) =1, onda c| a.
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Besy usmeby majBeher 3ajemumuror menuona u HajMamer 3ajeTHUYKOT Camp:Kaola OpojeBa a
u b maje mam cieneha Tteopema:

Teopema 7. a) Axo a1 | b,az | b,...,an | b, onoa [a1,...,a,] | b.
6) [ma, mb] = m[a,b].
B) (a,b) - [a,b] =la-b|.

Cana hemo mepumurcarr H3I1 u H3C 3a Bume ox 2 mesa Gpoja.

Iedwununuja 4. Hexka cy aj,aq,...,a, HeHeraTuBHU neiau OpojeBu, mpu uveMmy je 6ap jeman pa-
3nmuunt oxn 0. Hajsenu mpuponan 6poj d Koju menu cBe Te OpojeBe je BmUXO0B Hajeehu 3ajednuruKy
deaunay, u o3madaBamo ra ca H3I(aq,as,...,a,). Hajmamu npuponan 6poj koju je campsrasan

CBaKOT on OpojeBa aj,ads,...,0, j€ HBUXOB HAMABYU 304JEOHUYKY CAOPACAAAY U O3HAUYABAMO Ta Ca
H3C(a1,as,...,an).

Teopema 8. Hexa cy a1, as,...,a, € N un>3.
Tada saxncu da je H3/MA(ay,as,...,a,) = HSJZ(HSﬂ(al,ag, ey Qp—1), an).

Ha ocmoBy mperxomue Teopeme ciaemu na H3/[ Bume mpuponrmx OpojeBa MOKEMO OIpEI-
UTW BUIIECTPYKOM mpuMeHoM EyrmmmoBor ajaropurma. Y HApEmZHOM MIOTJABLY hemo ce GaBuTu
(haxTOpM3aNMjOM IPUPOTHOI Opoja HA MPOCTE UMHUOIE X Tana NeMO NaTy jOII HEKe METOIE 3a
onpebuBame HajBeher 3aje THUUKOT AEIUOIA U HAjMAmEr 3ajeTHUYKOT CaAP:KAOIA.

3. IIpocTtu 6pojeBM 1 OCHOBHU CTAaB apUTMETUKE

Hepunnnuja 5. (IIpoctu u cinosxenu 6pojeBu) IIpuponuu Gpojesu p € N koju umajy Tauno nsa
Iejuona Ha3uBajy ce npocmu b6pojesu. Ilpuponuu 6pojeBu (# 1) KOju HUCY IPOCTU CY CAONMCEHU
bpojesu.

Hapasuo ta mBa memwmomna cy 1 u p. Hamomenumo ma 6poj 1 muje mpocTt 6poj.

Hwus mpoctux 6GpojeBa moumme OBaKoO:
2,3,5,7,11,13,17,19, 23,29, 31, 37,41, 43,47, 53, 59,61, 67,71, 73,79, 83,89,97,101, 103, 107, 109, 113, . ..

Teopema 9. Hajmanu npocm 0eaunat, caomcenoz 6poja n je mamu uiu jeonar 00 \/n.

Joxas. TIpso hiemo mokazaTu ma n uMa meaumnaarn koju je sehu on 1, anu Mamu niau jemHak ox A/n.
Kako je n cimoxken, ramga ce oH MOKe IpPenCTABUTU y O0OJNUKY nmpousBona n = dy -ds, rae cy di > 1,
do > 1.

Axo 6m 6uno dy > v/n u dy > \/n, oEKa 61 BAKMIO

n=d-dy >+\/n-vn=n,

ITO je KOHTPAAUKIIN]A.

Iame, 6e3 yMamema OMMTOCTU MO¥EMO y3eTu na je di < +/n. Tana he ceaku mpocT menuian
6poja d; GuTm MamM WM jemHAK O /T, ma No0MjaMo ma HajMamW MPOCT Jeduiaarn ¢ 6poja dp
3aI0BOJbABA HEJeHAKOCT ¢ < \/n. Amm kako je cBakm mesumnarn ox dqy W HEIWJIAL OX M, TO 34
HajMamy MPOCT meamiar p 6poja n Baxku p < ¢, T€ 3a P BaKU HEjeOHAKOCT p < /n. Tume je
TeopeMa IOKa3aHa. O

Cunenehu asropuram, 138. EparocrenoBo curo, je 6asupan Ha nperxomaoM TBpbhemy. On je
I0OMO MMe MO CTAapOrpuyKOM MaTeMaTudapy Eparocreny m3 Kupene, Koju ra je mpuMeHUO joIr y
3. BEKy IIpe HOBE epe.

Ila ompemmMo cBe mpocte OpojeBe Mame OI M, MOKEMO WCKOPHUCTUTU METOJH I[O3HAT IO
HazueoM EparocTeHOBO cuto:
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e IIPBO MCIUIIEMO CBe MpUpomIHe Opojese ox 2 mo n — 1;

® 3aTUM YOKBUPWMO OpPOj 2 M peaoM u3 CIUCKA €IUMUHUIIEMO CBE MapHe OpojeBe u3y3eB
opoja 2;

® 3aTVM YOKBUPWMO OpPOj 3 M esuMuHUIIEMO CBe OpoOjeBe mespuBe ca 3, U3y3€B caMor Gpoja
3;

® 3aTUM CJWYHO 3a 5, 7 UTA. TOHABJHLAMO TMOCTYMAK CBE 0 MOCIEIIer MPOCTOT Opoja Mamer

om y/n.

I[Ipumerumo ma mocie eauMUHAIjE MAPHUX OpojeBa HUje BUIle MOTPEOHO TpaKUTU OpojeBe
nessuBe ca 4, 6 ura. jep cy Ty cBu OpojeBu mapuu, na cy Beh uzbauvenu. Cnuuno, mociie eJnuMu-
Hanuje 6pojeBa memLUBUX ca 3, BUINE HUje MOTpebHO TpaskuTu OpojeBe memuBe ca 6, 9 ura. To je
pasJior, mMTO HAM Ka0 3a0KpYkKeHu 6pojeBu (Tj. jequHM IpeocTanu OGPOjeBU) OCTajy CaMo HPOCTU
6pojesBu. [Ipurom, na Ou omgpenuiu mpocTe OPOjeBe Mame O N KOPUCTUMO MPOCTE OpojeBe Mame
oxn v/n (TO je mocienua TPeTXOIHE TEOEPEME).

ITpumep 11. Epamocmenosum cumom odpedumu cee npocme bpojese < 100.

Pewemwe. Ila 6bucmo momohy EpartocrenoBor cura onpemunu cse mpocte Gpojese < 100, Tpeba
peIOM Ma eNUMUHUIIEMO CBe Opojese memuse ca 2, 3, 5 u 7 (TO cy mpocTu GpPOjeBU Mamu Of
v/100 = 10). Ha mouerky Ha Tabiu umamo ucnucane cienehie Gpojese:

23456 7 8 910
11 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48 49 50
51 52 53 54 55 56 57 58 59 60
61 62 63 64 65 66 67 68 69 70
717273 74 75 76 77 78 79 80
81 82 83 84 85 86 87 88 89 90
91 92 93 94 95 96 97 98 99

3aTuM YOKBUPUMO 2 W MpENpTaMoO OcCTaJie mapHe Opojese:

II 3x bhx 7Tx 9x
11 x 13 x 15 x 17 x 19 x
21 x 23 x 25 X 27 x 29 x
31 x 33 x 35 x 37 x 39 x
41 x 43 x 45 x 47 x 49 x
51 x 53 x 55 x 57 x 59 x
61 X 63 X 65 x 67 x 69 x
71 X 73 X 75 X 77 X 79 X
81 x 83 x 85 x 87 x 89 x
91 x 93 x 95 x 97 x 99

Cana je majmamy 6pOj KOju HUje HU YOKBUPEH, HU NPENPTaH 3, Ma Hera YOKBUPUMO, & CBE OCTAJIe

68



O6pojeBe mespuBE ca 3 MPENPTAMO:

>< 5 X 7T X X X
11 x 13 x x x 17 x 19 x
X X 23 X 25 x x X 29 x
31 x x x 35 x 37 X X X
41 x 43 x x x 47 x 49 x
X X b3 X B X X X H9 X
61 X X X 65 X 67 X X X
71 x 73 x X X 77 x 79 X
X X 83 X 8 x x x 89 x
91 X x X 95 x 97 x X

Capna je HajMamu 6pPOj KOjU HUje HU YOKBUPEH, HU IPEIPTAaH b, I1a mera yOKBUPUMO, a CBE OCTAJIe
OpojeBe mespuBe ca 5 mPenpTamo:

><>< 7T X X X
11 x 13 x x x 17 x 19 X
X X 23 X X X X X 29 X
31 X X X X X 37 X X X
41 x 43 x X x 47 x 49 x
X X b3 X X X X X H9 x
61 X X X X X 67 X X X
71 x 73 x x x 77 x 79 X
X X 8 X X X X x 89 X
91 X X X X X 97 x X

Cana je majmamy 6pOj KOju HUje HU YOKBUPEH, HU NPENPTAaH 7, a Hera YOKBUPUMO, & CBE OCTAJIE
OpojeBe memuBe ca 7 MPenmpTaMo:

><><>< X X
11 x 13 x x x 17 x 19 x
X X 23 X X X X X 29 X
31 X X X X x 37 X X X
41 x 43 x X X 47 X X X
X X b3 X X X X X 59 x
61 X X X X X 67 X X X
71 X 73 X X X X X 79 x
X X 8 X X X X x 89 X
X X X X X X 97 x X

Bumre mema mHeyokBupenux mpoctux 6pojesa mamux on /100 = 10, ma crajeMo ca aJropurMoM.
Ha Tabau cy ocranu Hempenpranu camo npoctu 6pojeBu mamu on 100:

2,3,5,7,11,13,17,19, 23,29, 31, 37, 41, 43, 47, 53,59, 61, 67, 71, 73, 79, 83, 89, 97.

Yrynao mma 25 npocrux 6pojeBa mamux on 100. A

[Ipumerumo na je 2 jemunwm mapan mpoct 6poj. Takobe u 3 je jemunum memuB ca 3.
Csu ocranu npoctu OpojeBu cy obanka 6k £+ 1 mTo ce yecTo KOPUCTHU y 3amaIuMa.

Osnaunmo ca 7(x) 6poj npoctux Gpojesa koju Hucy sehu ox x.

Ha ocroBy mperxonsor mpumepa nMamo ga je w(100) = 25.

300r HEIpPaBUJIHOT PACIOpela IPOCTUX OpojeBa, HE MOMKEMO OYEKUBATH jJETHOCTABHY (OP-
Mmyay 3a w(x). Wnak, jeman ox HajuMupecuBHUjuX pe3yiarara Hanpense Teopuje GpojeBa maje
ACUMITOTCKO HOHALIAKE 3a 7(x) U mera femMo caMo pOPMYJIMCATA y HAPEAHO] TEOPEMU.
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Teopema 10. (o 6pojy npoctux Gpojesa).
Baxcu jeonaxocm

1
lim TI'(SC)E =1,
T—00 x

20e Inx osnauasa npupodnu aozapumam (mj. aozapumam ca ocrosom e~ 2, 71...).
Teopema 11. Ceaxu npupodan 6poj n > 1 je uau npocm uau je npoussod npocmuz bpojesa.
Teopema 12. Axo npocm 6poj pta onda je (a,p) = 1.

Teopema 13. Axo p | ab, onda p | a uau p | b. Onwmuge, axo p | aras ... a,, mada p deau bapem jedan
00 bpojesa ay,az, ..., Gy.

Teopema 14. (OcHOBHU CTAB ApUTMETUKE).
Caaxu mpupodar 6pojn > 1 moxuce ce npedcmasumu Kao npouszsod npocmus 6pojeaa Ha jeduHcmaen,
navwun (ca mawnowhy 00 BULOB02 NOPEMEKQ).

OBa Teopema je KbYUYHH CTAB T3B. MYJITUIUIMKATUBHE Teopurje OpojeBa. Y dakTopusanuju
6poja n HeKu npocT O6POj ce MOyKe MOjaBUTU KAao (GakTop Bulle myTa, perumo 24 =2-2-2-3. Ako

Cy P1,...,Pkr CBU PA3JIMYUTU OPOCTU (PakTOpU OpOja n, OHZA Ce N MOKE MPEICTABUTUA Kao
k
— Q1 Q2 o g
n=py Py” ... P _Hpj ,
Jj=1
rme cy ai,Qs,...,Q jenHosHayHo onpebenu mpupomu OpojeBu. OBO ce Ha3uBa KAHONCKG

penpesenmayuja U (KaHoOHUNKO pasaazame) TpupomHor opoja n. OHa ce BPIO YECTO KOPUCTU
y Teopuju Gpojesa.

IIpumep 12. (Penybauuxo sa VI pasped, 2000.)
2 1 1 1 1

Pewumu jeonavuny 3=

— =+ —.
60 219 292 «zx

Pewewe. Kana uzspmmuMo ¢akropm3anujy CBUX UMEHMJIaNna ao0OujamMo ma je 73 mpocT, a OCTaul
cy 60 =122.3.5,219=3-73 u 292 = 22 . 73. 3aTo Kama cBe GpojeBe mpebaIUMO Ha jeJHY CTPAHY
U CBEIEMO WX Ha 3a)eTHUYKU UMEHUJIAI] OOOujamo:

12 1 1 1 2:22.3.5-73-22.5-3.5 12 11
x 73 60 219 292 22.3.5.73 T 922.3.5-73  5-73 365’
omakie je x = 365 A

Y HapenHoM mpuMepy eMO MCKOPUCTUTU KAHOHCKY pempeseHTanujy na ompemuvo H3Il u
H3C aBa npuponna 6poja.

ITpumep 13. Hexa cy dama 2 npupoona bpoja:

k k
n=pitopst gt =10 m=ptpt e = [
j=1 j=1
20e cy a1, Qa,. .., 0k, B1, B2, ..., Br Henezamuenu yeau bpojesu (wnp. axo y n nema daxmopa pj, onoa

je a; = 0; caunno axo y m nema gaxmopa p;j, onda je B; =0).
Hajeehu sajednuuru deaunay u Hajmanu ajednuvwky cadpacanay, 08a 08a bpoja dam je ca:

k
H3(n,m) = pflnin(alﬂl) _p;nin(azﬁz) . _pzﬂin(akﬁk) _ p}nin(%"ﬁj),
j=1
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k
H3C(n,m) = pllnax(ahﬁl) . p;naX(QQ,ﬁQ) . .pzﬂax(ak»ﬁk) _ p;_naX(Oéjﬁj)
j=1

Bpojn deau m, n | m, axo u camo axo samcu 0 < o; < By, 3ai=1,2,... k. A

Pesyarare mperxoaaor npumepa MOKEMO UCKOPUCTUTH 3a eeKTUBHO n3apauyHaBame H3 /[ n
H3C nBa 6poja. Ty e Mopamo ma oapenuMo KaHOHCKe (arropmizamnuje oba Opoja, ma ma mpu-
MEHIMO TOpm-e popMmyiie ca min u max. Ako onpebyjemo H3 Il onma y cBakOM KOpaky u3aBajamo
OpOCTe YMHUOILE KOju Heie 06a 6poja (Ty penuMo KOPUCTUMO CBOjCTBO u3 Teopeme 6. 6), a ako
onpebyjemo H3C onna y cBakoM KOpaky M3ABajaMO IpocTe (GakTope Koju nese Gap jemaH Opoj.
To hemo maycrpoBaTu Ha ciienelieM KOHKDETHOM NPUMEDY.

IIpumep 14. Odpeoumu H37[(180,168) u H3C(180,168). IIposepumu jednaxocm us Teopeme 7. 8).
a au 168 deau 1807

Pewemwe. 1. Ha ocuoBy cnenehux pacraBbama Ha MPOCTE YNHUOIE:

1802 168|2

902 8412

45(3 42|12

15|3 213

5|5 T\7
1 1

nobujamMo ma je n=180=2%2.32.5 u m=168=2%-3-7.

IIpencraBumo 0ba H6poja ma mMmajy 3ajeqHUUKE IpOCTe (ParTope:

n=180=22.32.5.70 u m =168 =23.31.50.7L,

Hame, npema pesyararuma lIpumepa 13 mmamo na je

HSH(’R,TR) _ 2min(2,3) . 3min(2,1) . 5min(1,0) . 7min(0,1) —92.31.50.70 12,
H3C(n,m) _ 2max(2,3) . 3max(2,1) . 5max(1,0) . 7max(0,1) _ 23 . 32 . 51 . 71 = 2520.

Kako je 12-2520 = 30240 = 180 - 168, Buaumo na Basku jemHakoct u3 Teopeme 7. B).
Kako cremen nsojre y m je Behin on cremena msojke y n, 3 > 2, nobujamo ma m { n (Moran
CMO [Ia TIOCMATPaMO U CTeNeHe 7). A

Pewemwe. 2. Cana hemo 6e3 ¢paxropucama O6pojeBa 180 m 168 ma mobmjeMo mpocTe UMHUOIE O
H371(180,168) m H3C(180, 168).

Ha neBoj crpanu hemo oba O6poja ma meauMo ca HajMAmLUM TPOCTUM OpOjeM ca KOjuM Cy
06a nemuBa (1 mOCTyIAK ce 3aBpliaBa Kaga nobujeMo ABa ysajaMHO IpocTa 6poja), nok hemo
Ha OecHoj crpanu oba Opoja ma meamMo ca HajMamuUM TPOCTUM OpojeM ca kKojuM je Gap jeman
oI BUX NeJbUB — YKOJIMKO je caMO jemaH ol TUX OpojeBa Ne/bUB Ca P, OHOA Taj KOjU je HNeJbUB
NONENUMO Ca P, & APYTU OCTABUMO KakaB je 0uo (M mMOCTymak ce 3aBpliaBa Kala HO0UjeMo nBe

1):

180, 168|2
90, 84[2
180, 168|2 45, 422
90, 84[2 45, 21[3
45, 423 15, 73
15, 14 9, 7|5
1, 7|7
1, 1
nobujamo ma je  H3II(180,168) =22-3' =12 wu H3C(180,168) =23.32.5.7 = 2520. A
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Ipuwmep 15. Bpoj deausaya bpoja n ce osnavasa ca 7(n). Axo 6poj n uma KGHOHCKY penpesenmayujy
onda je ceaxu deaunay, bpoja n 0baukKa

n=p" Py
20e cy bpojesu Bi(i = 1,2,... k) maxeu da samcu 0 < B; < ay(i = 1,2,...,k). 3602 jeduncmeenocmu
paxmopuszayuje, xoja ce odnocu u na d, ceaxu desuaay bpoja m je na jeduncmaen mavum odpehen

usbopom excnonenama B;(i =1,2,...,k). Kaxo ; momcemo da usabepemo na a; + 1 navuna, sudumo
da je yxynaw 6poj usbopa, 00HoCHO YKynaw 6poj deaunaya bpoja n jeOHax

T(n)=(a1+1) (a2a+1) ... (. +1).

Y meopugju 6pojesa je eeoma bumna u Ojaeposa fu—pynruuja, p(n) koja npedcmas.na 6p0oj npupooHuL
bpojesa mamwur 00 N U Y3ajAMHO NPOCNUT €A N

1 1 1
SO(”)Zn'(1—]71)'(1—;2)*-*(1—];)-

Pynruuje T(n) u p(n) cy myamunaukamuere Gynryuje, mj. eaxcu: axo cy 6pojesu M u n YajamHo
npocmu, (m,n) =1, mada je

r(m-n)=r(m)-r(n)  (m-n)=p(m)-p(n).

