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Vojin Katić, Aleksandar Jovanović, Bojan Banjac
http://symbolicalgebra.etf.rs

mailto:malesevic@etf.rs


Buchberger-ov algoritam i vizuelizacija monomijalnih ideala

Razvijena je Java aplikacija za računanje Gröbner-ove baze
pomoću Buchberger-ovog algoritma, korak po korak, uz
vizuelizaciju monomijalnih ideala.



Buchberger-ov algoritam i vizuelizacija monomijalnih ideala

Primer u prstenu K[x ,y ]

Zadatak

Neka su dati polinomi f1 = xy +1 i f2 = y2 +1 u leksikografskom
poretku �LEX .

1 Formirati skup E0 ⊆ N2
0 takav da važi

(α,β ) ∈ E0⇔ xαyβ ∈ 〈LT (f1),LT (f2)〉.
2 Primenom Buchberger-ovog algoritma odrediti standardnu

Gröbner-ovu bazu G ideala I = 〈f1, f2〉.
3 Formirati skup E1 ⊆ N2

0 takav da važi
(α,β ) ∈ E1⇔ xαyβ ∈ 〈LT (I)〉.



Buchberger-ov algoritam i vizuelizacija monomijalnih ideala

Primer u prstenu K[x ,y ]

xαyβ ∈ 〈LT (f1),LT (f2)〉= 〈xy ,y2〉 ⇔
(α,β ) ∈ {(1,1)+(p,q) | p,q ∈ N0}∪{(0,2)+(p,q) | p,q ∈ N0}
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Primer u prstenu K[x ,y ]

F = {f1, f2}, G = {f1, f2}

Step 1: S(f1, f2) =
LCM(xy ,y2)

xy (xy +1)− LCM(xy ,y2)
y2 (y2 +1)

= xy2

xy (xy +1)− xy2

y2 (y2 +1) = xy2 +y −xy2−x =−x +y

S(f1, f2) : (f1, f2) = (−x +y) : (xy +1,y2 +1) = (0,0)
0
−x +y

f3 = REM(S(f1, f2); f1, f2) =−x +y , G = {f1, f2, f3}
Step 2:

• S(f1, f2) =−x +y
S(f1, f2) : (f1, f2, f3) = (−x +y) : (xy +1,y2 +1,−x +y) = (0,0,1)

−x +y
0

REM(S(f1, f2); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ]

F = {f1, f2}, G = {f1, f2}

Step 1: S(f1, f2) =
LCM(xy ,y2)

xy (xy +1)− LCM(xy ,y2)
y2 (y2 +1)

= xy2

xy (xy +1)− xy2

y2 (y2 +1) = xy2 +y −xy2−x =−x +y

S(f1, f2) : (f1, f2) = (−x +y) : (xy +1,y2 +1) = (0,0)
0
−x +y

f3 = REM(S(f1, f2); f1, f2) =−x +y , G = {f1, f2, f3}
Step 2:

• S(f1, f2) =−x +y
S(f1, f2) : (f1, f2, f3) = (−x +y) : (xy +1,y2 +1,−x +y) = (0,0,1)

−x +y
0

REM(S(f1, f2); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ]

F = {f1, f2}, G = {f1, f2}

Step 1: S(f1, f2) =
LCM(xy ,y2)

xy (xy +1)− LCM(xy ,y2)
y2 (y2 +1)

= xy2

xy (xy +1)− xy2

y2 (y2 +1) = xy2 +y −xy2−x =−x +y

S(f1, f2) : (f1, f2) = (−x +y) : (xy +1,y2 +1) = (0,0)
0
−x +y

f3 = REM(S(f1, f2); f1, f2) =−x +y , G = {f1, f2, f3}

Step 2:
• S(f1, f2) =−x +y

S(f1, f2) : (f1, f2, f3) = (−x +y) : (xy +1,y2 +1,−x +y) = (0,0,1)
−x +y

0
REM(S(f1, f2); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ]

F = {f1, f2}, G = {f1, f2}

Step 1: S(f1, f2) =
LCM(xy ,y2)

xy (xy +1)− LCM(xy ,y2)
y2 (y2 +1)

= xy2

xy (xy +1)− xy2

y2 (y2 +1) = xy2 +y −xy2−x =−x +y

S(f1, f2) : (f1, f2) = (−x +y) : (xy +1,y2 +1) = (0,0)
0
−x +y

f3 = REM(S(f1, f2); f1, f2) =−x +y , G = {f1, f2, f3}
Step 2:

• S(f1, f2) =−x +y

S(f1, f2) : (f1, f2, f3) = (−x +y) : (xy +1,y2 +1,−x +y) = (0,0,1)
−x +y

0
REM(S(f1, f2); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ]

F = {f1, f2}, G = {f1, f2}

Step 1: S(f1, f2) =
LCM(xy ,y2)

xy (xy +1)− LCM(xy ,y2)
y2 (y2 +1)

= xy2

xy (xy +1)− xy2

y2 (y2 +1) = xy2 +y −xy2−x =−x +y

S(f1, f2) : (f1, f2) = (−x +y) : (xy +1,y2 +1) = (0,0)
0
−x +y

f3 = REM(S(f1, f2); f1, f2) =−x +y , G = {f1, f2, f3}
Step 2:

• S(f1, f2) =−x +y
S(f1, f2) : (f1, f2, f3) = (−x +y) : (xy +1,y2 +1,−x +y) = (0,0,1)

−x +y
0

REM(S(f1, f2); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ]

• S(f1, f3) =
LCM(xy ,x)

xy (xy +1)− LCM(xy ,x)
−x (−x +y)

= xy
xy (xy +1)− xy

−x (−x +y) = xy +1−xy +y2 = y2 +1

S(f1, f3) : (f1, f2, f3) = (y2 +1) : (xy +1,y2 +1,−x +y) = (0,1,0)
y2 +1

0
REM(S(f1, f3); f1, f2, f3) = 0

• S(f2, f3) =
LCM(y2,x)

y2 (y2 +1)− LCM(y2,x)
−x (−x +y)

= xy2

y2 (y2 +1)− xy2

−x (−x +y) = xy2 +x−xy2 +y3 = x +y3

S(f2, f3) : (f1, f2, f3) = (x +y3) : (xy +1,y2 +1,−x +y) = (0,y ,1)
y3 +y
x−y
−x +y

0
REM(S(f2, f3); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ]

• S(f1, f3) =
LCM(xy ,x)

xy (xy +1)− LCM(xy ,x)
−x (−x +y)

= xy
xy (xy +1)− xy

−x (−x +y) = xy +1−xy +y2 = y2 +1

S(f1, f3) : (f1, f2, f3) = (y2 +1) : (xy +1,y2 +1,−x +y) = (0,1,0)
y2 +1

0
REM(S(f1, f3); f1, f2, f3) = 0

• S(f2, f3) =
LCM(y2,x)

y2 (y2 +1)− LCM(y2,x)
−x (−x +y)

= xy2

y2 (y2 +1)− xy2

−x (−x +y) = xy2 +x−xy2 +y3 = x +y3

S(f2, f3) : (f1, f2, f3) = (x +y3) : (xy +1,y2 +1,−x +y) = (0,y ,1)
y3 +y
x−y
−x +y

0
REM(S(f2, f3); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ]

• S(f1, f3) =
LCM(xy ,x)

xy (xy +1)− LCM(xy ,x)
−x (−x +y)

= xy
xy (xy +1)− xy

−x (−x +y) = xy +1−xy +y2 = y2 +1

S(f1, f3) : (f1, f2, f3) = (y2 +1) : (xy +1,y2 +1,−x +y) = (0,1,0)
y2 +1

0
REM(S(f1, f3); f1, f2, f3) = 0

• S(f2, f3) =
LCM(y2,x)

y2 (y2 +1)− LCM(y2,x)
−x (−x +y)

= xy2

y2 (y2 +1)− xy2

−x (−x +y) = xy2 +x−xy2 +y3 = x +y3

S(f2, f3) : (f1, f2, f3) = (x +y3) : (xy +1,y2 +1,−x +y) = (0,y ,1)
y3 +y
x−y
−x +y

0
REM(S(f2, f3); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ]

• S(f1, f3) =
LCM(xy ,x)

xy (xy +1)− LCM(xy ,x)
−x (−x +y)

= xy
xy (xy +1)− xy

−x (−x +y) = xy +1−xy +y2 = y2 +1

S(f1, f3) : (f1, f2, f3) = (y2 +1) : (xy +1,y2 +1,−x +y) = (0,1,0)
y2 +1

0
REM(S(f1, f3); f1, f2, f3) = 0

• S(f2, f3) =
LCM(y2,x)

y2 (y2 +1)− LCM(y2,x)
−x (−x +y)

