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Buchberger-ov algoritam i vizuelizacija monomijalnih ideala

Razvijena je Java aplikacija za racunanje Grébner-ove baze
pomocu Buchberger-ovog algoritma, korak po korak, uz
vizuelizaciju monomijalnih ideala.



Buchberger-ov algoritam i vizuelizacija monomijalnih ideala

LPrimx—)r u prstenu K[x, y]

Zadatak

Neka su dati polinomi f; = xy +1 i f> = y? +1 u leksikografskom
poretku > gx.
Formirati skup Eq C N3 takav da vazi
(a,B) € Eg < x%yP € (LT(f),LT(f)).
Primenom Buchberger-ovog algoritma odrediti standardnu
Grébner-ovu bazu G ideala | = (fi,f).

Formirati skup E; C N2 takav da vaZi
(a,B) € Ey & x%yB € (LT(1)).



Buchberger-ov algoritam i vizuelizacija monomijalnih ideala

LPrimx—)r u prstenu K[x, y]

m x%yP e (LT(f),LT(R)) = (xy,y?) <
(a,B) € {(1,1)+(p,q) | p,g € No} U{(0,2) +(p,q) | p,q € No}
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LPrimx—)r u prstenu K[x, y]

m F={fk}, G={f h}



Buchberger-ov algoritam i vizuelizacija monomijalnih ideala

LPrimx—)r u prstenu K[x, y]

u F:{f1af2} G_{f1,f2}
Step 1: S(h, k) = LMY (xy 4 1) %;y,yz)(yzﬂ)
:W(Xy+1)_7(}/ +1)zxy2+y_xy2_xz_x+y
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LPrimx—)r u prstenu K[x, y]

u F:{f1af2} G_{f1,f2}
Step 1: S(h, k) = LMY (xy 4 1) %;y,yz)(yzﬂ)
:W(Xy+1)_7(}/ +1)—Xy2+y_xy2_xz_x+y

S(fi, k) : (fi, k) =(—x+y): (xy+1,y2+1)=(0,0)
0
s = REM(S(fy, k) fi, ) = —x+y, G={fi,h,f}
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LPrimx—)r u prstenu K[x, y]

m F={fi,h}, G={f,f}
Step 1: S(f;,b) = M(Xyﬂ) %;y,yz)(yzﬂ)
:Ty(XY+1)—7(y +1)=xy2+y—xy>?—x=—-x+y
S(fnfz)1(f1,f2):(—g+}/):(xy+1,y2+1):(0,0)

fs = REM(S(fi, ) fi,R) = —x+y, G={f,f, iz}

Step 2:
o S(f,)=—x+y
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LPrimx—)r u prstenu K[x, y]

u F:{f1af2} G_{f1,f2}
Step 1: S(h, k) = LMY (xy 4 1) %;y,yz)(yzﬂ)
:W(Xy+1)_7(}/ +1)—Xy2+y_xy2_xz_x+y

S(f,f): (fi,f) = (—=x+y): (xy+1,y2+1)=(0,0)
0
fs = REM(S(fi, ) fi,R) = —x+y, G={f,f, iz}
Step 2:
o S(f,)=—x+y
S(f1,f2):(f1,f2,f3):(—x+y):(Xy—|—1,y2+1,—x—|—y):(0,0,1)
—X+y
0

REM(S(fi,f2): fi,f2,/3) =0
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LPrimx—)r u prstenu K[x, y]

 Slfify) = Py 1) - IR x )
(xy+1) X(—x+y)=xy+1—xy+y2=y?+1
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LPrimx—)r u prstenu K[x, y]

 Slfify) = Py 1) - IR x )
gy +1) =2 (—x+y)= xy+1—xy+y?>=y>+1
S(f1af3) (f17f2af3) (y ):(Xy+1,y2+1,—X+y):(0,1,0)
y2+1
0
REM(S(f1,f3);f1,f2,f3):o



Buchberger-ov algoritam i vizuelizacija monomijalnih ideala

LPrimx—)r u prstenu K[x, y]

(1) = "GOy + 1) - A (X )
oy 1) = (Xt y) =xy+1—xy+y? =y +1
S(f1af3) (f17f2af3) (y ):(Xy+1,y2+1,—X+y):(0,1,0)
y2 41
0
REM(S(f1 y f3); f1 s fg, f3) =0
* Sl = —LCM;y2=X> (y2+1) — LMD (x4 y)

(y 1) = 2o (—x+y) = xy2Hx—xy2+y3 =x 4B
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LPrimx—)r u prstenu K[x, y]

 Slfify) = Py 1) - IR x )
oy 1) = (Xt y) =xy+1—xy+y? =y +1
S(f1af3) (f17f2af3) (y ):(Xy+1,y2+1,—X+y):(0,1,0)
y +1
0
REM(S(f1,f3);f1,f2,f3):O
* Sl = —LCM;y2=X> (y2+1) — LMD (x4 y)
(y 1) =L (X +Y) = X2+ X XY+ Y =X+ )