Osa ocobuna ce moxce uckopucmu 3a pavyramwe Ojaepose gynrkyuje jep je 3a npocm b6pojp u k € Ny
UCTYHEHO
p(p*) =p" —p
Taxo 6poj 24 = 23 -3 uma 7(24) = (3+1)- (1 +1) = 8 deaunaya v mo cy: 1, 2, 4, 8, 3, 6, 12 u
24. IIpupodnu bpojesu < 24 u yzajammo npocmu ca 24 cy: 1, 5, 7, 11, 13, 17, 19 u 23 u wuz uma
1 1

p(24)=24-(1— 3 1-— 3)= 8. Cada jour 0a nposepumMo MYAMUNAUKAGMUBHOCT, 08UT PYHKUU]A.
7(8) = (3+1) =4 (deavoyu cy 1,2,4,8), 7(3) = (1+1) = 2 (eavoyu cy 1,3) ut(24) = 7(8)-7(3) =4-2 =
8. p(8) = p(23) =23 -22 = 8—4 = 4 (ysajammno npocmu cy 1,3,5,7), p(3) = p(31) =31 -3" =3-1=2
(ysajammo npocmu cy 1,2), p(24) = ¢(8) - p(3) =4-2=8. A

OaroBop Ha NUTAKE KOJUKO MMa IPOCTUX ODPOjeBa 3HAIU CY jOII CTAPOrPUKN MaTeMaTUJapH.
Eyrmun y IX kmusu cBojux ”Enemenara” maje cinemehw moka3 4YumeHUIE A8 je CKYI TPOCTUX
OpojeBa DGeckoHAUAH:

Teopema 15. (EyknunmoBa teopema).
He nocmoju najeehu npocm 6poj.

Zoxas IlpermocTaBuMO na MOCTOjU CAMO KOHAUYHO MHOI'O IPOCTUX OpojeBa: pi,pa,...,Dn U HEKA
je pn Hajsehu meby muma. Ako popmupamo 6poj

P:p1p2~--pn+la

BuauMo na je P > p, u ma 3a P mocrtoje mBe moryhuocTu:

1° P je mpocT 6poj — mITO je y CYIPOTHOCTU Ca MPETIOCTABKOM na je p, HajBehu mpocTt 6poj;
2° P je caoxken 6poj — P npu mejemy ca CBAKAM OX Pi,P2,...,Pn Hdaje ocraTrak 1, Tj. P muje
[eJbUB HU Ca jeTHUM OJ IbUX, OMHOCHO P mMma Heke Apyre mpocrte (hakTope, mTO je y CyOIPOTHOCTHA
ca MPEeTIOCTABKOM Ha CY P1,P2,---,Pp CBU IPOCTU OPOjEBU.

IlobujameM KOHTPAAUKIMjE CMO MIOKA3aJM Aa IPOCTUX OpOjeBa HEMa KOHAYHO MHOIO, Tj. Oa je
CKyT TIpOoCTUX OpojeBa OeckOHAYAH. O

Y HapemHOM NpUMepy MCKOpucTmhieMo noka3 EykammoBe Teopeme, Kao M jOII HEKe MPOIEHE
na Ov OrpaHUYMIN BEJIUYUHY N-TOT MPOCTOT Opoja.
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ITpumep 16. Odpedumo 00 weza je mamu n-mu npocm 6poj.

Pewewe. Ha ocroBy EyrmmmoBor nokasza Teopeme 15 mMaMo na BaKW ppy1 < piP2..-Pn + 1 32
n > 1. Ako cMamuMO cBe MHAEKce 3a 1 mobrjamMo HejeTHAKOCT:

Dn <P1P2---Pn—1+1 3a n =2

Ca wmasoM wmommdpuramumjomM EykammoBor pe3oHOBama, NPETXOIHA HEjeIHAKOCT MOMKe OuTu!
noboJbIIaHa Ha:

Pn <P1P2 - Pn_1—1 3a n = 3.

Pemumo 3a n = 6 umamo na je
pe=13<2-3-5-7-11—1=2309,

a BUAMMO J11a je 0BO BeoMa rpy0a mporena. Maao 6ome orpannueme naje boucoBa HejemmakocT
(enr. Bonse’s inequality):

(pn)2 <Dpip2...Pn-1 3a N = o.

U3 me umamo ma je (pg)? < 2310, Tj. ps < 48.

Jom 6oy mponeny mobujamMo M3 HejeTHAKOCTU:

Pan < P2P3...Pn 3a n=3.
Opnarie je pg <pz-p3—2=3-5—2=13. A

I[Ipobnem KOm CBUX MpOIlEHA W3 MPETXOMHOI TPUMEPA je IMTO 3a IHUXOBY IPUMEHY MOPaMO
J1a 3HAMO BPEIHOCTHY CBUX MaBbUX IpocTux OpojeBa. Orpanuuene Koje He 3aBUCHU O IPETXOTHUX
mpocTux O6pojeBa je maTo y HApETHO] TEOPEMU.

Teopema 16. Hexa p,, osnavwasa n-mu npocm 6poj. Tada saxncu p, < 22" ",
Cuneneha mocrequna oBe TeopeMe je 3aHUMJLUBA.
IMocnemurmia 1. 3a n > 1 nocmoju 6ap n + 1 npocmuz 6pojesa mawuz 00 22" .

Hasemhemo jom nBe mosmare TeopeMe Be3aHe 3a mpocTe OpojeBe, KOje ce J4eCcTO KOPUCTE
Ha MeDyHapoOmHMM TakMUUYEHUMa, a BUXOBU MOKA3U Cy NAJIEKO Ol ejieMeHTapHux. Hakon Tora
hemo maBecTu 1 HEKOIMKO OTBOpeHux npobiaema Teopuje Gpojesa (3a Ta TBphema jom yBer Huje
[O3HATO [a JU Cy TadyHA MU HE).

Teopema 17. (BeprpaHoB moctysaTt — moka3ao ra je UeGumes).
3a ceaxu npupodan 6poj 6poj n > 1 nocmoju npocm b6poj p, maxas 0a saxncu n < p < 2n.

Pesynrar u oBor tBphema MOkeMO MCKOPUCTU 3a OOJbE MPOIEHE BEJIUYWHE NM-TOr IPOCTOT
opoja.

ITocaemuria 2. Baxcu p, < 2™ 3a n > 2.
Ilocnemuna 3. Baxcu pyy1 < 2p, 30 n > 2.

Teopema 18. (dupuxnaeoBa Teopema).
Axo cy a ub ysajammno npocmu bpojesu, (a,b) = 1, mada nocmoju beckonauno mroz2o npocmuz 6pojesa
obauxa an + b, 2de jen =1,2,...

Heku oxn HajuosHaTujux orBOpeHUx npobiema reopuje GpojeBa (Be3aHUX 3a Hpocte 6pojese)
cy:
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e Tonnbaxosa xumnore3a. Ceaku mapan 6poj Behu on 2 MOke ce MpeACTaBUTUA Y ODIUKY
30upa 2 npocta Opoja, a cBaku HemapaH O0poj Behu ox 7 MOKe ce IpenCcTaBUTHU KAO 30Up
3 menapHa npocra 6poja (oBaj gpyru meo je 1937. roauHe mokazao pyCKU MaTeMaTHUap
Bunorpano ananmuTumukrM MeTOLaMa, 33 JOBOJHAHO BEJIUKE HEIAapHE OpojeBe m > ng;
BunorpanoB Huje mao mpoueHy 3a ng, a TO je nIpBu yuuHuo Bopo3akuu 1956. rogune —
ng < 3315, 1ok je 1989. rpanuma 3a ng cMamena ma 1043000)

e He 3ma ce ma nu usmeby caka 2 ysactomna kBaaparta n? u (n + 1)? moctoju mpoct 6poj.

e He 3mHa ce ma 1y mocTOju GECKOHAYUHO MHOTO MPOCTUX OpojeBa obmuka 4k2 + 1.

e KpoHekep je mao mpeTmoOCTaBKy Oa Ce CBAKU MO3WTWBAH apaH OPOj MOMKE MPENCTABUTU
Kao pa3iauka 2 mpocTa Opoja Ha BECKOHAYHO MHOTO HAauuHa (CHenujajiaH ciydaj OBOT
TBpbhema je m xunoresa na HOCTOju OECKOHAYHO MHOTO IIapoBa NpoCmur bpojesa
bauszanaya, Tj. IApPOBa TPOCTUX OPOjeBa KOJU Ce PA3IUKY]y 3a 2).

4. Kourpyeunnuje

BpojeBu koju majy mcTu ocTaTak IpU Ae/belmy OpojeM m umMajy 3ajeqHuuKux ocobuHa. 360r
TOora ce M yBogne cieneha nepuHunuja m O3HaKA:

Iedpuuurnmja 6. 3a nene 6pojese a u b Koju npu memeny ca m # 0 najy ucre ocrarke (Tj. ako 1meo
6poj m memm a—b; oBa IBa MCKa3a Cy eKkBUBaJeHTHA 300r Teopeme 2) Kaske ce na CY KONZPYEHMHU
no mMo0ysy m. CuMOONUYKN Ce TO TIUIIe

a=b (modm).
Axo m He nenu a — b, KaxKe ce Ia a Huje KOHepyenmno b no modyay m W NMUIE ce

aZzb (modm).

OBy moramujy yBeo je ['ayc y kmwm3wm ”Disquisitiones arithmeticae”, koja je Ouia oGjaBibeHa
1801. romune, xkana je 'aycy Oumo cBera 24 ronuse.

Kako je a — b memmBO ca m ako m caMO aKO je OEHUBO Ca —m, MOKEMO 0e3 OrpaHudemna
ONIITOCTUA y KOHI'PYEHIUjaMa IPEeTHOCTABUTU Ia Cy Momysu m npupomaau opojesu. Crora hemo
Ol cajn ma HaJaJhe IPETIOCTABLATHU A je m HIpupomaH 6poj.

IIpumep 17. Ha ocnosy Ipumepa 6, uz jeonaxocmu 35=11-34+2 caedu da je 35 =2 (mod 11),
auz —51=(=7)-84+5=7-(—8)+5 caedudaje —51=5 (mod 7). A

Kourpyennuje umajy m MHOTE 3ajemuuuke ocobOuHe ca jemnakocTuMa. Heke om Tmx ocobuHa
clleile HENOCPEOHO M3 Ae(pUHUNM]e KOHI'PYEHIMje U caap:Ku ux cieneha teopema.

Teopema 19. Hexa cy a,b,c,d,x u y npoussonnu yeau bpojesu. Tada sancu:
a) a =a (mod m). (ocobuna pedaercusrnocmu,)
6) a=0b (mod m), b=a (mod m) ua—>b=0 (mod m) cy exeusasenmna mephema.

(ocobura cumempuunocmu)
B) Axo jea =b (mod m) u b =c (mod m) onda je v a =c (mod m). (ocoburna mpanzumuerocmu)

r) Axo je a =b (mod m) u c=d (mod m) onda je u ax + cy = bx + dy (mod m). (ocobura
AUHEAPHOCTNAUL)

) Axo je a =b (mod m), onda nocmoju yeo 6poj ¢ maxas da je a = mq + b.

b) Axo jea=b (mod m) uc=d (mod m) onda je u ac = bd (mod m). (ocobumra

MYAMUNAUKATUEHO CTNU)

e) Axo je a=b (mod m) onda je u a® = b* (mod m).

&) Axo jea =b (mod m) u f(x) noaunom ca yeaum xoeduyujenmuma, onda je f(a) = f(b) (mod m).
3) Axo jea =b (mod m) u d|m, onda je a =b (mod d).
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3a peasue Opojese Basku ocobuna ckpahuBama: ako je ax = ay u a # 0, ouna je z = y. Kon
ckpahuBama KOHIpyeHIUja nOoTpeOHO je Buime ompesa, Kao MITO IOKa3yje ciaeneha Tteopema.

Teopema 20. a) ax = ay (mod m) axo u camo axo je x =y (mod (m)) (a #0).
a,m

6) Axo je ax = ay (mod m) u (a,m) =1, onda je x =y (mod m).

B) a=0b (mod m;) sai=1,2...,k axxo je a=b (mod H3C(mq,...,my)).
IIpumep 18. Baxncu 2-5=2-14 (mod 6), asu ne momcemo ckpamumu ca 2, jep je 5 % 14 (mod 6).

6 6
EKaxo je (2,6) =2 u 2.6 =5= 3, npema Teopemu 20 a) umamo da je 5 =14 (mod 3). A

Ha ocuoBy ocobuna a), 6) u B) Teopeme 19 cienu na je KOHrpyeHIMja MO MOLYJLY M Peauja
exsusasenyuje. Kiace ekBuBaJsieHnuje cy OpOjeBU KOjU IPU HEHEIHY Ca M OAjy UCTU OCTATAK. Y
pany ca 6pojeBuMa MO MOAYJIY M Y CYUITUHU BPIIUMO yoOMUajeHe omepaluje apuTMeTuKe + u -
aJu 3aHEMapyjeMo yMHOIIKe Opoja m. 3a cBako a > 1 Heka je

)

a=qm-+r (0<r<m)

no anropurMmy memema (Teopema 2). Tama je a = r (mod m), u Buau ce ma je cBaku 1eo 6poj
KOHI'DYEHTAH IO MOIYyJy m HekoM ox 6pojesa 0,1,...,m—1. Takobe je jacuo ma meby mocrenmum
OpojeBUMa HUKOja ABa HUCY KOHIDYEHTHa IO Monayiry m. Kaxke ce ma Ttux m OpojeBa obpa3syje
NOMNYHU CUCTEM O0CAMAKG NO MOOYAY m. Y OIIITEM CIydajy OpOjeBUu X1, Ta,..., T, 00pa3yjy
HOTILYHM CACTEM OCTAaTaKa II0 MOLYIY m ako ; # x; (mod m) 3a i # j. Tama je omer cBaku 6poj a
KOHI'DYeHTaH jenHoM (¢ caMo jexHoM) o 6pojeBa x; 1O MOAYJLy M. JacHO je Ja HOTILyHUX CUCTEMA
ocTaTaka mMa OEeCKOHAYHO MHOTO, jJep Ce PEenuMO I0AaBAMmEM KUCTOT OpOja CBAKOM €JIEeMEHTY U3
MOTIIYHOI CUCTEMa OCTaTaka mobujajy OpojeBu KOju OMET YMHE MOTIYHU CUCTEM OCTATAKA.

Teopema 21. a) Axo je a =b (mod m), onda je (a,m) = (b,m).
6) Axo jea=b (mod m), a=0b (mod n) u (m,n) =1 onda je a =b (mod mn).

Kaske ce ma Gpojesu r1,73,...,7: 00pasyjy pedykosanu (MU ceedenu) CUCmem ocmamara no
modyay m ako je (ry,m)=13ai=1,2,...,t ur; #r; 328 i # j, 1 aKO CBaKO T 3a Koje je (x,m) =1
3amoBossaBa ¢ = r; (mod m) 3a HEKO i. JacHO je ma ce PeNyKOBAHU CHCTEM OCTATAKA IO MOIYIY
m MOKe MOOUTU aKO Ce M3 MOTIYHOT CHCTEMa OCTATAKa IO MOIYJY M OICTPaHe CBU OHU OPOjeBU
x; 3a Koje je (x;,m) > 1, Tj. 3anpske onm 6pojesn z; 3a Koje je (x;,m) = 1. Jenuosuauno onpebenn
6poj t mpencrasma OjnepoBy ¢yHRIWMjy, Tj. t = @(m). Jacuo je ma je (1) = 1. Axo je p mpocr
6poj u k > 1, onna je

e(*) =p* =",
jep cy 6pojeBu n < p 3a Koje je (n,pk) > 1 6pojesu p,2p,3p,...,p", a mux je yrymmo pF 1.
IIpumep 19. Axo nocmampamo ocmamxe no modyay 8 (mj. m = 8), mada bpojesu 0,1,2,3,4,5,6,7
wune nomnynu, o 1,3,5,7 pedyxosanu cucmem ocmamaka no modyasy 8. Ceaxu weo 6poj je Kowepy-
enman no mMooyay 8 nexom 00 6pojesa u3 NOMNYHOZ CUCEMA OCTAMAKA N0 MoOyay 8, a ceaxu 6poj
ysajammno npocm ca 8 je womepyenmarn no mooyay 8 wexom 00 bpojesa us pedykosanoz CucCmMema oc-
mamaka no moodyay 8, mj. nexom 00 bpojesa 1, 3, 5 uau 7. t =4 =¢(8) =8 (1 — %) A

5. OcHoBHE TeopeMe Teopuje OpojeBa

Y oBom moruassiy hemo camo HaBecTu (6e3 noOka3a) OCHOBHE TeopeMe Teopuje 6pojesa.
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Teopema 22. (OjnepoBa Teopema).
Axo je (a,m) =1, onda je
a?™ =1 (mod m).

Y mocebuoM ciyuajy Ojmeposa Teopema, kana je m = p mpoct 6poj (tana je p(p) =p—1), je
a?” ' =1 (mod p) 3a (a,p) =1,

a MHOKEHeM ca a nobuja ce ciaemehu pesyirar, KOju je y IUTEpATypPU HO3HAT Kao Mmana Pepmaosa
meopema (eeaura Pepmaosa meopema je tBpheme ma jemmaumua x" 4+ y" = z" HeMma pemema y
CKyIy TPUPOTHUX OpojeBa ako je n > 3 um OHAa je Omja BEKOBUMA M3a30B 3a MAaTEeMaTUYape, a
pemuo je 1997. romuue Eunpjy Bajic).

Teopema 23. (mana $PepmaoBa TeopeMma).
Axo je p npocm 6poj u a yeo 6poj Koju Huje despus ca p, oHda je

a?” ' =1 (mod p).

OsBa Teopema ce uecto 3anaje u'y obauky a? = a (mod p), rzae je p mpoct 6poj, & a TIPON3BOLAH
6poj.

Mana PepmaoBa TeopeMa HaJIA3U MPAKTUYHY IPUMEHY V PAUYYHAPCTBY: 3a HOTpebe Koaupama
noTpebHO je onpenuTu Besauke npocrte 6pojese (jemunu 100% epuracan HAYUH 38 yCTAHOBILABAHE€
CIIO’KEHOCTH HeKor Gpoja n je EparocreHoBo curo, anu Taj mOCTyNak U3UCKYje NOCTa BpEMEHA) U
Taza aKo HAM HeKu Opoj 3am0BosbaBa Maiy PepMaoBy TeOpeMy 3a HEKOJUKO (IITO BUINE TO GOJLe
— seha je BepoBaTnoha ma je Taj 6poj 3aMcTa MPOCT) PA3NIUUUTUX BPEAHOCTU ¢ OHIA T'a MOKEMO
CMATPAaTU KA0 IPOCT 33 I'€HEPUCAHE HEKOD KOIa.

IIpumep 20. ITomohy Ojaepose meopeme MOANCEMO 06 PEWUMO KOHZPYERYUTY
ar=b (mod m) ((a,m) = 1), )

20e je x nenosznama, a seaunune a, b um cy dame.