= xy2

y2 (y2 +1)− xy2

−x (−x +y) = xy2 +x−xy2 +y3 = x +y3

S(f2, f3) : (f1, f2, f3) = (x +y3) : (xy +1,y2 +1,−x +y) = (0,y ,1)
y3 +y
x−y
−x +y

0
REM(S(f2, f3); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ]

G = {f1, f2, f3} je Gröbner-ova baza ideala I.
xαyβ ∈ 〈LT (I)〉= 〈xy ,y2,−x〉 ⇔

(α,β ) ∈ E0∪{(1,0)+(p,q) | p,q ∈ N0}
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Primer u prstenu K[x ,y ,z]

Zadatak

Neka su dati polinomi f1 = x2z−y2, f2 = yz2 +z i f3 = y −z u
leksikografskom poretku �LEX .

1 Formirati skup E0 ⊆ N3
0 takav da važi

(α,β ,γ) ∈ E0⇔ xαyβ zγ ∈ 〈LT (f1),LT (f2),LT (f3)〉.
2 Primenom Buchberger-ovog algoritma odrediti standardnu

Gröbner-ovu bazu G ideala I = 〈f1, f2, f3〉.
3 Formirati skup E1 ⊆ N3

0 takav da važi
(α,β ,γ) ∈ E1⇔ xαyβ zγ ∈ 〈LT (I)〉.
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Primer u prstenu K[x ,y ,z]

xαyβ zγ ∈ 〈LT (f1),LT (f2),LT (f3)〉= 〈x2z,yz2,y〉= 〈x2z,y〉⇔
(α,β ,γ) ∈ {(2,0,1)+(p,q, r) | p,q, r ∈ N0}

∪{(0,1,0)+(p,q, r) | p,q, r ∈ N0}
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Primer u prstenu K[x ,y ,z]

F = {f1, f2, f3}, G = {f1, f2, f3}

Step 1:
• S(f1, f2) =

LCM(x2z,yz2)
x2z (x2z−y2)− LCM(x2z,yz2)

yz2 (yz2 +z)

= x2yz2

x2z (x2z−y2)− x2yz2

yz2 (yz2 +z)
= x2yz2−y3z−x2yz2−x2z =−x2z−y3z
S(f1, f2) : (f1, f2, f3) =
(−x2z−y3z) : (x2z−y2,yz2+z,y−z)= (−1,−y ,−y2z−y)
−x2z +y2

−y3z−y2

−y3z +y2z2

−y2z2−y2

−y2z2−yz
−y2 +yz
−y2 +yz

0
REM(S(f1, f2); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ,z]

F = {f1, f2, f3}, G = {f1, f2, f3}
Step 1:

• S(f1, f2) =
LCM(x2z,yz2)

x2z (x2z−y2)− LCM(x2z,yz2)
yz2 (yz2 +z)

= x2yz2

x2z (x2z−y2)− x2yz2

yz2 (yz2 +z)
= x2yz2−y3z−x2yz2−x2z =−x2z−y3z

S(f1, f2) : (f1, f2, f3) =
(−x2z−y3z) : (x2z−y2,yz2+z,y−z)= (−1,−y ,−y2z−y)
−x2z +y2

−y3z−y2

−y3z +y2z2

−y2z2−y2

−y2z2−yz
−y2 +yz
−y2 +yz

0
REM(S(f1, f2); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ,z]

F = {f1, f2, f3}, G = {f1, f2, f3}
Step 1:

• S(f1, f2) =
LCM(x2z,yz2)

x2z (x2z−y2)− LCM(x2z,yz2)
yz2 (yz2 +z)

= x2yz2

x2z (x2z−y2)− x2yz2

yz2 (yz2 +z)
= x2yz2−y3z−x2yz2−x2z =−x2z−y3z
S(f1, f2) : (f1, f2, f3) =
(−x2z−y3z) : (x2z−y2,yz2+z,y−z)= (−1,−y ,−y2z−y)
−x2z +y2

−y3z−y2

−y3z +y2z2

−y2z2−y2

−y2z2−yz
−y2 +yz
−y2 +yz

0
REM(S(f1, f2); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ,z]

• S(f1, f3) =
LCM(x2z,y)

x2z (x2z−y2)− LCM(x2z,y)
y (y −z)