S(fz,fs)-(f1,fz,f3)—(X+y )i (xy+1,y2+1,—x+y)=(0,y,1)
y¥+y
xX—y
0
REM(S(f2,13): fi,f2,13) = 0
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LPrimx—)r u prstenu K[x, y]

G={fi,f,f3} je Grébner-ova baza ideala /.
m x*yP e (LT(1)) = (xy,y?,—x) &
(a,B) € EoU{(1,0)+(p,q) | p,g € No}
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LPrimx—)r u prstenu K[x, y, z]

Neka su dati polinomi fy = x°z—y?, fo=yz°+zifs=y—zu
leksikografskom poretku = gx.
Formirati skup Eq C N3 takav da vazi
(a,B,y) € By & x*yBzY € (LT(f),LT (&), LT(f)).
Primenom Buchberger-ovog algoritma odrediti standardnu
Grébner-ovu bazu G ideala | = (fi, f, f3).
Formirati skup E; C N3 takav da vazi
(a,B,7) € Ey & x%yPzY € (LT(1)).
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LPrimx—)r u prstenu K[x, y, z]

m xUyPzV e (LT(),LT(k),LT(k)) = (x°2,y2%,y) = (x*z,y) &
(aﬂlS?’}/) € {(27071)+(p7q7r) ‘ p,q,re NO}
U{(O,1,0)+(p,q,r)|p,q,reN0}
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LPrimx—)r u prstenu K[x, y, z]

m F={fi,h,}, G={f,h K}
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LPrimx—)r u prstenu K[x, y, z]

[ | F:{fhfg,fg}, G:{f17f27f3}
Step 1:
2 2
o S(f,b) = LMUCZYZ) (y2, 2y LOMOCZYZ) ()2 | )

X2z yz2

— X2 (x2z—y?) - XV (72 4 7)

X2z yz2
=x%yz2 —y3z - XxPyz° —x?z=—x?z—y3z
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LPrimx—)r u prstenu K[x, y, z]

m F={fi,h,}, G={f,h K}

Step 1:
2 2
 Slfinf) = EHEHE 2 - ) - LIRS 2 1 2)
21,52
B S GrAby e
=x%yz2 —y3z - XxPyz° —x?z=—x?z—y3z

S(f1 f2) (f17f27f3)
( Xzz yZ).(XZZ y27y22+zay_z):(_17_y7_y2z_y)

X2z 4 )P
VPR
_y3z+y222
Y222
—y?z2—yz
—y?+yz
—y2+yz
0

REM(S(f1 5 f2); fy 5 f27 f3) =0
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LPrimx—)r u prstenu K[x, y, z]

o S(fi,fy) = M(xz y2) — M(y 2)

= P (x2z—y?) - X vy —2)

:xzyZ—y3—x2yz+x222 — X272 _ )8
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LPrimx—)r u prstenu K[x, y, z]

° S(f1,f3):m(x2z_y ) M(}/ Z)

) X2z
= XV (22— y?) — X (y - 2)
—xzyz—y3—x2yz+xzz2 — X272 _ 8
S 1) (f1.o. ) =
(x222 —y3): (X2z—y?,yz° + 2,y — 2) = (2,0, —y?)
22 —y2z
—y3+y?z
-y +y?z
0
REM(S(f1,f3);f1,f2,f3) =0
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LPrimx—)r u prstenu K[x, y, z]

yz2(yz +Z) (y—z)
=yz2+z-yz +z3 4z
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LPrimx—)r u prstenu K[x, y, z]

o S(h,f) = LCM(y22, y)(y22+z) LCM(}’Z }’)(y 2)

yz?
2
yz2(yz +2) -5 (y-2)

=yz2+z-yz +z3 4z
S(fo,13) : (fi, fo, f3) =
(Z3+Z) : (XZZ—yz,yZZ—FZ’y—Z) = (07070)
0
24z
fa = REM(S(fo.f5): f1, b, ) = 23+ 2, G={f;,fp, 13,14}
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LPrimx—)r u prstenu K[x, y, z]

Step 2:
o S(fi,h)=—x?z—y3z
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LPrimx—)r u prstenu K[x, y, z]