Pewemwe. OBa jemmaunna He MOKe Na UMa BUIIE O je[THOT PeNlema Mo MOoAyay m. Haume, ako 1
U T2 3am0BobaBajy (2), omna ciaenu

ax; = axe (mod m),
a mo Teopemu 20 6) noGuja ce ma je x1 = z2 (mod m). C mpyre crpane
T = af(m-1p
je ouursenHo pememe jennauune (2), jep je
azy =a*™b=1-b (mod m)

no OjnepoBoj teopemu. Ipyrum peumma jennaumsa (2) MMa jeAUHCTBEHO DPEIIEHE IO MOLYILY

m. A

Teopema 24. Juneapra xonzpyeryuja ax = b (mod m) uma pewewa axo u camo axo d | b, 2de je
d = H3/(a,m). Axo d | b mada xonepyeruuja uma d mehycobHo HeKOHZDYEHMHUT PEUWERHA NO MOOYAY
m:

m

m m
— 2—, ... —-1)—
x07x0+ damo—i_ d7 ,$0+(d )da

20e je g Heko pewene dame KoHZpYeRyuje.
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Ha ocuoBy mperxonme teopeMe mMaMmo na ako d { b Tama JuHeapHa KOHIDyeHUUja ar = b
(mod m) nma pemesa, MTO ce YeCTO KOPUCTH y 3anamuma. Takobhe oBo tBpheme 3a KoHrpyennuje,
MOKe Ce CBECTU Ha JUHEApPHY jeHAUuHy, NITO jeé HATO Y HAPEeITHO] IMOCJIIEeIUIH.

IMocnemuua 4. Juneapha jeonawuna ax +my = b (060 je jednauuna no T u y) uma pewena y ckyny
yeauz 6pojesa axo u camo akxo d | b, 20e je d = H3/(a,m).

Hpuwmep 21. (Mehyonwmuncko 3a V pasped, 1987.)
3bup 0sa paznomre ca JeOROYUPPEHUM UMEHUOUUMG je %. Odpedu 0 Kojum Pazromyuma je pew.
Koauxo pewemwa uma?

Pewemwe. IIpBo hemo pasmarparu ako cy pasnomnu Beh ckpahenu, Tj. ma 3a HBUXOBE MMEHUOIE

T 11

u Opojuone Baxku (p,q) = 1 u (r,s) = 1. Ouma ce 3amarak CBOAU HA jeTHAYUHY P + - = —, roe
q s

18
cy (p,g) =1m(r,s) =1

3a uMeHMOIE OBa IBa PA3JOMKAa, ¢ U S, Mopa na Baxu na je H3C(g,s) = 18. U3 ycaosa
3aIaTKA Cy ¢ U § jemHOmmM(ppeHr 6POjeBU, a OHU Cy U pas3iauuuTu ox 1. 3amro? Y KOJIUKO OU HEKU
on mux 6uo jemuak 1, ouna 6m muxoB H3C 6ro jemnak oHOM apyrom 6pojy, Koju je jemHOmMGpEH,
a He 18.

Kako ce y 3amaTky mumrTa He Kake 3a Opojuore, OHM MOTY OUTU MPOM3BOJLHU Ieau OpojeBu
(0 me Mory 6uTy U3 MCTOr pasyora, Kao mWTo 1 Huje MOTyo ma Oyne y UMEHUOLY ).

Ha ocmoBy mperxonor, umamo cienehe ciayuajese:

p r 11 p r 11 p r 11

o Byl 9o Byl 3 Dyl

2 + 9 18 3 + 6 18 6 9 18
1° kana jemamwoct § 4 § = % NOMHOkMMO ca 18, nobujamo nuHeapHy jemuHauuny 9p + 2r =
11. Kox we d = H37(9,2) = 1 | 11, na npeMa mpeTXOAHO] IOCIEAUNM OHA MMa pelema. AKO
By DOCMATPAMO IO MOAyJLy 2, nobujamo (exBuBajeHTHY) KOHrpyeHuujy 9p = 11 (mod 2), j.

mobujamo p =1 (mod 2) u meHO pelnene UnHe CBU HENApPHU Iieaun 6pojesu p, 1j. p = 2k+1, k € Z.
Kana to yBpctumo y 9p + 2r = 11 nobujamo na je r =1 — 9k.

2° mobujamo nuueapny jemsauwuy 6p + 3r = 11. Kox we d = H37(6,3) = 3 { 11, na upema
IPETXOHOj MOCIEINIM OHA MMa pemema ([0 Tora cMo Morau mohwm jep je meBa crpana memusa
ca 3, a IecHa HUje).

3° mobujamo suHeapHy jemHauuny 3p + 2r = 11. Kox me d = H3(3,2) = 1 | 11, na u ona uma
pemema. Omer mocmarpamo mo Moxyny 2, ma mobujamo 3p = 11 (mod 2), 1j. mobujamo p = 1
(mod 2) u WweHO pememe UYMHE CBU HEMAPHU 1eiau OpojeBu p, Tj. p = 2k + 1, k € Z. Kama To
yBpctuMo y 3p + 2r = 11 mobujamo na je r =4 — 3k.

Konauno nobujamo ma 3amarak mMa GECKOHAUHO MHOI'O pEIlerkha ODJIMKA:

2k+1  1-9k 2k+1  4-3k
2 + 9 6 + 9

rae je k € Z.

YKoMuKO OU ce y 3amaTKy TPaKUIO Ja CY MMEHUOIW MPUPOIHU OpojeBu, oHma Ou Tpebaso
ONpeIUTH BpEeIHOCTHU 3a k Tako ma cy uctospemeno 2k +1 € N wu 1 — 9k € N (y npsom cayuajy),

kao u pa cy ucrospemeno 2k+1 € Nu 4—3k € N (y tpehem cayuajy). To nam maje camo pemema
1 1 1 4
279 " 679

(rme cy cBu pasnomuu ckpalieHn), aau KakO OX IPBOI MOYKEMO HOOUTH jom 3 pemema KOI KO-
jux je mMeHmMIIAN jeMHOIMM(PEH, aJu Pa3JjoMIM HKUCY ckpaleHw, KOHAYHO HOoOWjaMo na Ou y OBOj

apuja 3aaTak UMao 5 pelmema: -+ g—i—l é—i—l é—i—l l—i—é A
BAPHUjaHTU 3a,JaTaK UM pelemas 5t g it st stg % 579
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ITo amamoruju ca mpobiaeMuMa pemaBama ajJrebapCcKuX jeHAYMHA MOCTABJba, Ce MPUPOITHO 1
mpobieM pemraBama KOHIPYEHIMja. Y ONIITEM CIydajy Ce permaBa KOHTDYEHIIN)a

f(z)=0 (mod m),

rie je f momuHOM Nn—TOr cTenena (360r Tora je morpebHO 1a je a, Z 0 (mod m) jep ce y mpoTuBHOM
no6uja KOHIPyeHIrja ca TOJUHOMOM CTeTleHa MamuM o 1) f(1) = apx™ +a, 12"t +...+a1x+agp
YUnju Cy KOCUIUjEeHTHU a; Ieau OpojeBu.

Axo je cyn {x1,Z2, ..., Ty} TOTIYHU CUCTEM OCTATaKa IO MOIYJY M, 6POj pelemha KOHIDYeH-
mje f(z) =0 (mod m) ce mepunume xkao 6poj ouux x; 3a koje je f(x;) =0 (mod m). ITo Teopemn
19 e) jacuo je ma je 6poj pemema f(x) =0 (mod m) meszasuctan ox u3boOpa MOTIYHOr CUCTEMA
ocTaTaka IO MOIYJy M, Kao 1 Aa Taj 6poj pemema HUKala He Ipejasu M.

ITpumep 22. Odpedumo pasHe NOAUHOMHME KOHZDYEHUUTE KOAUKO UMATY PEUEDA.

e 23— 2 =0 (mod 3) uMa mpu, mj. maxcumaaar 6poj pewewa (mo cy 0,1,2).

e 22+ 1=0 (mod 7) HEME PeUWena.

e 22 +1=0 (mod 5) uma dsa pewewa (mo cy 2,3).

e 22— 1=0 (mod 8) uma wemupu pewewna (mo cy 1,3,5,7). VAN

Teopema 25. (JIarpansxoBa Teopema).
Hexa je p npocm 6poj u p J( an U HeKa je f(x) = " + ap_12" L+ .. 4 a1z + ag damu noaurom ca
yeaum xoeuyujenmuma. Tada xonepyenyuja

f(x)=0 (mod p)

UME HAjeUWE N Peuwena no Mooysy p.

Tepbheme e Mopa OuTu TAYHO aKO P HUje MPOCT OPOj, KAO IITO PENUMO IOKa3yje MpUMep
rourpyermuje v2 — 1 =0 (mod 8), kKoja mma ueTwpu pemema: 1, 3, 5 u 7.

Hocaemana 5. Hexa je p npocm 6poj u nexa je f(2) = anx™+an 12" +...+a1x+ag damu noaurnom
ca yeaum xoepuyujenmuma. Axo Konzpyeryuja

fx)=0 (mod p)

uma suwe 00 N pewtena no Mooyay p, oroa je ceaxy xoeguyujenm noauroma f(x) dewus ca p.

Nmajyhu y Buay JlarpamkoBy TeopeMy U HEHY MOCIEOUIY, CATa MOKEMO JAaKO Ja TOKAKEMO
jemaH oI KIaCUYHUX CTABOBA €JEMEHTapHe Teopuje OpojeBa, KOjU je y JUTepaTypr MO3HAT Kao
Buncounosa teopema. Cuneneha teopema je 3anuMmibuBa, jep naje GopMmyay KOja BayKu 3a CBe
npocre 6pojeBe M HU 3a jemaH Apyru Opoj (To Huje cayuaj ca manom PepMaoBOM TEOpeMOM
— Bugeru 3anatak ??). Ha skasnocr, kopumbieme Te popMysie 3a UCOUTUBAKE CIOKEHOCTU OPO-
jeBa, omHocuo oxpebmBame mpoctux OGpojeBa, Huje HMMaJo npaktuyHo. OBy Teopemy je mpBuU
otkpuo Jlajbuun 1682. romuue (Bumern 3amartak ??), anu manac Hocu Buiconoso mme. (p — 1)!
OpeCcTaB/ba IPOU3BOA IPBUX p — 1 mpupomuux Opojesa, Tj. (p—1)!=1-2-...-(p—1).

Teopema 26. (BuisiconoBa teopema).
Komnepyenyuja

(p—D!'=-1 (mod p)
B8AICY AKO U CAMO GKO je p npocm 6poj.

Teopema 27. (JIykacoBa Teopema).
Hexa 3a n,a € N gamcu

n—1

a"'=1 (mod n) u a?» #1 (modn)
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3a caaxu npocm deaunay p 6poja n — 1. Tada je n npocm 6poj.

CucreM o1 AB€ MJIM BUIIE KOHIDYEHIja HE MOPa Ia MMa Pelllemha, IPeMIa CBaKa I10jeInHAYHA
KOHI'DYEHIMja UMa pellerma. PenyMo He MOCTOjU & KOje MCTOBPEMeHO 3anoBosbaBa = 1 (mod 2)
v x =0 (mod 4), Maza cBaka OX NOjeUHAYHUX KOHIDYEHIM]a MMa PElleHmha. Pasior ToMe je mTo
Monysau KoHrpyeuunuja 2 um 4 mucy y3sajamuo npoctu. Cueneha Teopema, mosmara y jaureparypu
rao Rumecka meopema o ocmayuma naje yciaoBe MO KOjUMa BUIIE JIMHEAPHUX KOHIPYEHIMja MMa
3ajeTHUYKO peleme aKo Cy MOMAYJIN KOHTPYEHIUja y3ajaMHO MpoCcTU y mapoBuma. Mama je mpBo
ommre pemnieme 3a npobiaeme oBor tuma nao Ojrep, oBa TeopeMa ce Ha3WBA KUHECKOM jep je
kmHeckn MmMaremarndap Cym-Ily y 1 Beky pemmo 3amaTak KOju ce CBOIV HA HaJAXKEHe IeJIUX
6pojeBa x KOju IpuU Hesbewmy ca 3, b u 7 najy pemom ocratke 2, 3 u 2. Taj npobiiem je eKBUBaJIeHTAH
cneneheM cucreMy KOHIDyeHIUja:

z =2 (mod 3)
x =3 (mod5) = x =23 (mod 105).
x =2 (modT)

105 je jemnaxo 105 =3-5-7.

Teopema 28. (Kunecka TeopeMa o ocramuma).
Hexa cy mi,ma,...,m, npupoonu bpojesu xoju sadosomwasajy (m;,m;) = 1 3a i # j, u Hexa cy
b1,ba, ..., b, npouzgonnu ueau bpojesu. Tada cucmem KoHepyeHuUja

x = by (mod my)
x = by (mod my)

x = b, (mod m,)

UMA MAYHO JEOHO Peutene To Mo MOOYAY M = M1 Mg+ ... M.

Basxkn u caemehe yommreme npeTxonHe Teopeme.

Teopema 29. Hekxa cy mqi,ma,..., M, NPupoory b6pojesu Koju CY y3ajamMHO MPOCMU Y NAPOBUME
((miy,m;) =1 3a i # j) u mexa ¢y ai,a2,...,a, u bi,ba,..., b, npousgonnu yeau bpojesu. Tada
cucmem KoHepyeHuyuja

arx = by (mod myq)

asr = by (mod ms)

arx = b, (mod m,)
UMA MAYHO JeOHO PEUWEBE To NO MOOYAY M = M1 - Mo - ... - M.

ITpumep 23. Cada hemo na npumepy Cyn-Ileosoe sadamxa da uaycmpyjemo xaxo ce xopucmu Kunecxa
meopema 0 0CMAUUMGE.

Pewewe. I3 cucrema

x =2 (mod 3)
x =3 (modb)
x =2 (modT)
. m m
HATA3UMO Ha je mi = 3, mo = 5, mg = 7, m = mq -ma -m3 = 106 mw — = 35, — = 21,
mq mo

m
— =15u by =2, by =3, bg = 2. Cazna Ttpeba ga pemmMoO Tpu KOHrpyeHI@je (CBaKy MOHAOCOO)

ms
II0 HEIIO3HATUM Cj, Co U C3:

35¢c; =1 (mod 3) —c; =1 (mod 3)
2le; =1 (mod 5) = ¢ =1 (mod?5).
15c3 =1 (mod 7) c3 =1 (mod7)
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Onmmax mobujamo pemema ¢; =2, ¢ =1 1 ¢3 = 1, mITo HAM [aje OCHOBHO DEIIEHE
20=35-2-2421-1-3+15-1-2=233=23 (mod 105),
a onaTie HaJa3MMO M KOHAYHO pelleme
xr =105k + 23, kecZ.

A

ITomohy Kumecke Teopeme o ocTamuMa MoOe ce NOKa3aTH Ia ce PellaBame MOJUHOMHE KOH-
rpyermmje f(z) =0 (mod m) Moke cBecTH Ha pemasame jeTHOCTABHUjUX KoHrpyenmuja f(z) =0
(mod p*), a 3atum ce Moxe nhu u masme U MOKA3aTH A je HOBOJLHO OTPAHUYUTH Ce HA KOHTDYEeH-
mje Tuna f(x) =0 (mod p).

Teopema 30. Cucmem AUHEAPHUT KOHZPYERYUJA

ar + by = r (mod m)
cx + dy = s (mod m)

uMma jeduncmeeno pewewe kada je H3/(ad — bc,m) = 1.

Kao mrTo cMmo Bumenm KOHrpyemnuje mrpajy Beoma oOurHy yiory y Teopuju 6pojeBa. Heke
Ol HAj3HAUAJHUJUX TeOpeMa y eJieMeHTApHO] Teopuju OpojeBa ce mokasyjy momohy amapaTa Koju
KopucTu KOHrpyeHnuje. llasme y m3ydaBamy ONImTe Teopuje OpojeBa cilene KBAIPATHU OCTAI
koje je yBeo Jlexxamnp pamau pemaBama KBaIpPaTHUX KOHI'DYEHIWje, a OCHOBHM cTaB je mao I'ayc
u O HeMy ce 30Be ['ayCoB 3aKOH KBAIPATHOI PENUIPONUTETA.
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Apstrakt. Na prvi pogled, drevna kineska slagalica tangram i ne izgleda kao ozbiljan matematicki alat, ali taj skup od 7
jednostavnih geometrijskih likova pruZa mnoStvo moguénosti za (ozbiljnu) primjenu u nastavi matematike.

Brojna znanstvena istraZivanja o ucenju i poucavanju geometrije zadnjih desetljeca otkrivaju razloge za$to mnogi ucenici
imaju teSkoce pri ucenju geometrijskih sadrzaja te daju smjernice koje bi mogle pomo¢i u savladavanju tih teSkoca (vidjeti
[11, [2], [4], [5], [7] - [13]). Neka od njih podupiru tangram aktivnosti u nastavi matematike u korist razvoja geometrijskog
misljenja i procesa zakljucivanja. Jer, osim $to ucenje pomodu tangrama potice aktivno sudjelovanje ucenika, njihovu mo-
tivaciju i interes, kreativnost i mastu, kroz tangram aktivnosti ucenici obogacuju matematicki rjecnik, razvijaju strategiju
rjeSavanja problema, vizualno-prostorne vjestine; samostalno istraZuju, uocavaju pravilnosti i postavljaju tvrdnje, uce s veéim
razumijevanjem itd. (vidjeti [5], [8], [9], [10], [13]).

U radu se opisuju tangram aktivnosti koje poti€u razvoj geometrijskog miSljenja, vizualno-prostornih i strateSkih vje-
Stina koje podupiru ucenje geometrije s ve¢im razumijevanjem. Aktivnosti su usmjerene na otkrivanje teorema o tangramu i
njegovih lema kroz usmjereno opazanje, vizualno-analitickom metodom.

Nastavnici, koji bi opisane ili neke druge tangram aktivnosti Zeljeli provesti u ucionici, najprije sami trebaju samostalno
istrazivati te iskustveno doZivjeti pravu matematicku snagu i nastavni potencijal ove slagalice, a tek onda tome poucavati
ucenike (vidjeti [9], [10]).

Kljucne reci: geometrijsko misljenje; tangram aktivnosti; usmjereno opaZanje; van Hiele-ova teorija, vizualno-analiticka

metoda.

1. Uvod

~Kada paZljivo njegujete  geometrijsko
misljenje ucenika, oni Ce biti uspjesniji u
savladavanju i Euklidove matematike.”
Pierre M. van Hiele

Matematika, a posebno geometrija kao njezin bitan dio, omogucava prikazivanje, opisivanje i svakodnevno
snalaZenje u svijetu u kojem Zivimo. Zato je jedan od glavnih ciljeva matematickog obrazovanja podizanje razine
geometrijskog misljenja ucenika, koje je neophodno za primjenu geometrije (vidjeti [7]).

Medutim, geometrija se ¢esto zanemaruje u Skolskom kurikulumu i marginalizira kroz nastavu matematike,
Sto je prema nekim autorima najceS¢e posljedica nedostatka primjerenih nastavnih sredstava, ali i nedovoljne
struénosti nastavnika (vidjeti [7], [12]). Mnogi ucCenici imaju teSkoca pri ucenju geometrije, pri vizualizaciji
odredenih geometrijskih sadrZaja, kao i pri zakljucivanjima koja se na njima temelje, Sto je Cesto rezultat nepri-
mjerenog poucavanja, a ono je pak posljedica nedovoljnog poznavanja geometrijskih koncepata i razina misljenja
potrebnih za njihov razvoj (vidjeti [12]).