= x2yz
x2z (x2z−y2)− x2yz

y (y −z)
= x2yz−y3−x2yz +x2z2 = x2z2−y3

S(f1, f3) : (f1, f2, f3) =
(x2z2−y3) : (x2z−y2,yz2 +z,y −z) = (z,0,−y2)
x2z2−y2z

−y3 +y2z
−y3 +y2z

0
REM(S(f1, f3); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ,z]

• S(f1, f3) =
LCM(x2z,y)

x2z (x2z−y2)− LCM(x2z,y)
y (y −z)

= x2yz
x2z (x2z−y2)− x2yz

y (y −z)
= x2yz−y3−x2yz +x2z2 = x2z2−y3

S(f1, f3) : (f1, f2, f3) =
(x2z2−y3) : (x2z−y2,yz2 +z,y −z) = (z,0,−y2)
x2z2−y2z

−y3 +y2z
−y3 +y2z

0
REM(S(f1, f3); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ,z]

• S(f2, f3) =
LCM(yz2,y)

yz2 (yz2 +z)− LCM(yz2,y)
y (y −z)

= yz2

yz2 (yz2 +z)− yz2

y (y −z)
= yz2 +z−yz2 +z3 = z3 +z

S(f2, f3) : (f1, f2, f3) =
(z3 +z) : (x2z−y2,yz2 +z,y −z) = (0,0,0)
0
z3 +z
f4 = REM(S(f2, f3); f1, f2, f3) = z3 +z, G = {f1, f2, f3, f4}
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Primer u prstenu K[x ,y ,z]

• S(f2, f3) =
LCM(yz2,y)

yz2 (yz2 +z)− LCM(yz2,y)
y (y −z)

= yz2

yz2 (yz2 +z)− yz2

y (y −z)
= yz2 +z−yz2 +z3 = z3 +z
S(f2, f3) : (f1, f2, f3) =
(z3 +z) : (x2z−y2,yz2 +z,y −z) = (0,0,0)
0
z3 +z
f4 = REM(S(f2, f3); f1, f2, f3) = z3 +z, G = {f1, f2, f3, f4}
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Primer u prstenu K[x ,y ,z]

Step 2:
• S(f1, f2) =−x2z−y3z

S(f1, f2) : (f1, f2, f3, f4) =
(−x2z−y3z) : (x2z−y2,yz2 +z,y −z,z3 +z) =

(−1,−y ,−y2z−y ,0)−x2z +y2

−y3z−y2

−y3z +y2z2

−y2z2−y2

−y2z2−yz
−y2 +yz
−y2 +yz

0
REM(S(f1, f2); f1, f2, f3, f4) = 0
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Primer u prstenu K[x ,y ,z]

Step 2:
• S(f1, f2) =−x2z−y3z

S(f1, f2) : (f1, f2, f3, f4) =
(−x2z−y3z) : (x2z−y2,yz2 +z,y −z,z3 +z) =

(−1,−y ,−y2z−y ,0)−x2z +y2

−y3z−y2

−y3z +y2z2

−y2z2−y2

−y2z2−yz
−y2 +yz
−y2 +yz

0
REM(S(f1, f2); f1, f2, f3, f4) = 0
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Primer u prstenu K[x ,y ,z]

• S(f1, f3) = x2z2−y3

S(f1, f3) : (f1, f2, f3, f4) =
(x2z2−y3) : (x2z−y2,yz2 +z,y −z,z3 +z) = (z,0,−y2,0)
x2z2−y2z

−y3 +y2z
−y3 +y2z

0
REM(S(f1, f3); f1, f2, f3, f4) = 0

• S(f2, f3) = z3 +z
S(f2, f3) : (f1, f2, f3, f4) =
(z3 +z) : (x2z−y2,yz2 +z,y −z,z3 +z) = (0,0,0,1)
z3 +z

0
REM(S(f2, f3); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ,z]

• S(f1, f3) = x2z2−y3

S(f1, f3) : (f1, f2, f3, f4) =
(x2z2−y3) : (x2z−y2,yz2 +z,y −z,z3 +z) = (z,0,−y2,0)
x2z2−y2z

−y3 +y2z
−y3 +y2z

0
REM(S(f1, f3); f1, f2, f3, f4) = 0

• S(f2, f3) = z3 +z
S(f2, f3) : (f1, f2, f3, f4) =
(z3 +z) : (x2z−y2,yz2 +z,y −z,z3 +z) = (0,0,0,1)
z3 +z

0
REM(S(f2, f3); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ,z]

• S(f1, f3) = x2z2−y3

S(f1, f3) : (f1, f2, f3, f4) =
(x2z2−y3) : (x2z−y2,yz2 +z,y −z,z3 +z) = (z,0,−y2,0)
x2z2−y2z