Step 2:
o S(fi,h)=—x?z—y3z

S(f1,f2) . (f17f27f3af4) =
(_xzz—ySZ) . (X2z_y2,y22+z,y—2,23+2) =

—Xx°z+y? (-1,-y,—y?z—-y,0)
—y3z—y?
Y324 y222
—y272 )2
—y?z2—yz
—y2+yz
—y?+yz
0

REM(S(f1,£):fi,f,f5,f) =0
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LPrimx—)r u prstenu K[x, y, z]

o S(fy,3) =x?22 - y3
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LPrimx—)r u prstenu K[x, y, z]

o S(fy,3) =x?22 - y3
S(f1 fs) (f1,f2,f3,f4)
( y)(xz y2,yz2+ 2,y — 2,24+ 2) = (2,0,—y2,0)
—y2z
fy3+y22
—y3+y?z
0
REM(S(f1,f3);f1,f2,f3,f4):0
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LPrimx—)r u prstenu K[x, y, z]

o S(fy,3) =x?22 - y3
S(f1 fs) (f1,f2,f3,f4)
( y)(xz y2,yz2+ 2,y — 2,24+ 2) = (2,0,—y2,0)
—y2z
fy3+y22
_y3 42z
0
REM(S(f17f3);f17f27f37f4):0
° S(fg,f3)223—|—2
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LPrimx—)r u prstenu K[x, y, z]

o S(fy,3) =x?22 - y3
S(f1 fs) (f1,f2,f3,f4)
( y)(xz y2,yz2+ 2,y — 2,24+ 2) = (2,0,—y2,0)
—y2z
fy3+y22
—y3+y?z
0
REM(S(f1,f3);f1,f2,f3,f4):0
° S(fg,f3)223—|—2
S(fo, 1) : (fy,fo, f3,f4) =
(2842): (x°z—y?,yz% +z,y — 2,24+ 2) = (0,0,0,1)
224z
0
REM(S(fo, 55): f1 . fo, f3) = O
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LPrimx—)r u prstenu K[x, y, z]

° S(f f ) LCMX);ZZZ ( 2) _ LCM(;(:Z,Z?’)(Z3 +Z)
=45 (Cz-yP) -1 e

_ 3270 —y?z2 —xzz3 X2z =—x?z—y?2?
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LPrimx—)r u prstenu K[x, y, z]

° S(f f ) LCMX);ZZZ ( 2) LCM(;(:Z,Z?’)(Z3 +Z)
=45 (Cz-yP) -1 e

_ X273 y2z% — xzz3 X2z =—x?z—y?2?

S(fi,fa) : (fi1, 2, f3,fa) =
(_X2Z_y222) : (X2Z_y27.y22+zu.y_zvz3+z) =

_X22+y2 (—1,—y,—y,0)
Y222
—y?z? —yz
—y2+yz
—y2+yz
0

REM(S(fy,fs); i, fo,f5,f4) = 0
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LPrimx—)r u prstenu K[x, y, z]

2 53
 Sle.fe) = *LCM;” “y2 +2) - (2 4 2)

=% S (y22+2)— Y5 (2% + 2)
= yz3 4 22 —yz3—yz: —yz+22
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LPrimx—)r u prstenu K[x, y, z]

2 53
o Sl f) = iLCMgZ ) (yz2 + 2) - LML) (5., 7

yz2(yz +2)- (2% +2)
=yz3+ 22—y — yz_—yz+z2
S(fo, fa) : (f1, f2,f3,f4)
(—yz+2%): (XPz—y? yz°+z,y— 2,23 +z)=(0,0,—2,0)
—yz+2?
0
REM(S(fg,f4);f1,f2,f3,f4):0
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LPrimx—)r u prstenu K[x, y, z]

3
= %(}’—Z)—%(ZSJFZ)
=y Ay yz=—yz 74
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LPrimx—)r u prstenu K[x, y, z]

o S(fy, 1) = FMIE)(y —2) - LMYE) (22 1)
3

—%(y—z)—yzis(zhrz)

=y Ay yz=—yz 74

S(f3,1a) : (f1, f2,f3,f4)
(—yz— z4) (x2z—y?,yz?+ 2,y — 2,28 +2) = (0,0, 2, - 2)

—yz+22
—z4- 2z
—z4— 72

0

REM(S(f3,14); f1,fo,f3,f4) =0
G={fi,f, 1,14} je Grobner-ova baza ideala /.
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LPrimx—)r u prstenu K[x, y, z]

m x%yPzY e (LT(I)) = (x22,y2%,y,2%) = (x?2,y,2%) &
(e, B,y) €{(2,0,1)+(p,q,r) [ p,q,r € No}
U{(0?170)+(p7q7r) |p7q7r€N0}
U{(0,0,3)+(p,q.r) | p.q,r € No}
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LAlgoritam deljenja

Algoritam deljenja:

Input: f,fi,f, ... f
Output: ay,a,...,ak,r

h:=f;
while h £ 0 if (3/)LT(f;) | LT(h)
then for min index i such that LT(f;) | LT (h)
aj:= aj+ LT (h)/LT(f;)
h:=h—LT(h)/LT(f;)-f;
else
r:=r+LT(h)
h:=h—LT(h)
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LBuchb(—)rg(—)r-ov algoritam

Buchberger-ov algoritam:

Input: F={f;,f,...,f} skup generatora ideala /
Output: G={g1,92,...,9m} Grébner-ova baza ideala /

G:=F;
repeat
G:=G
for {p,g} C G',p# q do
S:=5(p.q)
h:= REM(S;G)

if h+#0then G:= GU{h}
until G=G’
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