Zahvaljujudi tehnoloSkom razvoju i primjeni racunala u gotovo svim sferama ljudskog djelovanja na prije-
lazu s 20. na 21. stoljece, potreba za geometrijskim znanjima stalno je u porastu. Sve veéa vaznost pridaje se
vizualizaciji koja je neophodna u primjeni raznih racunalnih programa, a ¢iji razvoj se u velikoj mjeri temelji na
geometriji. Bududi je geometrija neophodna za razvoj geometrijskog misljenja, vizualno-prostornih vjestina, de-
duktivnog zakljucivanja, strateSkog djelovanja, vjeStina rjeSavanja problema, tj. vjeStina potrebnih za snalaZenje i
funkcioniranje u 21. stoljecu, ona se opet postupno vraca u kurikulume matematickog obrazovanja na svim razi-
nama (vidjeti [2]). Razli¢ita obrazovna istraZivanja potvrduju da ucenici spomenute vjeStine mogu razvijati kroz
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ciljano odabrane i primjereno osmisljene tangram aktivnosti. Tako Tchoshanov opisuje tangram aktivnosti kroz
koje ucenici poboljSavaju konceptualno razumijevanje, usavr$avaju proceduralne te izgraduju strateske vjestine,
razvijaju sposobnost logickog promisljanja i kritickog osvrta, posebno naglasavajuéi da kroz aktivno sudjelovanje
i samostalno istrazivanje ucenici uspje$no povezuju razli¢ite sadrzaje u funkcionalnu cjelinu, a koje inace kroz
nastavu matematike uce izolirano (vidjeti [10, str. 16-22]).

Cilj ovog rada je prikazati neke tangram aktivnosti koje ucenicima omogucavaju da kao aktivni sudionici
samostalno istrazuju, otkrivaju, izvode zakljucke, svoje rezultate opisuju i usporeduju i na taj nacin geometrij-
ska znanja usvajaju s ve¢im razumijevanjem i bez straha. Uz to se demonstrira metoda usmjerenog opaZzanja te
vizualno-analiticka metoda, koja uvelike doprinosi razvoju vizualno-prostornih i strateSkih vjestina te geometrij-
skog miSljenja.

Tangram aktivnosti, koje ¢e se opisati u ovom radu, temelje se na teoremu o tangramu i njegovom dokazu
(kojeg bi analiticki mogli izvesti i razumjeti tek napredniji srednjoskolci), a obraduju se na nacin koji je primjeren
svim ucenicima 8. razreda osnovne $kole pa na dalje. Time se Zeli ukazati na to kako se apstraktna geometrijska
znanja, primjenom vizualizacije u istraZivanju algebarsko - geometrijskog problema, mogu pribliZiti ucenicima
na njima razumljiv i prihvatljiv nacin.

2. Osnovno o tangramu

Tangram je prihvacen kao drevna kineska slagalica iako se o porijeklu te slagalice zapravo jako malo zna.
Ni porijeklo samog naziva nije u potpunosti razjasnjeno, premda su neki nazivi vremenom bili ucestaliji pa je
tako naziv tangram danas postao opée prihvacen. Zanimljiv je jedan stari kineski naziv, Ch’i ch’iao t’u, koji se na
engleski prevodi sa ,,Seven ingenious plan”, $to u naSem prijevodu znaci ,,Sedam plocica mudrosti” (vidjeti [4]).

Pojavom prvih tiskanih izdanja pocetkom 19. stoljeca, tangram postaje popularna rekreacijska slagalica ne
samo u Kini, ve¢ i u Americi, Europi i Aziji, a njezina popularnost stalno raste sve do danas. Svojom posebnoscu,
osim u svrhu zabave, tangram sve viSe privlaci stru¢njake raznih profila: dizajneri izraduju namjestaj i posude
u obliku tangrama, umjetnici stvaraju nakit nalik tangram likovima, menadzZeri i filatelisti tangram likovima
promoviraju razne ideje ..., a matematicari ga koriste u svrhu u€enja raznih matematickih sadrZaja i razvijanja
matematickog misljenja, posebno geometrije i geometrijskog misljenja.

Prema jednoj od poznatih legendi, tangram slagalica je nastala kada se sluga, noseci kralju staklo kvadratnog
oblika za prozor njegove palace, spotakao i staklo razbio. Ali na iznenadenje svih, staklo nije bilo uniSteno
ve¢ razlomljeno na 7 tocno odredenih geometrijskih oblika (slika 1(a)). U nastojanju da se pred kraljem opravda,
prepricavajudi svoje naporno putovanje, sluga je oblikovao razne oblike radi Sto vece vjerodostojnosti svoje price.
Tako je oblikom sa slike 1(b) prikazao brod kojim je presao rijeku. Kralj je, odusevljen moguénostima slaganja
raznovrsnih oblika, dao izraditi identicne drvene geometrijske likove i tako je nastala tangram slagalica, koju je
prihvatilo cijelo njegovo kraljevstvo (vidjeti [6]).

A= '-._-_-/I;'r-» &
., P T, 4 —
Vi “\\‘/x w'\\/ M < S 7 ..II H\\
I: -_'_'_'_‘_'_._'__J
Nl ke o
(a) o S T
(b)

Slika 1. Dijelovi tangram slagalice i model broda sastavljen od tih dijelova

Kao $to se moze vidjeti sa slike 1, tangram slagalica sastoji se od pet jednakokracnih pravokutnih trokuta
(medu kojima su dva para sukladnih) te od jednog kvadrata i jednog paralelograma. Svaki od tih dijelova naziva
se tangram dio ili najcesce samo tan. Naime, kako bi istaknuli pripadnost odredenog lika tangram slagalici,
za najmanji trokut se kaZze mali trokut tangrama ili mali tan trokut, za kvadrat se kaZe kvadrat tangrama ili tan
kvadrat itd. (Slika 1(a)).

Kada se od svih sedam tanova oblikuje novi lik onda se on naziva tangram lik. Na slici 1(b) lik oblikovan
od svih sedam tanova prikazuje brod pa se naziva tangram brod. Sli¢no, na slici 2 prikazan je kvadrat koji je
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oblikovan od svih sedam tanova te se za njega krade kaZe tangram kvadrat. Ako se pri slaganju od svih sedam
tanova oblikuje konveksni lik, onda se za njega krace kaZe konveksni tangram lik.

R
N

@) (b)
Slika 2. Tangram kvadrat

Pomocdu svih sedam tanova moZe se oblikovati na tisuce razli¢itih oblika, medu kojima se opet mogu prou-
Cavati posebne skupine kao Sto su konveksni tangram likovi, tangram zvjezdice, tangram uvale i sl. Ovaj rad bavi
se posebno konveksnim tangram likovima.

3. Tangram kao nastavno sredstvo

Kao $to je u uvodu spomenuto, tangram slagalica moze biti korisno didakticko sredstvo u nastavi matema-
tike, a posebno u nastavi geometrije. Medutim, preduvjet za ucinkovito koriStenje tangrama u nastavi matematike
je iskustvo nastavnika. Tek kad sami nastavnici steknu odredena iskustva u tangram aktivnostima, onda mogu
ciljano osmiSljavati te iste aktivnosti za ucenike.

Prema Siew & Abdullah, nastavnici su, sudjelujuéi u tangram aktivnostima, osvijestili da oni sami imaju
nedovoljno razvijeno geometrijsko misljenje i vizualno-prostorne sposobnosti. Nakon provedenih istrazivackih
aktivnosti, crtanja, otkrivanja pravilnosti i postavljanja tvrdnji, nastavnici su istaknuli kako pozitivnije gledaju na
geometriju, viSe je cijene i osjeaju vece samopouzdanje u rjeSavanju geometrijskih problema te da bi takvom
nacinu rada trebalo ostaviti viSe prostora u nastavi matematike (vidjeti [8, str. 256]).

Za efikasno uvodenje tangram u nastavu matematike postoje razne preporuke (vidjeti [4], [11]) i1 svi se
slazu u jednom: prilikom prvog susreta s tangramom, korisno je dopustiti ucenicima da najprije rade zadatke
otvorenog tipa, ovisno o njihovom uzrastu i interesima. Koriste¢i svih sedam tanova, ucenici mogu oblikovati:
slova engleskog alfabeta, znamenke, interpunkcijske znakove, razlicite vrste simbola, oblike koji prikazuju osobe,
Zivotinje, biljke, predmete itd. Na primjer, tangram slovima moZe se zapisati rije¢ tangram (slika 3).

T andGBaM

Slika 3. RijeC tangram zapisana tangram slovima

Odmah nakon toga, vazno je da ucenici samostalno istraZe i opiSu osnovne karakteristike tanova, sluzeéi
se pritom odgovarajuéim definicijama, aksiomima i teoremima jer se te karakteristike dalje koriste u mnogim
tangram aktivnostima. Na primjer, ako se radi s modelima tangrama, preklapanjem malih (velikih) tan trokuta
do podudarnosti stranica i kutova jednostavno se provjerava da se radi o sukladnim trokutima; uzastopnom pri-
mjenom aksioma: Ako su dva objekta jednaka trecem objektu, onda su i oni medusobno jednaki jednostavno se
izvodi zakljucak da su svi tan trokuti jednakokracni; a primjenom poucka o ispruZenom kutu: Ako dva sukladna
kuta zajedno Cine ispruZeni kut, onda su to pravi kutovi jednostavno se izvodi zakljucak da su svi tan trokuti
pravokutni. Do istih zaklju¢aka moZe se do¢i i proucavanjem tangram kvadrata sa slike 2(a), a posebno ako se
smjesti u kvadratnu to¢kastu mrezu kao na primjer na slici 2(b). Neposredno nakon takvog istrazivanja, korisno je
na jednom mjestu istaknuti odnose izmedu stranica i kutova svih tanova (slika 4) jer su ti odnosi vazni u daljnjim
istrazivanjima. ViSe o osnovnim karakteristikama tanova moZe se procitati u [4, str. 10]).
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Slika 4. Odnosi stranica svih tanova

Na slican nacin mogu se istraZiti tanovi s obzirom na njihove povrsine. Na primjer, jedna tangram aktivnost
moZze biti pronalazenje svih mogucih nacina oblikovanja velikog tan trokuta pomoc¢u ostalih tanova (slika 5).
Zatim, ako se uzme da je P mjera povrSine malog tan trokuta, onda se na temelju te aktivnosti moZe izvesti
zakljucak da je mjera povrsine srednjeg tan trokuta, tan kvadrata i tan paralelograma jednaka 2P, a mjera povrsine
velikog tan trokuta je 4 P. Na kraju ove aktivnosti prikladan je trenutak da se komentira kako svi tangram likovi
imaju jednaku povrSinu (16 P), bez obzira na oblik. Na primjer, sva tangram slova sa slike 3 su jednake povrSine.

b A A
| hk B Eh

Slika 5. Odnosi povrSina tanova

Prethodno opisane tangram aktivnosti osiguravaju prirodan put za uvodenje koncepta mjerne jedinice i mje-
renja povrsine, kao i pojma sukladnosti likova. Na sli¢an na¢in se mogu razvijati i koncepti drugih matematickih
pojmova: omjera, razlomka, postotka, klasi¢ne vjerojatnosti, slicnosti itd.

Osim za razvoj razlicitih koncepata, tangram aktivnosti mogu biti usmjerene na razvoj razliitih vjeStina
kroz crtanje, istraZivanje, otkrivanje i postavljanja matematickih zakonitosti, a time i na razvoj matematickog
(geometrijskog) rjenika i procesa misljenja. ViSe o koriStenju tangrama kao matemati¢kog alata moZe se procitati
ul4]i[11].

U ovom radu Ce se opisat odgovarajuce tangram aktivnosti primjerene ucenicima za samostalno istraZivanje,
otkrivanja i postavljanje matemati¢kih zakonitosti, a vezanih za konveksne tangram likove.

4. Konveksni tangram likovi

Poseban podskup geometrijskih likova su konveksni likovi. Za lik u ravnini kazemo da je konveksan lik
ako taj lik za svake svoje dvije tocke sadrzi i duZinu koja te dvije tocke spaja. Na slici 6(a) i 6(d) prikazani su
konveksni likovi, a na slici 6(b) i 6(c) nekonveksni.

(@) (b) © )

Slika 6. Konveksni 1 nekonveksni likovi

Na sli¢an nacin, medu tisu¢ama razlicitih tangram likova mogu se promatrati samo konveksni. Dva kineska
matematicara, Fu Traing Wang i Chuan-Chih Hsiung, 1942. godine dokazali su da postoji samo 13 konveksnih
tangram likova (vidjeti [14]).

Njihov dokaz temelji se na Cetiri leme koje opisuju karakteristike slaganja 16 malih tan trokuta u konveksan
oblik, a glavni dio dokaza temelji se na Cinjenici da se svaki konveksan lik moze upisati u pravokutnik. Iz toga
izvode kvadratnu diofantsku jednadZzbu sa Sest nepoznanica i Cetiri nejednakosti. Postavljena jednadzba ima 48
razlic¢itih rjeSenja, koja odreduju 20 razlicitih konveksnih likova, medu kojima je samo 13 tangram likova (Slika
7).
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Slika 7. Konveksni tangram likovi

Svijetlo obojani likovi sa slike 7, konveksni su likovi koji se ne mogu poplocati tanovima pa ne spadaju u
konveksne tangram likove. Tamno obojani likovi sa slike 7, ¢ine preostalih 13 konveksnih tangram likova, medu
kojima se nalazi: jedan trokut, Sest Cetverokuta, dva peterokuta i Cetiri Sesterokuta.

U daljnjem radu, metodom usmjerenog opazanja otkrivaju se iskazi lema i samog teorema, a vizualno-
analitickom metodom svi konveksni likovi, prikazani na slici 7.

4.1. Otkrivanje iskaza lema primjenom metode usmjerenog opazanja

Istrazivanje u ucionici se moZe provesti kroz osam aktivnosti, u obliku individualnog ili grupnog rada. Za
provodenje svih aktivnosti potrebno je osigurati konture svih 13 konveksnih tangram likova te za svakog sudi-
onika model tangram slagalice, kvadratnu tockastu mrezu, jednu grafitnu olovku i dvije olovke razliitih boja.
Pritom, konture konveksnih tangram likova trebaju odgovarati modelu tangram slagalice, koju ucenici koriste. 1z
prakti¢nih razloga, ovdje se koristi kontura samo jednog konveksnog tangram lika - pravokutnog trapeza.

Aktivnost 1: Oblikovati lik zadan konturom (pravokutni trapez, slika 8(a)) koriste¢i sve dijelove tangrama -
tanove. Napomena: Povr§inu omedenu konturom treba cijelu prekriti tanovima, bez praznina i bez preklapanja'.
Jedan od nacina poplocavanja konveksnog tangram trapeza prikazan je na slici 8(b).

(a) (b)
Slika 8. Kontura tangram trapeza i rjeSenje

Aktivnost 2: Rjesenje dobiveno u 1. aktivnosti treba skicirati u tockastoj kvadratnoj mrezi, grafitnom olov-
kom. Napomena: Dimenzije tangram likova, pri skiciranju, potrebno je proporcionalno umanjiti, a vrhove svih
tanova smjestiti u tocke mreZe (slika 9(a) ili 9(b)).

Ove dvije aktivnosti poticu razvoj vizualno-prostornih vjestina te uspostavljanje odnosa medu pojedinim
dijelovima, a te vjeStine osiguravaju razvoj misljenja na 1. i 2. razini prema van Hiele-ovoj teoriji (vidjeti [9],
[12]). Uc€enici koji nisu u potpunosti savladali 1. razinu misljenja imat e teSkoce pri crtanju srednjeg tan trokuta
jer se nalazi u nestandardnom poloZaju. Ucenici koji se nalaze na 2. razini misljenja i nisu u potpunosti savladali
3. razinu, imat ¢e teSkoce pri crtanju lika sa svim dijelovima u kvadratnu mreZu na opisani nacin jer necée biti u
mogucénosti uspostaviti odgovarajuce odnose medu stranicama likova koji se dodiruju. Bez ikakvih teskoca lik ¢e
nacrtati ucenici koji se nalaze na 3. razini misljenja i vise.

1Ovaj postupak prekrivanja povriine naziva se poplo¢avanje.
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Slika 9. Tangram trapez u toc¢kastoj kvadratnoj mreZi

AKktivnost 3: Pod pretpostavkom da je tan kvadrat jedini¢ni kvadrat, odrediti duljine stranica promatranog
tangram trapeza i duljine stranica svakog od sastavnih tanova. Opisati na koji nacin se dodiruju susjedni tanovi,
s obzirom na stranice duZ kojih se dodiruju. Ishod 3. aktivnosti prikazan je na slici 10, na primjeru pravokutnog
tangram trapeza.

U daljnjem radu, sve stranice ¢ije su duljine iskazane racionalnim brojevima nazivaju se racionalne stranice,
a stranice Cije su duljine iskazane iracionalnim brojevima nazivaju se iracionalne stranice.

Aktivnost 4: U liku prikazanom u tockastoj kvadratnoj mreZi, jednom bojom istaknuti sve racionalne stra-
nice, a drugom sve iracionalne stranice. Zatim odgovoriti na sljedece: (a) Kakve su stranice prikazanog tangram
lika: racionalne / iracionalne? (b) Proucite i opiSite veze medu stranicama ovisno o bojama (vrstama stranica).

Aktivnost 5: Odrediti mjere unutarnjih kutova prikazanog konveksnog tangram lika i mjere unutarnjih ku-
tova svih sastavnih tanova. Zatim prouciti i opisati veze medu stranicama i kutovima ovisno o bojama (vrstama
stranica).
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Slika 10. Duljine stranica i kutovi u tangram trapezu

Na temelju 4. aktivnosti moZe se iskazati Lema 1: U konveksnom tangram liku, sastavni tanovi su posloZeni
tako da se racionalna stranica nalazi uz racionalnu, a iracionalna uz iracionalnu (vidjeti [14, str. 596]).

Zakljucci koji se mogu izvesti na temelju 3., 4.1 5. aktivnosti zapravo su tvrdnje Leme 2: (a) Stranice konvek-
snog tangram lika su ili racionalne (slika 10, crvena boja) ili iracionalne (slika 10, zelena boja); (b) Racionalne
stranice konveksnog lika sastavljene su od racionalnih stranica sastavnih tanova, a iracionalne od iracionalnih
stranica sastavnih tanova. (c) Stranice iste vrste su medusobno paralelne ili medusobno okomite. (d) Mjere svih
unutarnjih kutova su: 45°, 90° ili 135°; a stranice razliCitih vrsta zatvaraju kut od 45° ili kut od 135° (vidjeti [14,
str. 597)).

Nadalje, na temelju 5. aktivnosti moZe se izvesti zaklju€ak: Kako je zbroj svih unutarnjih kutova nekog
konveksnog n—terokuta K = (n — 2) - 180°, a najveci kut konveksnog tangram lika je 135°, to znaci da zbroj
svih unutarnjih kutova ne moZze premasiti n - 135°, tj. vrijedi da je: K < n - 135°. Iz dobivene nejednakosti
(n —2)-180° < n - 135° slijedi da je n < 8 . Drugim rije¢ima, pomocu svih sedam tanova moZe se oblikovati
najviSe konveksni osmerokut, §to je zapravo tvrdnja Leme 3 (vidjeti [14, str. 597]).
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Aktivnost 6: Konveksni tangram lik, prikazan u tockastoj kvadratnoj mreZi, upisati u pravokutnik tako da
racionalne stranice pripadaju stranicama pravokutnika. Zatim odgovoriti na sljedece: (a) Kakvi su nastali dijelovi
pravokutnika, koji prikazani tangram lik nadopunjuju do pravokutnika? (b) Kolika je mjera povrsine konveksnog
tangram lika, uz pretpostavku da je tan kvadrat jedini¢ni kvadrat?

Upisivanje promatranog pravokutnog trapeza u odgovarajuéi pravokutnik prikazano je na slici 11. Pozornim
opazanjem uocava se da su unutarnji kutovi pravokutnog trapeza 45°, 90° i 135° pa su Siljati kutovi nastalih
trokuta 45°, a treci kut je pravi jer se radi o kutu pravokutnika. Dakle, konveksni tangram lik do pravokutnika
nadopunjuju jednakokracni pravokutni trokuti. Do tog zakljucka moze se do¢i i koriStenjem svojstava kvadratne
mreZe.

