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o A= {f:fisanalyticinD,f(0)=0,f(0) =1} D={z:]|z] < l}J

e S={f € A:fisunivalent in D} J
ou={f€A:f’(z)(ﬁ%)2—l‘<1} J
o §*={f €S :f(D)is starlike } J




eUCS

° k(z)= —)562,{

-1 1
e feS=r f(rz)EUfor0<r§E

The result is sharp as the function f(z) = ——%— shows.

* o V4
.u¢8,and f(Z)—m




O (feA f(z)=z+az®+..and X2 nla,| <1)=felU
Q (fcS* and f(z) = z — arxz? — 323 — ..., with a, > 0)

= f € U (Silverman, 1975)
Q (fe .Aand|(%z))”| <2)=fel




o
If f €8 and g5 =1+ 352, bpz", then » (n—1)[b,[> <1
n=2

Let f,g € S with the representations
Rz;jzl‘i‘ZiO:Ibnzn, a;j—l—f—zn 1C,-,Z If
d(z) = 72—5 72—5 =147, bacpz" # 0 for every z € D, then

F(z) = ( ]

€ U and, in particular, F is univalent in D.
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THEOREM 4[OB-Po, 2001]
Let fe Aand 755 =1+ >, bnz", then

(i) Y02 ,(n—1)|by| <1= f €U. This condition is not
necessary.
Example.For the function f defined by

ﬁ =1+ %22 + %iz3 + %z“ we have that f € U, but

Sl - )|b|=%+§+%>1

1
f )|ba2 < 1 by < ——
(ii) eu:z )2| by = |bn| < —

(|b1| < 2). Sharp for f such that % =1+ ﬁ n>2.
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LetfeAwith%:1+b1z+b2z2+---

n> 2.
Then have the following equivalence:

(a) fes

(b) 127G 2o for z€ A
() Xno(n—1)b, <1
(d) feu.

and b, > 0 for all
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THEOREM 6(AL1, OB.,Po., 2011)
Let f € A be such that f(z) # 0 for 0 < |z| < 1 and have the
form 725 =1+ b1z + byz% + - - - satisfying the condition

> ,(n—1)|by|> < 1. Then f is univalent in the disk

|z| < rp = - and the result is the best possible.

V2
THEOREM 7(AL1, OB.,Po., 2011)

Let f € A be such that f(z) # 0 for 0 < |z| < 1 and have the
form ﬁ =1+ byz+ byz? + - - - satisfying the condition

S22 ,(n —1)?|by|> < 1. Then the function g, defined by

g(z) = r=1f(rz), belongs to U for

O<r<n= \/@ ~ 0.78615. In particular, f is univalent in
the disk |z| < rp and the result is the best possible.
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THEOREM 8(OB.,Po., TUNESKI,2011)

Let f,g € S. Then the function F defined by F(z) = Z;((zz)) 5

univalent in the disk |z| < rp, where rp = 0.21734 - - - is the root of
the equation 20r° + 16r* — 23r3 — 7r> +7r — 1 = 0 in the interval

(0,1).

v

CONJECTURE

Suppose that f,g € S . Then the function F defined by
F(z) = ) is univalent in the disk || < v/5 — 2 ~ 0.236068.
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EXAMPLE
Let consider f(z) = ﬁ, g(z) = ﬁ Then, we have

Fooy = fézg = (ﬁ> =(1+2z4+22)1+2z+322+--+)
=1+4+4z+4>7° =2 nz". Since the Taylor coefficients of z/F(z) are
all positive and F( 2y = =1+4rz+45 72, nr"z", then according to
Th.5, LF(rz) is univalent in D if and only if

ZZO S(n—=1)nr" = = 2) < 1. The last inequality is equivalent to
r34+5r2+3r—1=(r+1)(r? +4r — 1) < 0 which gives
0<r<r=+5—2~0.236068, where ry is the unique positive
root of the equation r? +4r — 1 = 0 in the interval (0,1). Thus, F
is univalent in the disk |z| < v/5 — 2.
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