Kako racionalne stranice, upisanog konveksnog tangram lika, pripadaju stranicama pravokutnika, iracionalne
stranice tog lika su hipotenuze promatranih trokuta. Stoga, kada je iracionalna stranica konveksnog tangram lika
duljine a+/2 , to ée ujedno biti i duljina hipotenuze promatranog trokuta, a pripadne katete ée biti duljine a, itd.

® ® = ® = ] = E]

Slika 11. Pravokutni tangram trapez upisan u pravokutnik

Na temelju ove aktivnosti moZe se iskazati Lema 4: Konveksni tangram lik se moZe upisati u pravokut-
nik tako da racionalne stranice pripadaju stranicama pravokutnika. Analogno razmatranje se moZe provesti i sa
iracionalnim stranicama (vidjeti [14, str. 597]).

Mjera povrS§ine promatranog konveksnog tangram lika iznosi P = 8 i moZe se odrediti na razli¢ite nacine: (1)
prebrojavanjem jedini¢nih kvadrata unutar lika smjestenog u mrezu; (2) ocitavanjem duljina osnovica i visine tra-
peza na temelju mreZe te izraCunavanjem preko formule; (3) dijeljenjem trapeza na trokute ili neke druge likove,
racunanjem mjera njihovih povrSina te na kraju zbrajanjem svih; (4) odredivanjem mjera povrsina pravokutnika i
promatranih trokuta te oduzimanjem povrsina trokuta od povrsSine pravokutnika; (5) ili se jednostavno posluzimo
prethodnim zaklju¢kom da je povrSina konveksnog tangram trapeza mjere 16 P, gdje je P mjera povrSine malog
tan trokuta. PovrSina svakog tangram lika (bilo da je konveksan ili nekonveksan) je mjere 8, uz pretpostavku da
je tan kvadrat jedini¢ni kvadrat.

Ucenici u samostalnom istraZivanju odabiru razliCite pristupe rjeSavanja problema, koje je uvijek dobro me-
dusobno usporediti i komentirati, kako je Descartes rekao: Bolje je rijesiti jedan zadatak na vise razli¢itih nacina
nego vise zadataka na slican nacin.

Nakon $to su prethodno opisane aktivnosti u potpunosti zavrsene, sve je spremno za postavljanje glavnog
odnosa u obliku diofantske jednadZbe, na temelju koje se izvodi dokaz postavljenog teorema.

4.2. Glavna jednadzba i iskaz teorema o tangramu

Na temelju Leme 2 i Leme 4, moZe se postavi problem: u pravokutnik treba upisati konveksni osmerokut,
kao najveéi potencijalni tangram lik, na prethodno opisani nacin. Neka su stranice pravokutnika duljine x i y, a
katete pravokutnih jednakokraénih trokuta a, b, ci d (slika 12).

Aktivnost 7: Uspostaviti vezu izmedu svih veli¢ina istaknutih na slici 12.
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Slika 12. Konveksni lik upisan u pravokutnik

Veza se moZze uspostaviti primjenom metode povrsine. S jedne strane, mjera povrSine pravokutnika racuna se
po formuli P = xy. S druge strane, ista mjera se moZe odrediti zbrajanjem mjera pojedinacnih povrSina: Cetiriju

pravokutnih trokuta duljina kateta a, b, ¢ i d redom te povrSine upisanog konveksnog tangram lika, koja iznosi 8.
2 2 2 2

Stoga je: P = > + 5 + 5 + 5 + 8. IzjednaCavanjem i sredivanjem, dobiva se:

a? + 0%+ 2+ d?* =22y — 16, )

pricemusuz,y € Nia,b,c,d € Ny.
Nadalje, za duljine stranica pravokutnika x i y te duljine kateta a, b, ¢ i d promatranih jednakokracnih trokuta

a+b<zx

vrijedi ctdsw @)

at+d<y
b+c <uy.

Analiti¢kim rjeSavanjem postavljene kvadratne diofantske jednadZbe (1) uz uvjete (2) dobiva se 48 rjeSenja,
uz pretpostavku da je z > y . Kada se iskljuce sukladni likovi preostaje 20 razli¢itih konveksnih likova. Medu
tih 20 likova, 7 je onih koji se ne mogu poplocati svim tanovima pa njihovim isklju¢ivanjem preostaje samo 13
likova i to su svi moguéi konveksni tangram likovi pa Teorem o tangramu glasi: Pomoéu tangram slagalice
moZze se oblikovati tocno 13 konveksnih mnogokuta.

Analiticki dokaz dan je u [14] ali samo u kratkim crtama vjerojatno zbog ograni¢enog prostora pisanja, a
kompletan izvod nije trivijalan i zahtjeva odredena matematicka znanja i vjestine operiranja s nejednakostima. U
tom obliku imalo bi ga smisla raditi sa starijim i vjesStijim srednjoSkolcima. Kako je cilj ove sadrzaje pribliZiti i
ucenicima osnovne Skole, u ovom radu se predstavlja primjena vizualno - analiticke metode, kojom se takoder
mogu odrediti sva rjeSenja jednadzbe (1) uz uvjete (2).

4.3. Odredivanje konveksnih tangram likova primjenom vizualno - analiticke metode

Vizualno-analiticka metoda sastoji se u sljede¢em: od pravokutnika povrSine x - y, koji se crta u kvadratnoj
mreZi, reZu se njegovi vrhovi u obliku jednakokracnih pravokutnih trokuta duljina kateta a, b, ¢ i d redom, tako da
povrsina preostalog lika bude 8. Nakon toga se rjeSenje jednadZzbe (1) o€itava sa slike i zapisuje u obliku uredene
Sestorke: (z,y, a, b, ¢, d), a preostali lik je konveksni lik. Na primjer, za = 6 1 y = 2, povr§ina pravokutnika je
veli¢ine 12 pa je potrebno odrezati povrSinu velicine 4, kako bi preostali lik bio povrSine 8. To se moZe uciniti na
4 razli¢ita nacina, kako je prikazano na slici 13.

(a) (b) (©) (d)

Slika 13. Rezanje pravokutnika do konveksnog lika
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Sa svake slike se ocitava pripadno rjeSenje. Tako sa slike 13(a) ¢itamo da je pripadno rjeSenje jednadzbe:
(6,2,2,2,0,0), saslike 13(b) oitava se rjesenje (6, 2,2, 0, 2, 0), sa slike 13(c) ocitava se rjeSenje (6,2, 0,0, 2,2)
i kona&no sa slike 13(d) ocitava se rjeSenje (6, 2,0, 2, 0, 2). Prvo i treée rjeSenje odreduju sukladne jednakokraéne
trapeze, a drugo i Cetvrto rjeSenje sukladne paralelograme pa od Cetiri rjeSenja izdvajamo samo dva, koja odreduju
razlicite likove. Oba su tangram likovi jer se mogu poplocati sa svih sedam tanova (slika 14).

V. w4

Slika 14. Jednakokracni tangram trapez i tangram paralelogram

Aktivnost 8: Crtanjem pravokutnika i rezanjem jednakokracnih pravokutnih trokuta, odrediti sve razlicite
konveksne likove, povrSine velicine 8.

Radi efikasnosti, istrazivanja se moze podijeliti u dva slucaja: (a) x = y, (b) z > y. Promatranjem mjera
povrsina odrezanih trokuta, uz kraéu analizu, dolazi se do zakljucka da za stranice pravokutnika u promatranim
slu¢ajevima vrijedi: () 3 <z <5,(b)9 >z >y > 1.

Nakon §to je aktivnost 8 u potpunosti zavrSena, imate svih 48 razlicitih rjeSenja (x > y) diofantske jed-
nadzbe (1) uz uvjete (2), koja odreduju 48 konveksnih likova, ali medu kojima ima i sukladnih (slika 13). Nakon
izdvajanja podudarnih likova, preostaje samo 20 razlic¢itih konveksnih likova. Medutim, medu njima je 7 onih
koji se ne mogu poplocati sa svih sedam tanova (slika 15).

NNY

Slika 15. Konveksni lik koji nije tangram lik

Preostalih 13 likova su traZzeni konveksni tangram likovi. Sva rjeSenja su dana u tablici 1, a uz malo vjeZbe,
pripadna skica rezanja se lako rekonstruira na temelju danih rjeSenja.

Aktivnost 8 zahtjeva dosta vremena i primjenu razlicitih vjeStina: vizualno - prostorne vjestine, vjestinu
racunanja, kombiniranja, prebrojavanja itd. Stoga je dobro da ucenici aktivnost 8 provode samostalno za domacu
zadacu i time dodatno razvijaju potrebne vjestine.

Kad su kona¢no odredeni svi konveksni tangram likovi, moZe se uociti da se medu njima nalazi jedan jedna-
kokrac¢ni pravokutni trokut, Sest Cetverokuta (kvadrat, pravokutnik, paralelogram, dva pravokutna i jedan jedna-
kokracni trapez), dva peterokuta i Cetiri Sesterokuta (tablica 2).
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Tabela 1. Sva rjeSenja diofantske jednadzbe (1) zaz > y

Lik |z |y |a|b|c]|d Napomena

1 81 1]0]0]O0]| O | Nijetangram lik
2 91| 1|1]0] 0| Nijetangram lik
3 Jof1JoJo1]1 3~27

4 911]1|0]| 1] 0| Nijetangram lik
5 9110|101 54

6 4121010[0]O0 Tangram lik

7 4 13121210160 Tangram lik

8 41310(0|2]|2 8=~9

9 413121012160 Tangram lik
10 [4]13]02]0]2 109

1m (sf{2|1|1|1]1 Tangram lik
12 {5]2(2]00]|O0 Tangram lik
3 (5(2(0]2(0]0 1312

4 |5)12]0[0]2]0 1412

15 [5(2(0]0(0]2 1512

6 [ S|{3|0]1]|2]3 Tangram lik
17 | 5132|301 1716

8 |5|3|1[0]3]2 1816

9 [ 5133|2110 1916

20 | 5|3 ([1]3(10]|2 Tangram lik
21 | S |3(0|2|1}3 21 =20

22 | 5|3(3|1(2]0 22 = 20

23 | 5|3(0]|1(2]3 23 = 20

24 1622|2100 Tangram lik
25 162100 (2]2 25 =24

26 16121210120 Tangram lik
27 16|20 2(0]2 27 = 26

28 | 6 |44 |04 | 0| Nijetangram lik
29 |6|4|0|4]0]|4 29 = 28

30 | 98] 8| 0| 8| 0| Nijetangram lik
31 |9(8]0|8]0]|8 3130

32 (3(3|1[1]0]0 Tangram lik
33 (33|01 |1]|0 3332

34 (3130|011 3432

35 |3 (3[1]0(0]1 35232

36 (3 (3|1[0]1]0 Tangram lik
37 (3 (3|01 [0]|1 3736

38 (4(4|14(0]0]0 Tangram lik
39 1414041070 39 >~ 38

40 |4 14100 4]0 40 = 38

41 (4141000 4 41 >~ 38

42 |4 14122212 Tangram lik
43 | 5| 515|013 | 0] Nijetangram lik
4 1515|0503 44 =~ 43

45 | 5|15(|3(0|5]|60 4543

46 [ 5S|510(3]07(5 46 =2 43

47 | S| 5|4 | 1|4 | 1| Nijetangram lik
48 | 5|51 |4|1]4 48 =~ 47

48 razlicitih rjeSenja 13 tangrama

2Skraéeni zapis za iskaz da je lik pod brojem 3 sukladan liku pod brojem 2.
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Tabela 2. Svi konveksni tangram likovi

Trokut Cetverokuti Peterokuti Sesterokuti

e

V&

oy

N

N

5. Daljnja istrazivanja tangram likova

Kada se odrede svi konveksni tangram likovi, istraZivanje o njima se moZe nastaviti. Mogu se istraZiti svi
mogudi nadini poplocavanja jednog te istog lika. Na primjer, tangram trokut se moZe poplocati na dva bitno razli-
¢ita nacina, dok se ostali nacini poplocavanja razlikuju do na odredenu izometriju (rotaciju, simetriju). Tangram
kvadrat se moZe poplocati samo na jedan nacin, a pravokutni tangram trapez na vise od dva nacina, itd.

Nadalje, s obzirom da svi konveksni tangram likovi imaju jednake povrSine, mogu se istraZiti odnosi njihovih
opsega i na temelju toga izvesti odgovarajuce tvrdnje. Na primjer, postoje tangram likovi jednakog i opsega i
povrsine, a da nisu sukladni.

Osim konveksnih tangram likova, mogu se proucavati jos Cetiri posebne vrste tangram likova: tangram zvi-
jezde, Cvrsti tangrami, tangram uvale i tangram prozori, ali i odnosi medu posebnim vrstama. Vise o tome moZe
se procitati u [3].

Zatim, mogu se proucavati tangram paradoksi - prividno razliciti tangram likovi od kojih je jedan podskup
drugog, iako su im povrsine jednake (vidjeti [4, str. 21]). Itd.

6. Zakljucak

Razlicita obrazovna istraZivanja potvrduju da ucenje matematike, posebno geometrije, kroz tangram aktivno-
sti osigurava poticajno okruzenje unutar kojeg ucenici rado sudjeluju, a ono $to uce na takav nacin bolje razumiju
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i viSe cijene (vidjeti [9]). Jer, kada ucenici samostalno provode aktivnosti, onda o tome slobodnije raspravljaju,
postaju odgovorniji za svoj rad, stvaraju osjecaj izgradnje vlastitog znanja itd. ¢cime se povecava njihovo samo-
pouzdanje, a strah od matematike smanjuje. Aktivnim sudjelovanjem ucenici stvaraju pozitivan stav i veci interes
da se time i dalje bave, za razliku od situacija u kojima puko reproduciraju bez razumijevanja ono §to slusaju od
svojih nastavnika, te brzo odustaju od ucenja, a nauceno zaboravljaju. Opisane tangram aktivnosti u ovom radu
provjereno pruzaju mogucnost otkrivanja, istraZivanja, raspravljanja, postavljanja zakonitosti . .., a sve to dopri-
nosi postupnom razvoju misljenja, posebno geometrijskog i to barem do razine neformalne dedukcije prema van
Hiele-u. Kako bi nastavnici provodili opisane tangram aktivnosti, najprije sami trebaju steci iskustvo ucenja geo-
metrije (matematike) na ovaj nacin i poznavati van Hiele-ove razine misljenja, a tek onda tome mogu ucinkovito
poucavati i svoje ucenike. Misao bih zakljucila rije¢ima van Hiele-a: Ako netko od ucenika ocekuje nesto vise od
sposobnosti ropskog ponavljanja onoga sto nastavnik tvrdi ili se nada da ¢e ucenik zauzeti kriticki stav prema
tim tvrdenjima i htjeti raditi na njihovom poboljSanju, on mora poucavati na nov, neuobicajen nacin. (vidjeti [12,
str. 113]).
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Apstrakt. U ovom radu data je jedna Mupad procedura za nalaZenje Moore-Penrose-ovog inverza proizvoljne matrice
nad poljem realnih brojeva. Svaka matrica nad poljem realnih brojeva ima jedinstven Moore-Penrose-ov inverz. Ideja ovog
rada je da se prvo odredi normalna forma date matrice, kao i matrice elementarnih transformacija vrsta i kolona u postupku
odredivanja normalne forme. Zatim, se odreduje opsti {1}-inverz polazne matrice u blokovskoj reprezentaciji. Koristeéi opsti
oblik {1}-inverza racunaju se {2}, {3} i {4}-inverz. Na kraju dobijamo i Moore-Penrose-ov inverz polazne matrice. Vredi
napomenuti da u programskom alatu Mupad postoji gotova naredba za raCunanje Moore-Penrose-ovog inverza, ali ne i za
racunanje {1},{2}, {3} i {4}-inverza.

Kljuéne reci: Mupad; Moore-Penrose-ov inverz matrice; opsti {1}-inverz matrice; normalna forma matrice.

1. Uvod

Neka je A € R™*™ kvadratna matrica reda n nad poljem realnih brojeva. Za matricu A kaZemo da je
regularna ako ima inverz, tj. ako postoji matrica A=* € R"*" takvadaje A- A=t = A7l . A = I,,, gde je
I, € R™™ jedini¢na matrica reda n. Singularne matrice ili one matrice koje nisu kvadratne nemaju inverz. U
raznim granama primenjene matematike javila se potreba za uopStenjem pojma inverza matrice. Pod uopsStenim
inverzom matrice A € R™*" smatra se matrica X € R™*™ za koju vazi da:

e se odreduje i za matrice koje nisu regularne;
e ima neke osobine koje ima i inverz;
e se svodi na inverz u slucaju kada je matrica regularna.

U literaturi se najcesce srece definicija uopstenog inverza matrice A kao skupa matrica X zakojevazi A- X -A =
A, pogledati knjige [ 11, [ 21, [ 31, [ 4], [ 6], [ 81

Jedna od najpoznatijih primena teorije matrica je na sisteme linearnih algebarskih jednacina. Neka je dat
sistem u matri¢nom obliku A - x = b, gde je A € R™*™ matrica sistema, 2 € R™*! kolona-matrica nepoznatih
i b € R™*! kolona-matrica slobodnih ¢lanova. Ako je m = n i matrica A regularna, sistem ima jedinstveno
reSenje = A1 - b. U ostalim slu¢ajevima sistem ili nema re3enje ili ih ima beskona¢no, u zavisnosti od toga da
li se kolona-matrica b moZe predstaviti kao linearna kombinacija kolona matrice A ili ne. Ako je kolona-matrica
b jednaka linearnoj kombinaciji kolona matrice A, onda postoji kolona-matrica h € R"*! takvadajeb = A-h
i prema Koneker-Kapelijevoj teoremi sistem A - z = b ima reSenje. Ako je matrica X uopsteni inverz matrice A
definisan sa A- X - A = A imamo da je x = X - b reSenje datog sistema. Zaista, A-x = A- (X -b) = (A-X)-b=
(A-X)-(A-h)=(A-X-A)-h= A-h = b. Uopsteno, moZe se pokazati da sistem A - z = b ima reSenje ako i
samo ako vazi daje A- X - b = b, gde je X proizvoljan uopSteni inverz matrice A definisansa A- X -A = A. U
ovom slu¢aju reSenje datog sistemaje v = X -b+ (I,, — X - A) -y, gde je y € R™*! proizvoljna kolona-matrica.

Ako Zelimo da nademo srednje kvadratno reSenje sistema linearnih algebarskih jednacina koji nije saglasan
ili reSenje koje ima najmanju normu, onda je potrebno dodati nove relacije za matricu i njen uopsteni inverz i
na taj nacin suziti klasu uopstenih inverza. U nastavku rada mi ¢emo razmatrati neke osnovne klase uopstenih
inverza koje dobijamo dodajuci naj¢esée koris¢ene restrikcije na uopsteni inverz. Vodeni tom logikom do¢i éemo
do Moore-Penrose-ovog inverza matrice koji zauzima centralno mesto u ovom radu i koji je jedinstven. Prateci
izlaganje iz [ 7] ili [ 5] formira¢emo jednu proceduru u programskom alatu Mupad za nalaZenje Moore-Penrose-
ovog inverza matrice. Data procedura racuna i neke druge tipove uopstenog inverza za datu matricu.

Rad je podeljen u dve celine. U prvom delu rada bice dat pregled uopstenih inverza, njihove definicije i
osnovne osobine. U drugom delu bice prezentovana odgovaraju¢a Mupad procedura, sa kratkim opisom i prime-
rom rada.
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2. Uopsteni inverzi

Pre nego S$to krenemo sa detaljnim razmatranjem uopstenih inverza matrica podsetimo se pojmova teorije
matrica koji ¢e nam biti potrebni za bolje razumevanje izloZene problematike. Pre svega, izlistajmo tipove ele-
mentarnih matrica i opi§imo njihovu ulogu u odredivanju normalne forme proizvoljne matrice.

2.1. Elementarne matrice i normalna forma matrice

Elementarna matrica I tipa je kvadratna matrica reda n koja na dijagonali ima sve elemente izuzev na
poziciji (i,1), 1 < i < n, jednake 1, na poziciji (¢,%) je element w razli¢it od 0, a elementi van dijagonale su
jednaki 0; odnosno to je matrica koja se od jedini¢ne matrice [,, razlikuje samo u jednom elementu na dijagonali
i koja je oblika ~ _

1...000...0

0..100...0
0u0...0

0...001...0

o

L0...000...1]
Primetimo da je matrica F(i; u) regularna i da je njen inverz E(i;u)~! = E(i;u~!) takode elementarna matrica
I tipa. MnoZenje sleva matrice A matricom E(i; u) kao rezultat daje matricu A kod koje je i-ta vrsta pomnoZena
elementom u. MnoZenje zdesna matrice A matricom F(i; u) kao rezultat daje matricu A kod koje je i-ta kolona
pomnoZzena elementom u. Jedini¢na matrica I,, je elementarna matrica I tipa. Elementarna transformacija vrsta
I tipa matrice A je mnoZenje jedne vrste matrice A elementom koji je razli¢it od 0. Elementarna transformacija
kolona I tipa matrice A je mnoZenje jedne kolone matrice A elementom koji je razlicit od 0. IzvrSavanje elemen-
tarne transformacije vrsta (kolona) I tipa matrice A je u stvari mnoZenje matrice A sleva (zdesna) elementarnom
matricom I tipa.

Zatim, elementarna matrica II tipa je matrica dobijena od jedini¢ne matrice I,, zamenom mesta ¢-toj i j-toj

vrsti, 1 < 4, < n, odnosno to je matrica oblika _ ) 0 0 0]

E(Z’]) =

0..0..0..1

Datu matricu E(4, ) moZemo dobiti i zamenom mesta i-toj i j-toj koloni u jedini¢noj matrici I,,. Matrica E (3, j)
je regularna i njen inverz je ona sama. MnoZenje sleva matrice A matricom E(4, j) kao rezultat daje matricu
A kod koje su i-ta i j-ta vrsta zamenile mesta. MnoZenje zdesna matrice A matricom E(, j) kao rezultat daje
matricu A kod koje su i-ta i j-ta kolona zamenile mesta. Otuda zaklju€ujemo da je E(i,j)? = I, tj. da je
matrica F(7, j) sama sebi inverz. Elementarna transformacija vrsta II tipa matrice A je zamena mesta dvema
vrstama date matrice. Elementarna transformacija kolona II tipa matrice A je zamena mesta dvema kolonama
matrice A. Izvr§avanje elementarne transformacije vrsta (kolona) II tipa matrice A je mnoZenje matrice A sleva
(zdesna) elementarnom matricom II tipa.

Elementarna matrica III tipa je kvadratna matrica reda n koja na dijagonali ima sve elemente jednake 1,
na poziciji (¢,7), ¢ # j, 1 < i,j < n, proizvoljan element a, i sve ostale elemente jednake 0; odnosno to je
matrica koja se od jedini¢ne matrice I,, razlikuje samo u jednom elementu van dijagonale i oblika je

1...0...0...0

E(i,j;a) =
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Realizacija Mupad procedure za odredivanje Moore—Penrose-ovog inverza matrice

Primetimo da je matrica E regularna i da je njen inverz E(i,j;a) ™! = FE(i, j; —a) takode elementarna matrica
I1I tipa. MnoZenje sleva matrice A matricom E(4, j; a) kao rezultat daje matricu A kod koje je i-ta vrsta zame-
njena zbirom i-te vrste i j-te vrste pomnoZene sa a. MnoZenje zdesna matrice A matricom E(i, j; a) kao rezultat
daje matricu A kod koje je j-ta kolona zamenjena zbirom j-te kolone i i-te kolone pomnoZene sa a. Elemen-
tarna transformacija vrsta III tipa matrice A je zamena jedne vrste matrice A sa zbirom te vrste i neke druge
vrste pomnoZene brojem. Elementarna transformacija III tipa na kolonama matrice A je zamena jedne kolone
matrice A sa zbirom te kolone i neke druge kolone pomnoZene brojem. IzvrSavanje elementarne transformacije
vrsta (kolona) III tipa matrice A je u stvari mnoZenje matrice A sleva (zdesna) elementarnom matricom III tipa.

Elementarne matrice I, II ili III tipa dobijamo primenom elementarnih transformacija vrsta (kolona) I, II ili
III tipa na jedini¢nu matricu /,,. Elementarna matrica je elementarna matrica I, II ili III tipa. Elementarna
transformacija vrsta je elementarna transformacija vrsta I, II ili III tipa. Elementarna transformacija kolona
je elementarna transformacija kolona I, 1T ili IIT tipa.

Matrice Ay i Az su vrsta-ekvivalentne ako se matrica A; moZe dobiti od matrice A; primenom konacnog
broja elementarnih transformacija vrsta. Matrice A; i A5 su kolona-ekvivalentne ako se matrica A, moZe dobiti
od matrice A; primenom konacnog broja elementarnih transformacija kolona. Matrice A; i Ao su ekvivalentne,
u oznaci A; & A,, ako se matrica A, moZe dobiti od matrice A; primenom konacnog broja elementarnih trans-
formacija vrsta i kolona. Odnosno, matrice A; i A, su vrsta-ekvivalentne ako postoji konacan niz elementarnih
matrica Py, P,, ..., P, takvih da vazi A, = P, -...- P, - P; - A;. Matrice A; i A su kolona-ekvivalentne
ako postoji konacan niz elementarnih matrica Q1, Q2, ..., Q, takvihda vazi Ao = A1 - Q1 - Q2 -...- Qs . Ina
kraju, matrice A; i As su ekvivalentne ako postoje elementarne matrice Py, Po, ..., P 1 Q1,Qa, ..., Qs takve
davazi Ao = P.-...-Py- Py - A1 - Q1 - Q2 - ... Q. Udaljem tekstu ¢emo proizvod matrica Py, Ps, ..., P,
iQ1,Q2,...,Qs oznacavati redom sa P i (). Prema tome, matrice A; i Ay su ekvivalentne ako postoje ma-
trice P i @, koje su jednake proizvodu elementarnih matrica, takve da je A, = P - A; - Q). Vrsta-ekvivalencija,
kolona-ekvivalencija i ekvivalencija su relacije ekvivalencije na skupu svih matrica istog tipa. Zaista, refleksiv-
nost sledi iz Cinjenice da je jedini¢na matrica elementarna matrica. Simetri¢nost sledi iz Cinjenice da su ele-
mentarne matrice regularne. PokaZimo tranzitivnost. Neka za matrice Ay, Ao i Az vazi A; & Ay i Ay & As.
Tada postoje elementarne matrice Py, Py, ..., P, P, Py.... . P, 1Q1,Q2,...,Qs, Q1,Q5,...,Q", takve da
vaZiAdo =P, -...-Py- P A1 - Q1-Q2-...-Qs1A3 =P, -...-Py- P - Ay - Q) - Q5 - ... - Q.. Paimamo
AgZP;, PQIP{PTPQP:LAlQlQQQSQ/lQIQQ;,,OdHOSHOAl %A&

Neka je A € R™*"™ proizvoljna matrica tipa m X n nad poljem realnih brojeva. Primenjujuci elementarne
trasformacije vrsta i kolona moZe se pokazati da je matrica A ekvivalentna matrici:

1...00...0

g |0 100 _ 1|0

"7 10...00...0|  |olo]|’
[0...00...0]

gde je I, jedini¢na matrica reda r i r rang matrice A. Matrica E, se naziva normalnom formom matrice A.
Za matrice P i @ koje su proizvodi elementarnih matrica reda m, odnosno n, koje uspostavljaju ekvivalenciju
izmedu matrica Ai E, vazidaje £, = P - A- Q.

2.2. {1}-inverz ili uopsteni inverz

U ovom poglavlju éemo se detaljno baviti uopstenim inverzima, njihovom definicijom, konstrukcijom i naj-
vaznijim osobinama.

Opsti {1}-inverz ili uopsteni inverz matrice A € R™*™ je bilo koja matrica X € R™*™ koja zadovoljava
I | X

jednadinu A- X - A = A. Svaka matrica oblika X = Q- X X1 - P, gde je I, jediniéna matrica reda r, r rang
2| A3

matrice A, X1, X» i X3 proizvoljne matrice redom tipa 7 x (m—r), (n—r) X7 i (n—r)x (m—r),a P i@ proizvodi
elementarnih matrica reda m, odnosno n, koje uspostavljaju ekvivalenciju izmedu matrice A i njene normalne
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forme, jeste {1}-inverz matrice A. Zaista, kako su matrice P i Q regularne vazi daje A = P~1.

1,10
O

pa prema tome imamo:

1|0 I | X, 1|0
A-X-A=pP1L. Q71Q- .p-p—1. Q1
o|o X5 |X; 0|0
_po [E0] [Lx) [nle]
olo| | X|xs| |o|o
_ o | I I,|0 Q1= p1. 1|0 Q= A
o|lo | |olo olo

MozZe se pokazati i obrat tvrdenja, tj. da se svaki {1}-inverz moZe predstaviti u obliku proizvoda matrica @,
I | X,
Xo| X3

izabrane matrice X1, X5 i X3 matricu X = @ -

i P. U opStem {1}-inverzu matrice A broj slobodnih parametara je N; = n - m — r2. Za konkretno

I | X,
Xo| X5

A. Proizvoljan {1}-inverz matrice A oznadavamo A(!). Primetimo da ukoliko je matrica A regularna njen jedini
{1}-inverz jeste njen inverz. MnoZenjem jednakosti A - X - A = A sleve i zdesne strane sa A~! dobijamo da je
X=A"1

Naredne tri teoreme se bave konstrukcijom parcijalnih {1}-inverza.

- P nazivamo partikularnim {1}-inverzom matrice

Teorema 1. Neka je A € R™*™ matrica tipa m X n nad poljem realnih brojeva ranga r. Neka je P € R™*"™

I.|C I.|0
olo | Tada je jedan {1}-inverz matrice A dat sa X =

0)
Dokaz. Za {1}-inverz X matrice A vazi A-X-A = A. Matrica P je regularna matrica kao proizvod elementarnih
matrica reda m. Prema tome, za matricu A vazi A = P~1. . Imamo:

I.|C

0|0
I.|C 1|10 I.|C 4| I+|O 1.|C I.|C
0|0 0|0 0|0 0|0 0|0 0|0
Teorema 2. Neka je A € R™*™ matrica tipa m x n nad poljem realnih brojeva ranga r. Neka je Q € R"*™

- Tada je jedan {1}-i ice Ad X=Q -
. - t t =Q-
- uda je jedan inverz matrice A dat sa

Dokaz. Dokaz se izvodi analogno kao i dokaz Teoreme 1. 0

matrica za koju vaZi P - A = - P.

-1

A-X-A=PL. .p.p-1l.

matrica za koju vazi A - Q =

Teorema 3. Neka je A =

Ao A ]
40'71 € R™*" blok matrica za koju vazi rang (A) = rang (Ag) = r, gde je

As Ag_
A0
O |0

Dokaz. Vrste matrice A razmatramo kao vektore u vektorskom prostoru R™ nad poljem R. Kako je rang matrice
Ap jednak r, prvih r vrsta matrice A su linearno nezavisne. Rang matrice A je takode jednak r, pa se poslednjih
m — r vrsta moZe predstaviti kao linearna kombinacija prvih r. Zaista, postoji matrica 7 € R(™~")*" takva da
vazi [AQ |A3 ] =T-. [Ao |A1 } = [T - Ag |T - Aq ] Rang matrice Ag je jednak njenom redu, pa je matrica Ag
regularna. Kako je matrica Ay regularna, iz Ay = T - Ag zakljuujemo daje T = Ay - Ay *. Zamenom u matriénu
jednakost A3 = T'- A; dobijamo A3 = A, - Aal - Aj. Matrica X je {1}-inverz matrice A akovazi A-X-A = A.

Ag € R™*". Tada je jedan parcijalni {1}-inverz matrice A dat sa X =

Prema tome, inj:mo dijl'e: A0|A1 A61|@ A0|A1 I, |© A0|A1
AT L o Jo| | Afas | T a0 | Aulas
Ao | Ay Ao|Ay
T Ay AGT - Ag| Ay AGT- Ay || As]As =4 -
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Realizacija Mupad procedure za odredivanje Moore—Penrose-ovog inverza matrice

2.3. {1, 2}-inverz ili refleksivni uopsteni inverz

Opsti {2}-inverz matrice A € R™*" je bilo koja matrica X € R"*™ koja zadovoljava jednacinuX-A-X = X.
Xo| Xi
Xo| Xo - X,
i (n—r) xr, za koje vazi da je X3 = X, (matrica X, je idempotentna), Xy - X1 = X7 i Xo - Xo = Xo,
a P i @ proizvodi elementarnih matrica reda m, odnosno n, koje uspostavljaju ekvivalenciju izmedu matrice A
i njene normalne forme, jeste {2}-inverz matrice A. Zaista, kako su matrice P i @) regularne vazi da je A =

AL -
: , pa préma tome 1mamo:
olo pap

Svaka matrica oblika X =Q - - P, gde su Xy, X; i Xo matrice redom tipar X r, 7 X (m — r)

p-t.

[ Xo| X3 I.|0 Xol Xi
X AX=Q | —t——| -P-P'. Q7Q- . P
Xo|Xs - X3 0|0 Xo|Xs - X1
[ X,| X Llo] [ Xo] X X,|O
- |= LS. | . o| X pP=qQ-|= [XO X1 }.p
XX, X, | | 00| | X|x, x4 X|0 | [ Xe|Xz- X,
X2 XX Xo| X
—Q- 0 | 0 1 P=Q- 0 L .P=X.
| Xy Xo| Xa - Xy Xa| Xz X,

MoZe se pokazati i obrat tvrdenja, tj. da se svaki {2}-inverz moZe predstaviti u obliku proizvoda matrica @,

X X
0 L i P, pri ¢emu vazi X3 = Xo, Xo - X1 = X1 X2+ Xo = Xs. U opstem {2}-inverzu matrice A
Xo|Xo - X4
broj slobodnih parametara je Ny =n-m — (n—r) - (m —r) = r- (n+m — r). Za konkretno izabrane matrice

Xo| Xi
Xo| Xy - Xy

{2}-inverz matrice A oznatavamo A(?). Primetimo da je matrica X {1}-inverz matrice A ako i samo ako je A
{2}-inverz matrice X.

Xo, X1 i X5 matricu Q - [ - P nazivamo partikularnim {2}-inverzom matrice A. Proizvoljan

Opsti {1, 2}-inverz ili refleksivni uopsteni inverz matrice A € R™*™ je bilo koja matrica X € R"*™ koja
.| X3
Xo| Xo - X4
X1 i X5 proizvoljne matrice redom tipa r X (m—r) i (n—r) xr,a P i@ proizvodi elementarnih matrica reda m,
odnosno n, koje uspostavljaju ekvivalenciju izmedu matrice A i njene normalne forme, jeste {1, 2}-inverz matrice
A. U opstem {1, 2}-inverzu matrice A broj slobodnih parametaraje Ny o =n-m —1%2 — (n—71) - (m — 1) =
r| X
Xo|Xo - X1
{1, 2}-inverzom matrice A. Proizvoljan {1, 2}-inverz matrice A oznaavamo A(12),

zadovoljava jednacine A- X - A = Ai X-A- X = X. Svaka matrica oblika X = Q- [ - P, gde su

r(n+m — 2r). Za konkretno izabrane matrice X; i Xy matricu Q) - [ - P nazivamo partikularnim

2.4. SiT matrice

Neka je A € R™*™ proizvoljna matrica tipa m x n nad poljem realnih brojeva i neka su P i @) proizvodi
elementarnih matrica reda m, odnosno n, koje uspostavljaju ekvivalenciju izmedu matrice A i njene normalne

1.0

(0110)
Ty |T>
T, T,

S=p.-PT =
gde su S1, So, S31 5y matrice tipar xr,r X (m—r), (m—r)xri(m—r)x(m—r),aTy, Ty, T3 1T, matrice
tipar xr,rx (n—r),(n—r)xri(n—r)x(n-—r).

forme, P-A-Q =F, = . Neka su S'i 7T matrice
5152

S3|S4

T:QTQ: ) ey

Tvrdenje 1. Neka je A € R™*™ proizvoljna matrica tipa m X n nad poljem realnih brojeva i neka su S i T
matrice definisane u (1). Tada vaZi:

e matrice S i T su simetricne, i vazi ST = Sy, ST = S3, ST = S, iTL =Ty, T =T3iT] =Ty,
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e matrice S i T su pozitivno definitne, tj. za svaku nenula kolona-matricu x € R™*! vazi da je

T .S x> 0iza svaku nenula kolona-matricu y € R"*! vaZi da je y* - T -y > 0;
e matrice S i T su regularne i vaZi da je
51 — [ (S1—S-Sr"-85) '|—S7'- S5 (84— Sy S 52)_1] ;
Sy (81— Sy 87" 857" (Sy—S5- 57187
— (T -T-T7 1) -1 T (LT T T)
STy (T =Ty Ty Ts) (Ty—Ts - T7 - Tn) "

2.5. {1,3}-inverzi {1,4}-inverz

Opéti {3} -inverz matrice A € R™*" je bilo koja matrica X € R™*™ koja zadovoljava jednacinu (A-X)T =
Xo|—Xo - S2-5;"
X, | Xs
m, odnosno n, koje uspostavljaju ekvivalenciju izmedu matrice A i njene normalne forme, S, So, S3 1 54 blokovi

A-X.Svaka matrica oblika X = Q- l - P, gde su P i @ proizvodi elementarnih matrica reda

S1]8
matrice S = P-PT = 5‘1‘?21 redom tipa rxr, rx(m—r), (m—r)xr i (m—r)x(m—r), a Xo, X2 i X3 proizvoljne
3[4

matrice redom tipa rxr, (n—r)xr i (n—r)x(m—r), zakoje vazi (51 —S2-S; ' S3) X&' = Xo-(S1—S2-5; '+ 53),

I.|0
jeste {3}-inverz matrice A. Zaista, kako su matrice P i () regularne vazi da je A = P! ([; ol Q1 pa
prema tome imamo:
I.|0 XOl_XO'SQ'Szfl T
A-x'=|(pt. .0 '.0. .P| =
( ) ( ‘*‘@ o Q™ -Q [X2| X,
por [2]0] [Xo|=Xo-S2-57] t por [ Xo|=Xo S5 T
olo| | %] x 0| 0
Xq 0 x& 0
P Oy | O] ey
(—Xo-S2-5;7") |<o> -8t S5 X |@
xg @) xg ©)
(prp)p LB o) ) — (o) S ey e
|—s:"-55-x7 0] ~S;"-55-x7 |0
po [Sls) [ XEJ0) [ imsesits)™ |esitse@imsesits))
_S3|S4J [—SZISBX3|©J |_*S471~53'(31752'5471'S3)71| (54753'5171'5’2)71
P_l"SI-XOTfSQ-s;l.Sg-XOTm][ (S1—S2-5;1-85) " |fs;1.sz.(s4fsg-s;l-sz)*l]'P:
1S5 X3 — 505,55 XP|0] | 57185 (S1- 50857189 Y Sa-Sss7ts) |
P, [(51—S2-5;"-S5)- X3 |0 (S1—S2-57-59) " | =571z (Sa—S5-S7 1S9 e
0 0] | —57185-(S1—52-571-55) ! (Sa—S3-S7t-59) "
o [Xosi=Sasi s |0] [ (i-seesits) ™ |-sitsimsesis)
0] o] [—54—1.53-(31—52-54—1-53)‘1 (Sa—S3-571-8) " |
—y [ Xo|—Xo - (S1—Sa-S;%-83) 571 8o (Sa—Ss-S7-G) " ] o
L @ @ -
Pt [ Xo|—Xo - (S2—Sa- Syt S3- S 82) - (Sa—S3- 57t 92) " ] e
L @ @ -
P [ Xo|—Xo-S2- St (Sa—S3-S7-S2) - (Sa—S3-S71-S2) "] e
0 0)
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Realizacija Mupad procedure za odredivanje Moore—Penrose-ovog inverza matrice

Pt Xol—Xo'SmSZl p—p-l. Irl@) ) XOl_XO.STS‘:l P =
o] o olo] | x|  Xs

B 1|0 B X0|—X0~5'2‘S4_1
ﬁ—@@ Q-Q [

MoZe se pokazati i obrat tvrdenja, tj. da se svaki {3}-inverz moZe predstaviti u obliku proizvoda matrica Q,

Xo|—Xo- S-S,

Xo| X
{3}-inverzu matrice A broj slobodnih parametara je N3 = n-m —r- (m —r). Za konkretno izabrane matrice Xy,
Xo|—Xo-S>-5;"
X2| X3

{3}-inverz matrice A oznadavamo A3,

i P, pri ¢emu vazi (S; — Sa- Sy - S3) - XI = Xo - (S1—S2-S;" - S3). Uopstem

X2 1 X3 matricu @ - - P nazivamo partikularnim {3}-inverzom matrice A. Proizvoljan

Opsti {1, 3}-inverz matrice A € R™*"™ je bilo koja matrica X € R"*™ koja zadovoljava jednacine A-X- A=
I |-8y-8!
X5 X3
matrica reda m, odnosno n, koje uspostavljaju ekvivalenciju izmedu matrice A i njene normalne forme, Sy i Sy
S1|8
blokovi matrice S = P - PT = |— 52 redom tipar X (m —r)i(m —7r) x (m —r), a Xy i X3 proizvoljne
3[04
matrice redom tipa (n — ) x i (n —r) X (m — r), jeste {1, 3}-inverz matrice A. U opStem {1, 3}-inverzu
matrice A broj slobodnih parametara je Ny 5 = (n —r) -7+ (n —r) - (m —r) = (n — r) - m. Za konkretno
I |-8y- St
Xo| X3

A. Proizvoljan {1, 3}-inverz matrice A oznatavamo A(1-3),

Ai(A-X )T = A- X. Svaka matrica oblika X = Q- - P, gde su P i () proizvodi elementarnih

izabrane matrice X i X3 matricu @) - [ - P nazivamo partikularnim {1, 3}-inverzom matrice

Opsti {4}-inverz matrice A € R"™*™ je bilo koja matrica X € R"*™ koja zadovoljava jednacinu (X - A)T =
X, | X,
~T7 Ty - Xo| X
m, odnosno n, koje uspostavljaju ekvivalenciju izmedu matrice A i njene normalne forme, 77, Ts, T3 i T, blokovi
h|T
15Ty
matrice redom tipa rxr, rx(m—r) i (n—r)x(m—r), za koje vazi X& (It —To- T, ' T3) = ([, — T>- T, * - T3)- Xo,
jeste {4}-inverz matrice A. U opStem {4 }-inverzu matrice A broj slobodnih parametara je Ny = n-m—(n—r)-r.
X, | X,
~T7 Ty - Xo| X
{4}-inverzom matrice A. Proizvoljan {4}-inverz matrice A oznacavamo A%,

X - A. Svaka matrica oblika X = Q- - P, gde su P i @ proizvodi elementarnih matrica reda

matrice T = Q7 -Q = redom tipa rxr, rx(n—r), (n—r)xri (n—r)x(n—r), a Xy, X1 i X3 proizvoljne

Za konkretno izabrane matrice X, X1 i X3 matricu Q - - P nazivamo partikularnim

Opsti {1, 4}-inverz matrice A € R™*™ je bilo koja matrica X € R"*" koja zadovoljava jednacine A-X- A=
r 1
~T, ' T3] X3
matrica reda m, odnosno n, koje uspostavljaju ekvivalenciju izmedu matrice A i njene normalne forme, 75 i T}
blokovi matrice T = Q7 - Q = ;1 ;2 redom tipa (n —r) X ri (n —r) x (n — r), a X1 i X3 proizvoljne
3|44

matrice redom tipa r X (m —r)i(n —r) x (m — r), jeste {1,4}-inverz matrice A. U opstem {1, 4}-inverzu
matrice A broj slobodnih parametaraje Ny 4 =7-(m —r)+ (n—r)-(m —r) = n- (m — r). Za konkretno
I, X1
—T;7 T3] X3
A. Proizvoljan {1, 4}-inverz matrice A oznadavamo A(14).

Ai(X - A)" = X-A. Svaka matrica oblika X = Q- - P, gde su P i () proizvodi elementarnih

izabrane matrice X i X3 matricu Q) - - P nazivamo partikularnim {1, 4}-inverzom matrice
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2.6. Moore-Penrose-ov inverz

Neka je A € R™*™ matrica tipa m X n nad poljem realnih brojeva. Matricu X € R™*"™ tipa n X m nad
poljem realnih brojeva koja je reSenje sistema Penrose-ovih jednacina:

A-X A=A X A- X=X, A-X)T=4-X, (X-AT=X-4, 2)

nazivamo Moor-Penrose-ov inverz.

Teorema 4. Neka je A € R™*™ matrica tipa m X n nad poljem realnih brojeva. Tada je Moore-Penrose-ov
inverz matrice A jedinstven.

Dokaz. Pretpostavimo da su X € R"*™ i Y € R™ " dva Moore-Penrose-ov inverz matrice A, tj. matrice za
koje vaze prethodne Cetiri matri¢ne jednacine (2). Imamo da je:

A-X = (A~X)T:XT~AT:XT-(A-Y~A)T:XT-(AT-YT-AT):(XT-AT)~(YT-AT)
=A-X)T AVT=A4-X)- (A Y)=(A-X-A) - Y=AY i

X A= (X~A)T:AT-XT:(A~Y0A)T~XT:(AT~YT~AT)~XT:(AT'YT)-(AT~XT)
=Y - AT (X - AT=(Y A - (X-A)=Y - (A-X-A)=Y A

Dalje sledi da je:
X=XAX=X-A) - X=YY A - X=Y A X)=Y - (A-Y)=Y - A Y=Y,

odakle zaklju¢ujemo da je Moore—Penrose-ov inverz jedinstven. O

Neka je A € R"™*"™ matrica tipa m X n nad poljem realnih brojeva. Matrica oblika

I, | —Sy-8."
X=Q- —1 —1 -1
ST T[T Ty S, S5

gde su P i @ proizvodi elementarnih matrica reda m, odnosno n, koje uspostavljaju ekvivalenciju izmedu matrice

S1|8
A i njene normalne forme, So i S, blokovi matrice S = P - PT = Sl 52 redom tipa r X (m — r) i

3|94

: : : T, . :
(m—7) x (m—r),aTsiT,blokovi matrice T = QT -Q = 7 redom tipa (n—r)xri(n—7r)x (n—r),
3|44

jeste Moor-Penrose-ov inverz matrice A. Na osnovu Teoreme 4 zakljuCujemo da Moore—Penrose-ov inverz

—1
Irr | _52 N 54

T T T Ty S, Sy

za racunanje Moore—Penrose-ovog inverza se moZe naéiu [ 7] i [ 5].

X=Q- - P matrice A ne zavisi od izbora matrica P i . Navedeni postupak

3. Realizacija Mupad procedure za nalazenje Moore-Penrose-ovog inverza

Prva procedura koju smo realizovali NormalnaForma(A) je procedura za nalaZenje normalne forme n(A)
matrice A kao i odgovarajuéih matrica P i () koje su proizvodi elementarnih matrica koje uspostavljaju ekvi-
valenciju izmedu matrica A i n(A). U realizaciji date procedure prilagodena je veé¢ postojeéa Mupad funkcija
linalg::hermiteForm(A,All) iz paketa linalg. Procedura ima jedan ulazni parametar matricu A, a u toku realizacije
ispisuju se sama matrica, broj vrsta i kolona matrice A, kao i njen rang r(A), normalna forma n(A) i matrice
elementarnih transformacija vrsta i kolona u postupku odredivanja normalne forme P i (). U nastavku Citalac
moze naéi odgovarajuéu proceduru.

NormalnaForma:=proc (A)

begin
print (NoNL, "Matrice A jednaka je"), print (A);
print (Unquoted, "Broj vrsta matrice A jednak Jje ".linalg::matdim(A) [1].".");
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Realizacija Mupad procedure za odredivanje Moore—Penrose-ovog inverza matrice

print (Unquoted, "Broj kolona matrice A jednak je ".linalg::matdim(A) [2].".");
r(A) :=linalg::rank (A) :
print (Unquoted, "Rang matrice A Jjednak je ".r(A).".");
h(A) :=linalg::hermiteForm(A,All) [1]:
P:=linalg::hermiteForm(A,All) [2]:
n(A) :=linalg::transpose(linalg::hermiteForm(linalg::transpose(h(A)),All) [1]):
Q:=linalg::transpose(linalg::hermiteForm(linalg: :transpose (h(A)),All) [2]):
for 1 from 1 to r(A) do
if n(A)[1i,1]=0 then
nr:=linalg::row(n(aA), 1i):
n(A) :=linalg::delRow(n(A), 1i):
n(A) :=linalg::stackMatrix (n(A),nr):
pi:=linalg::row(P, 1):
P:=linalg::delRow (P, 1i):
P:=linalg::stackMatrix (P,pi) :
nc:=linalg::col(n(a), 1i):
n(A):=linalg::delCol(n(A), 1i):
n(A) :=linalg::concatMatrix (n(A),nc) :
gi:=linalg::col(Q, 1i):
Q:=linalg::delCol (Q,1):
Q:=linalg::concatMatrix (Q,qi) :
end_1if:
end_for:
for 1 from 1 to r(A) do
Q:=linalg::multCol (Q, i, 1/n(A)[i,1]):
n(A) :=linalg::multCol(n(A), i, 1/n(A)I[i,1]1):
end_for:
print (NoNL, "Normalna forma matrice A je matrica"),print(n(A));
print (NoNL, "Matrica elementarnih transformacija vrsta u postupku odredjivania

normalne forme matrice A je matrica P ="), print(P);

print (NoNL, "Matrica elementarnih transformacija kolona u postupku odredjivanija
normalne forme matrice A je matrica Q ="), print(Q);

end_proc:

Sledeca procedura InverzI(A) je procedura za odredivanje {1}-inverza ulazne matrice A. U okviru ove pro-
cedure formira se blok-matrica e(A) i {1}-inverz matrice A kao proizvod matrica Q-e(A)- P. Naredbe procedure

InverzI(A) se nalaze u nastavku.
Inverzl:=proc (A)
begin
NormalnaForma (&) :
i(A):=linalg::submatrix(n(A), 1..r(A), 1l..r(A)):
e (A) :=matrix(linalg::matdim(A) [2],1linalg: :matdim(A) [1],x):
e (A) :=linalg::substitute(e(r), i(A), 1, 1):
X:=Qx*e (A) xP:

print (Unquoted, "Opsti {l}-inverz matrice A je matrica"), print(X);
print (NoNL, "koja se dobija kao proizvod matrica Q, E i P, gde je E = "), print(e(A));
end_proc:

U proceduri Inverz2(A) formira se matrica f(A) tako $to se blok X5 matrica e(A) zamenjuje sa Xo - X7 i

konstruiSe se {1, 2}-inverz matrice A kao proizvod matrica @ - f(A) - P. Procedura sledi.
Inverz2:=proc (A)
begin
Inverzl (A) :
if (linalg::matdim(A) [1]=r (A) or linalg::matdim(A) [2]=r (A))
then
print (Unquoted, "Opsti {1,2}-inverz matrice A jednak je opstem {l}-inverzu matrice A.");
else
X1l:=linalg::submatrix(e(A), 1..r(A), r(A)+l..linalg::matdim(a) [1]):
X2:=linalg::submatrix(e(A), r(A)+1l..linalg::matdim(A)[2], 1..r(A)):
X2*X1:
f(A):=linalg::substitute(e(A), X2xX1, r(A)+1l, r(A)+1):
Y:=Q*f (A) *xP:

print (Unquoted, "Opsti {1,2}-inverz matrice A je matrica"), print(Y);

print (NoNL, "koja se dobija kao proizvod matrica Q, E i P, gde je E = "), print(f(A));
end_if:
end_proc:
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Zatim prilazemo dve procedure za nalaZenje matrica S i T'. Kao rezultat ovih procedura ispisuju se matrice

SiTi odgovarajuéi blokovi Sl, Sg, Sg, S4, T1, Tg, T3 i T4.

Smatrica:=proc (A)

begin
S:=Pxlinalg::transpose (P):
print (NoNL, "S = P%P"T ="), print(S);

Sl:=linalg::submatrix (S, 1..r(A), 1l..r(A)):
S2:=linalg::submatrix (S, 1..r(A), r(A)+l..linalg::matdim(S) [2]):
S3:=linalg::submatrix (S, r(A)+1l..linalg::matdim(S) [1], 1..r(A))
S4:=1linalg::submatrix (S, r(A)+1l..linalg::matdim(S) [1], r(A)+1l..linalg::matdim(S) [2]):
print (Unquoted, "Odgovarajuci blokovi matrice S su:");
print (NoNL, "S_1 ="), print(Sl);
print (NoNL, "S_2 ="), print(S2);
print (NoNL, "S_3 ="), print(S3);
print (NoNL, "S_4 ="), print(S4);

end_proc:

Tmatrica:=proc (A)

begin
T:=linalg::transpose (Q) *xQ:
print (NoNL, "T = Q"T+Q ="), print(T);

Tl:=linalg::submatrix (T, 1..r(A), 1..r(A)):

T2:=1linalg::submatrix (T, 1..r(A), r(A)+1l..linalg::matdim(T) [2]):
T3:=linalg::submatrix (T, r(A)+l..linalg::matdim(T) [1], 1..r(A)):
T4:=1linalg::submatrix (T, r(A)+l..linalg::matdim(T) [1], r(A)+1l..linalg::matdim(T) [2]):

print (Unquoted, "Odgovarajuci blokovi matrice T su:");
print (NoNL, "T_1 ="), print(T1);
print (NoNL, "T_2 ="), print(T2);
print (NoNL, "T_3 ="), print(T3);
print (NoNL, "T_4 ="), print(T4);

end_proc:
U proceduri Inverz3(A) formira se matrica g(A) tako $to se blok X matrica e(A) zamenjuje sa —So - Sy * i

konstruiSe se {1, 3}-inverz matrice A kao proizvod matrica @ - g(A) - P. PrilaZemo proceduru.
Inverz3:=proc (A)
begin
Inverzl (A);
if linalg::matdim(A) [1]=r (A)
then
print (Unquoted, "Opsti {1,3}-inverz matrice A jednak je opstem {l}-inverzu matrice A.");

else
Smatrica (A) :
—-S2%S4" (-1) :

g(A) :=linalg::substitute(e(A), -S2xS4"(-1), 1, r(A)+1):

Z:=Qxg (A) xP:

print (Unquoted, "Opsti {1,3}-inverz matrice A je matrica"), print(Z);

print (NoNL, "koja se dobija kao proizvod matrica Q, E i P, gde je E = "), print(g(ad));
end_if:
end_proc:

U proceduri Inverz4(A) formira se matrica h(A) tako $to se blok X, matrica e(A) zamenjuje sa —T; * - T i

konstruiSe se {1, 4}-inverz matrice A kao proizvod matrica @ - h(A) - P. Procedura je priloZena u produZetku.

Inverz4:=proc (A)
begin
Inverzl (A) :
if linalg::matdim(A) [2]=r (A)
then
print (Unquoted, "Opsti {1,4}-inverz matrice A jednak je opstem {l}-inverzu matrice A.");
else
Tmatrica (A) :
—T4" (=1)*T3:
h(A) :=linalg::substitute(e(A), -T4"(-1)*T3, r(A)+1l, 1):
W:=Q+h (A) xP:
print (Unquoted, "Opsti {1,4}-inverz matrice A je matrica"), print (W);
print (NoNL, "koja se dobija kao proizvod matrica Q, E i P, gde je E = "), print(h(A));
end_if:
end_proc:
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Realizacija Mupad procedure za odredivanje Moore—Penrose-ovog inverza matrice

Na kraju dajemo i proceduru MoorePenroselnverz(A) koja se sastoji iz prethodno navedenih procedura. Na
pocetku procedure je izvrSeno grananje, u zavisnosti da li je ulazna matrica regularna, ili joj je broj vrsta, odno-
sno kolona, jednak rangu ili ni$ta od navedenog. Na zavrSetku date procedure Moore-Penrose-ov inverz ulazne
matrice A je dobijen kao proizvod matrica () - Pom - P, gde je matrica Pom dobijena u dva koraka, prvo za-

menom bloka X
sa T4*1 - T3 - Sy

u {1,4}-inverzu h(A) sa —S, - S; !, a zatim zamenom bloka X3 u tako dobijenoj matrica
=Sy ! Matrice P i ) su matrice elementarnih transformacija vrsta i kolona dobijene u pro-

ceduri NormalnaForma(A), a matrice Ss, Sy, T5 1 T4 su blokovi-matrice dobijeni u procedurama Smatrica(A) i

Tmatrica(A).

MoorePenroselnverz:=proc (A)

begin
r(A) :=linalg:

:rank (A) :

if (linalg::matdim(A) [1]=r (A) and linalg::matdim(A) [2]=r (A))

then
print (NoNL,

"Matrica A Jje regularna i1 Moore_Penrose-ov inverz matrice A \n

jednak je njenom inverzu"), print (A" (-1));

elif (linalg:
then
Inverz2 (A) :
print (Unquot
Tmatrica (A) :
-T4" (-1) *T3:
h(A) :=linalg
W:=Q+h (A) xP:
print (Unquot
print (NoNL,
print (Unquot
print (W) ;
elif (linalg:
then
Inverz2 (A) :
Smatrica (A) :
—-S2%S47 (-1) :

:matdim(A) [1]=r (A) and linalg::matdim(A) [2]<>Tr (A))

ed, "Opsti {1,3}-inverz matrice A jednak je opstem {1,2}-inverzu matrice A.");

::substitute(e(A), -T4"(-1)+T3, r(A)+1, 1):

ed, "Opsti {1,4}-inverz matrice A je matrica"), print (W);

"koja se dobija kao proizvod matrica Q, E i P, gde je E = "), print(h(d));
ed, "Moore--Penrose-ov inverz matrice A jednak je {1,4}-inverzu matrice A,"),

:matdim(A) [1]<>r (A) and linalg::matdim(A) [2]=r (A))

g(A) :=linalg::substitute(e(A), -S2xS4"~(-1), 1, r(A)+1l):

Z:=Qxg (A) xP:
print (Unquot
print (NoNL,
print (g (A));
print (Unquot
print (Unquot
print (2);
else
Inverz2 (A) :
Smatrica (A) :

ed, "Opsti {1,3}-inverz matrice A je matrica"), print(2z);
"koja se dobija kao proizvod matrica Q, E i P, gde je E = "),

ed, "Opsti {1,4}-inverz matrice A jednak Jje opstem {1,2}-inverzu matrice A.");
ed, "Moore--Penrose-ov inverz matrice A jednak Jje {1,3}-inverzu matrice A,"),

—-S2%S4” (1) :

g(A) :=linalg::substitute(e(A), -S2xS4"(-1), 1, r(A)+1l):

Z:=Qxg (A) xP:

print (Unquoted, "Opsti {1,3}-inverz matrice A je matrica"), print(Z);

print (NoNL, "koja se dobija kao proizvod matrica Q, E i P, gde je E = "), print(g(Ad));
Tmatrica (A) :

-T4" (-1) *T3:

h(A) :=linalg::substitute(e(A), -T4"(-1)*T3, r(A)+1l, 1):

W:=Q+h (A) xP:

print (Unquoted, "Opsti {1,4}-inverz matrice A je matrica"), print (W);

print (NoNL, "koja se dobija kao proizvod matrica Q, E i P, gde je E = "), print (h(Ad));
GH:=linalg::substitute(g(A), -T4"(-1)*T3, r(A)+1, 1):

Pom:=linalg:
MP :=QxPomx*P:

:substitute (GH, T4"(-1)*T3%xS2%«S4"(-1), r(A)+1, r(A)+1):

print (Unquoted, "Moore--Penrose-ov inverz matrice A je matrica"), print (MP);

print (NoNL,
end_if:
end_proc:

Navodimo i j

"koja se dobija kao proizvod matrica Q, E i P, gde je E = "), print (Pom);

edan primer rada procedure MoorePenroselnverz(A).

A:=matrix([[1,11,1[3,11,[1,211):
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MoorePenroselInverz (A) ;

1
Matrice A jednaka je (3 )
12

Broj vrsta matrice A jednak je 3.
Broj kolona matrice A jednak je 2.
Rang matrice A jednak je 2. 10

Normalna forma matrice A je matrica 01 .

00
Matrica elementarnih transformacija vrsta u postupku
odredjivanja normalne forme matrice A je matrica P ‘_1 0
—1 —2

Matrica elementarnih transformacija kolona u postupku 10
odredjivanija normalne forme matrice A je matrica Q (0 1)

i i ) ) ) 52(1,3) +2 —=(1,3) —2x(1,3) — 1
Opsti {l}-inverz matrice A je matrica 52(2,3) —1 —x(2,3) 1-2x(2,3)

. . . ) ) . 10 z(1,3)
koja se dobija kao proizvod matrica Q, E i P, gde je E = 01 x@33) .

Opsti {1,2}-inverz matrice A jednak je opstem {l}-inverzu matrice A.

5 —3 12
S = PxP"T = -3 2 -7
12 -7 30
Odgovarajuci blokovi matrice S su:
B 5 —3
S-L=1-3 2
B 12
S_2 = _7

s_3 = (12 -7)

S_4 = (30) 0 2 _1
Opsti {1,3}-inverz matrice A je matrica < 5 5 >.
1 7 8
6 30 15 10 -2
koja se dobija kao proizvod matrica Q, E i P, gde je E = ( 5 >.
7
01 35
Opsti {1,4}-inverz matrice A jednak je opstem {1,2}-inverzu matrice A.
0 2 _1
Moore--Penrose-ov inverz matrice A jednak je {1,3}-inverzu matrice A, < 5 5 >
1 7 8
6 30 15

4. Zakljucak

Iako u paketu linalg programskog alata Mupad postoji ve¢ gotova funkcija linalg::pseudolnverse(A) za ra-
Cunanje Moore-Penrose-ovog inverza matrice A, znacaj realizovane procedure MoorePenroselnverz(A) jeste u
ispisivanju svih medukoraka; normalne forme n(A) matrice 4, matrica P i @) koje su proizvodi elementarnih
matrica koje uspostavljaju ekvivalenciju izmedu matrica A i n(A), zatim {1}, {1, 2}, {1,3} i {1, 4}-inverza.

Zahvalnica. 1. Jovovi¢ je podriana od strane Ministarstva prosvete, nauke i tehnoloskog razvoja Republike
Srbije, na projektu Analiza i algebra sa primenama, iz programa Osnovna istraZivanja, broj projekta 174032.
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10:00 — 11:45, CBeuana cana CAHY

10:00 — 11:45

OtBapame ckyna:
3opan Pakuh, nexan Marematnukor ¢gakynrera YHuBep3urtera y beorpany

Mmuoapar MartesbeBuh, Yausepsuter y beorpany, MaremaTuuku ¢axkyiTer, JOMUCHHA YJIaH
CAHY - [Ipeaceanuk nporpamckor ogoopa Cummnosujyma

Interior estimates for Poisson type inequality and gc hyperbolic harmonic mappings”

Bapo6apa JIpunosen /IpuoBmex, Faculty of Mathematics and Physics, University of
Ljubljana

,,Holomorphic discs in complex manifolds”




| CEKIHIMJA: MATEMATUKA U ITPUMEHE JAHAC

12:10 - 12:40
Mapko PagoBanoBuh, Yuusepsuret y beorpany, Marematnuku ¢akynrer

,,Grobner bases for flag manifolds”

12:40 - 13:10
Jparosby6o Keukuh, Yausepsuter y beorpany, Maremaruuku ¢axyiarer
3aartko JlazoBuh, Yausepsurer y beorpany, Maremarnuku ¢akynrer

,Compact and "‘compact" operators on the standard Hilbert module over a $W"*$
algebra”

13:10 - 13:40
Mwban KuexxeBuh, Yausepsurer y beorpany, Maremarnuku dhakyiaTeT

»Pesynmamu Cemunapa 3a Komnnekcnuy ananuzy Mamemamuukoz pakynimema y
nepuody 00 2007. 0o 2016. zooune'*

14:10 - 14:40
Musom ApceHoBuh, YHuBepsuret y beorpany, Maremarnuku ¢axynrer

,,LAtomic decompositions in weighted Bergman spaces of analytic functions”

14:40 - 15:10

Jesena Katuh, Yuusepsurer y beorpany, Matemaruuku (akynret
Joana Hukoauh, Yausepsurer y beorpaay, Maremarnuku daxynrer
Jlapko MusmmnakoBuh, Yuusepsurer y beorpany, Matemaruuku ¢akynrer

~Konopmanna Jlazpanynceea ®noposa xomonozuja 3a omeopene cKynoge u PSS
uzomopguzam*

15:10 - 15:40
Mapujan Mapkosuh, Yuausepsurer Lipue I'ope, [lpupogHo-marematnyku Gaxyarer

,,1he Khavinson conjecture”

15:40 - 16:10

‘Bophe bapaauh, Matemarnuku unctutyr CAHY, Yuusepsuret y beorpany
JAyman JokanoBuh, @axynrer 3a NpOU3BOIKBY U MEHAIMEHT, T peOumbe
Mapuna MunuheBuh, ®akynTeT 3a mpou3BOkbY U MEHAIMEHT, 1 peOnme

.Bapujayuje Illmajueposoz nopusma“*




12:10 - 12:40
Tarjana laBunosuh, Marematnuku uactutyr CAHY

. EQurkacno moodenupare peannux onmumuzayuonux npoonema’

12:40 - 13:10

Ana A”oxuh, Yuusepsuret y beorpany, [lossonpuBpentu gaxkyirer

3opuna Cranumuposuh, Yausepsurer y beorpany, Maremarnuku GpakyaTeT
‘Bophe Crakuh, Yuusepsurer y beorpany, Maremaruuku (akynret
Tarjana laBunosuh, Marematnuku uactutyr CAHY

IIpoonem pacnopeljusara 6o3una npu onmuMu3ayuju mpouwiKoea Mpancnopma
nO.bONPUBPEOHUX CUpOBUHA'

13:10 - 13:40
Bojana MuaomeBuh, Yausepsuret y beorpany, Matemaruuku ¢akynrer
Mapko O6panoBuh, Yausepsutet y beorpany, Matematnuku daxynrer

.. Jecmosu cumempuje 3acCH08aHU HA HOBUM Kapakmepuzayujama“

14:10 - 14:40

Anhenxka KoBaueBuh, Yausepsurer y beorpany, Maremarnuku GhakyiaTeT

Jlyka Y. IlonoBuh, Actpornomcka oncepBatopuja beorpan

Alla 1. Shapovalova, Special Astrophysical Observatory of the Russian AS, Russia
Jparana Wauh, Yuausepsurer y beorpany, Matemarnuku ¢axynrer

,Periodicity: the case study of light curves of a quasar E1821+643”

14:40 - 15:10
Bpanko ManemeBuh, Yuusepsurer y beorpany, Enekrporexanuku dhakyiaTeT

,,Pa360j jeOnoz 0oxazueaua HeKUx K1aca aHaiumu4uKux Hejeonakocmu'

15:10 - 15:40
Ivana Milovi¢, University of Vienna, Department of Statistics
Hannes Leeb, University of Vienna, Department of Statistics

»conditional means of low-dimensional projections from high-dimensional data.
Explicit error bounds.”

15:40 - 16:10
Tartjana CrankoBuh, Enexrporexnuuka mkona ,,Hukona Tecna”, [TanueBo
Jacna bomkoBuh, Enexrporexnnuka mxkosna ,,Hukona Tecna”, [TanueBo

,JMassword Path-kpeamueno u 6e3oeono*




2. J1AH, CYBOTA 5. HOBEMBAP 2016.

| CEKIIUJA: MATEMATHUKA U ITPUMEHE JJTAHAC

10:00 - 10:30
Hasun Kanaj, Yausepsurer Lpne ['ope, [Ipupoano-marematnuku dhakynrer

,»A result for HQC mappings from the unit disk onto a Jordan domain”

10:30-11:00
boxunap Josanosuh, Matemarnuku uactutyr CAHY

.. eomempuja u ounamuxa“

11:00 - 11:30
3opan IlerpoBuh, Yausepsurer y beorpany, Marematnuku akynrer
Maja PocaaBueB, YuuBep3uteT y beorpany, Matematnuku dakynrer

,»O KOHauno 2enepucanum udearuma y nOJUHOMUJATHUM RPCMEHUMA HAO
HeHemepuHUM 6a1yauUuoOHUM 0oMeHuUma'"

11:30 - 12:00
I'opan BankoBuh, Yausepsurer y beorpany, Maremarnuku gakynret
Hukoana Jleaac, Yausepsuret y beorpany, MaremaTnuku (akynrer

.Koeapujanca uzmelhy yonuumenux ¢pon Manzonmoeux u oueuszopckux (oynkyuja y

F_aft*

12:30 - 13:00

Tartjana JdomenoBuh, Yuausepsurer y HoBom Cany, Texnononiku daxynrer
3opan Kanenoypr, Yausepsurer y beorpany, Marematnuku pakynaTer
Crojan PanenoBuh, Yausepsurer y beorpany, Mammuncku dakynrer

,,»A note on a paper of Jachymski and Klima”

13:00 - 13:30

Jparana Henuh, Yuausepsuret y Mctounom CapajeBy, CaoOpahajuu dakyntet J1060j
Pane JlazoBuh, Yausep3uter y beorpany, @akynTeT opraHn3aliMOHNX HayKa
Musenko Iukyaa, Yausepsuter y Mctounom CapajeBy, @unozodcku dpaxynrer lane

»Pjewasarse uneepznoz cpanuunoz 3a0amka muna Lllmypm-Jluysuna ca xomozenum
Kauwirbervem nomohy @peodxonmosoz neauneapnoz onepamopa’

13:30 - 14:00

busana Bojsoauh, MunucrapcTBo Hayke u TexHosioruje Penyonuke Cpricke
Munenko IMukyaa, Yausep3urer y Mcrounom CapajeBy, @minozodceku dakynrer
Baagumup Baaguuuh, Yausepsuter y Uctounom CapajeBy, @unozodpcku paxynarer

»HAneep3nu npoonem onepamopa muna Illlmypm-/luyeuna ca 0éa koncmanmna
Kawmera'




10:00 - 10:30
Canapa Xouuh, Yausepsurer y beorpany, Maremarnuku dakyiaTeT

Anpoxkcumayuja 1D u 2D jeonauune cyoougpysuje’”

10:30 - 11:00
Aaexcannap Bennh, Yuusepsurer y beorpany, Maremarnuku ¢axynrer

-Pewaearse npoorema oopehusarna nonosxcaja aymoodycKkux mepmuHaia RPUMeHoOM
napaneau3oeane Mmemooe NPOMeHbUBUX OKOIUHA"

11:00 - 11:30
Jenena CranojeBuh, Yuusepsurer y beorpany, ExkonHomcku daxkynrer
Karapuna Kykuh, Yuausepsurer y beorpany, Cao6pahajuu ¢akynrer

,, 00 Quobonauuja 0o xaoca. Ilpezned ekonomckux mooena y Kkojuma ce nojas.pyje xaoc'

11:30 - 12:00

Cean Pemnh, [IM® Ty3zna

Jycydp Memuh, OcHoBHa mikona CanHa

Easup Yajuh, Esponicku ynusepsutet Kanoc, Ty3na

,.Primena Banachovog teoerema o fiksnoj tacki u kompresiji slike"




Il CEKOUJA: MATEMATHUKA U UTHO®OPMATHUKA Y OBPA30OBABY

10:00 - 11:00

Muoapar MaresbeBuh, YHausepsutet y beorpany, Maremarnuku daxkynrer

,Komnnexcnuu opojesu, eyknudcka u neeykiuocka zeomempuja’

11:00 - 11:20

3opan IlerpoBuh, Yuusepsurer y beorpany, Maremarnuku hakyiaTeT

,,O desbugocmu y npcmeny nonunoma ca euuie Heoopehenux”

11:20-11:40

Oausepa Muxuh, YHusep3uret y beorpany, ®@akynrer opraHM3alMoOHUX HayKa

,,Dubonauujee Hu3 u 31amHuU npecek - ceyoa 0Ko Hac”’

11:40 -12:00

Cunuma Jemuh, Yausepsurer y beorpany, Enexrporexunuku daxynrer

,, Bumiekpumepujymcku aimepnamuenu mecmoesu y mamemamuyu’”’

12:30 - 13:00

Baapumup Baaruh, [Ipxasau Yausepsutet y HoBowm Ilazapy; MaTemaTnuka ruMHa3uja

»w/demsusocm opojesa y ocnoenoj u cpeorwoj wikonu”

13:00 - 13:30

HNBana JosoBuh, Yausep3urer y beorpany, Enekrporexanuku daxkynrer

.,Peanuzayuja Mupad npoyedype 3a oopehusarwe Moore-Penrose-oeoz uneepsa
mampuye”’

13:30-13:50

Anhenxa Cumuh, ['mvuasuja ,,bpanucnas [lerponujeBuh® Y0

,,Cnoj mamemamuxke, ymemunocmu u ungopmwamuxe’

13:50 - 14:10

Haranuja Bynuacku, OcHOBHA U cpe/iiba IIKOJIa ca JOMOM yueHuka ,,Iletpo Ky3mjak”,
Pycku Kpctyp

Jparuna MununkoBuh, Yausepsurer y Mcrounom CapajeBy, [lenaromku dakynrer
bujespnna

., Yeolherwe nojma hynkyuje kpo3 mooenosarse npoodiema y peaiHom KOHmMeKcmy”




14:40 - 15:00

Cuexana TomoBuh, OcHoBHa mkoina ,,Tanacko Pajuh* Yauak

"Mamemamuxka y zpagpumuma Kkao momusauuja 3a ocmaxe”

15:00 - 15:20

Cgeti1ana Anoujanuh, JI1 CnyxOenu riacHuk, beorpan

JIIpukaz monozpaghuje Ileoecem zoouna Mamemamuuke cumnazuje’”

15:30 - 16:30

Hugec bapanoBuh, ®unozodpcku pakynrer y Crury, Ceeyunnumre y Crimuty

,»Pazeoj zeomempujcxkoe mumvera kpo3 manzpam akmusenocmu (PAJJHOHHUIIA)”




111 CEKIlUJA: HAYYHOUCTPA)KNUBAYKU U CTPYUHU PAJI CTYJAEHATA

10:00 - 10:20

Bo:xunap PagusojeBuh, Microsoft Development Center Serbia

Paoumu y MDCS-y: uckycmea ouewez cmyoenma!”

10:20 - 10:40

Hemama Jypuh, Astria/Fincore, beorpan
Mupocaas Mapuh, Yausep3urer y beorpany, Marematnuku daxynrer

elllkona eeoa’

10:40 - 11:00

Muaanen Buauh, Cao6pahajau dbakynrer J1060j, YauBep3uter y Ucrounom CapajeBy

.,Buwekpumepujymcko epeonosame cucmema 3a ynpasvare 6a3ama nooamaxka
memooom AXIT”

11:00 - 11:20

Credan Cnanesuh, Yausepsurer y beorpany, Maremarnuku dakyiaTeT
3opuua CranumupoBuh, Yuusepsuret y beorpany, Matematnuku akynrer

,Anmepnonayuja pynxkuyuja euwe npomenpsusux’

11:20 - 11:40

Juno CnacoBcku, YHuBepsuret y beorpany, Matemarnuku ¢akynrer

,,Use of Statistical Methods for Predicting and Preventing Terroristic Attacks”

11:40 - 12:00

Baagumup Bomosuh, Yausepsurer y beorpany, Maremarnuku dakynret, Kateapa 3a
aCTPOHOMU]Y

Bpanucaas Bykoruh, Actporomcka orcepBaropuja beorpan

Mmunan hupkoBuh, AcrponomMcka orncepsaropuja beorpan

Hemama MaptunoBuh, Actponomcka oncepBatopuja beorpan

,, Renujcku mooen 2anakmuuke Hacmaruee 30He”




12:30 - 12:50

Bpanko Manemesuh, Yausepsurer y beorpany, Enexkrporexuuuku akynrer

Bojan bamanu, Yuusepsutet y beorpany, Enekrporexanuku dakynTeT; Y HUBEP3UTET Y
Hosom Cany, ®@akynTeT TEXHUUKHUX HayKa

Muma JoBanoBuh, Yausepsutet y beorpany, Enexrporexunuku daxynrer; NORDEUS
Huxonuna MapkoBuh, 'nmuasuja y Jlazapesiy

. Ipooumen3zuonanna eusyeauzayuja moougurkosanoz mooena Xajeencosoz
naanemapujyma’

12:50 - 13:10

Rowaida Elmarghani, University of Belgrade, Faculty of Mathematics

,,Quasi-regularity of harmonic maps based on Blaschke products”

13:10 - 13:30

Shadia Shalandi, University of Belgrade, Faculty of Mathematics

,,Bi-Lipschicity of Quasiconformal Harmonic Mappings in n-dimensional space with
respect to k-metric”

13:30-13:50

Byk IlajoBuh, Yuusep3urer y beorpany, Enextporexunuku gaxyiarer
Musom ByjagunoBuh, Yausepsurer y beorpany, Enekrporexunuku daxkynrer
Aaexcannap Jlesuh, Yuusepsurer y beorpany, Enextporexuuuku dakynrter

,Mooepnu memoou pewaeara Ilpoorema mpzosauxoz nymuuxka’”

13:50 - 14:10

HNBana Muauh KutHuk, ActpoHomcka oncepBaropuja beorpan

wYmuuyaj cune Japkoeckoz u pe3oHanyu y cpeorem Kpemarsy Ha Kpemarse acmepouoa
y I'nagnom acmepouonom nojacy”
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