−y3 +y2z
−y3 +y2z

0
REM(S(f1, f3); f1, f2, f3, f4) = 0

• S(f2, f3) = z3 +z

S(f2, f3) : (f1, f2, f3, f4) =
(z3 +z) : (x2z−y2,yz2 +z,y −z,z3 +z) = (0,0,0,1)
z3 +z

0
REM(S(f2, f3); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ,z]

• S(f1, f3) = x2z2−y3

S(f1, f3) : (f1, f2, f3, f4) =
(x2z2−y3) : (x2z−y2,yz2 +z,y −z,z3 +z) = (z,0,−y2,0)
x2z2−y2z

−y3 +y2z
−y3 +y2z

0
REM(S(f1, f3); f1, f2, f3, f4) = 0

• S(f2, f3) = z3 +z
S(f2, f3) : (f1, f2, f3, f4) =
(z3 +z) : (x2z−y2,yz2 +z,y −z,z3 +z) = (0,0,0,1)
z3 +z

0
REM(S(f2, f3); f1, f2, f3) = 0
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Primer u prstenu K[x ,y ,z]

• S(f1, f4) =
LCM(x2z,z3)

x2z (x2z−y2)− LCM(x2z,z3)
z3 (z3 +z)

= x2z3

x2z (x2z−y2)− x2z3

z3 (z3 +z)
= x2z3−y2z2−x2z3−x2z =−x2z−y2z2

S(f1, f4) : (f1, f2, f3, f4) =
(−x2z−y2z2) : (x2z−y2,yz2 +z,y −z,z3 +z) =

(−1,−y ,−y ,0)−x2z +y2

−y2z2−y2

−y2z2−yz
−y2 +yz
−y2 +yz

0
REM(S(f1, f4); f1, f2, f3, f4) = 0
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Primer u prstenu K[x ,y ,z]

• S(f1, f4) =
LCM(x2z,z3)

x2z (x2z−y2)− LCM(x2z,z3)
z3 (z3 +z)

= x2z3

x2z (x2z−y2)− x2z3

z3 (z3 +z)
= x2z3−y2z2−x2z3−x2z =−x2z−y2z2

S(f1, f4) : (f1, f2, f3, f4) =
(−x2z−y2z2) : (x2z−y2,yz2 +z,y −z,z3 +z) =

(−1,−y ,−y ,0)−x2z +y2

−y2z2−y2

−y2z2−yz
−y2 +yz
−y2 +yz

0
REM(S(f1, f4); f1, f2, f3, f4) = 0
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Primer u prstenu K[x ,y ,z]

• S(f2, f4) =
LCM(yz2,z3)

yz2 (yz2 +z)− LCM(yz2,z3)
z3 (z3 +z)

= yz3

yz2 (yz2 +z)− yz3

z3 (z3 +z)
= yz3 +z2−yz3−yz =−yz +z2

S(f2, f4) : (f1, f2, f3, f4) =
(−yz +z2) : (x2z−y2,yz2 +z,y −z,z3 +z) = (0,0,−z,0)
−yz +z2

0
REM(S(f2, f4); f1, f2, f3, f4) = 0
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Primer u prstenu K[x ,y ,z]

• S(f2, f4) =
LCM(yz2,z3)

yz2 (yz2 +z)− LCM(yz2,z3)
z3 (z3 +z)

= yz3

yz2 (yz2 +z)− yz3

z3 (z3 +z)
= yz3 +z2−yz3−yz =−yz +z2

S(f2, f4) : (f1, f2, f3, f4) =
(−yz +z2) : (x2z−y2,yz2 +z,y −z,z3 +z) = (0,0,−z,0)
−yz +z2

0
REM(S(f2, f4); f1, f2, f3, f4) = 0
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Primer u prstenu K[x ,y ,z]

• S(f3, f4) =
LCM(y ,z3)

y (y −z)− LCM(y ,z3)
z3 (z3 +z)

= yz3

y (y −z)− yz3

z3 (z3 +z)
= yz3−z4−yz3−yz =−yz−z4

S(f3, f4) : (f1, f2, f3, f4) =
(−yz−z4) : (x2z−y2,yz2 +z,y −z,z3 +z) = (0,0,−z,−z)
−yz +z2

−z4−z2

−z4−z2

0
REM(S(f3, f4); f1, f2, f3, f4) = 0
G = {f1, f2, f3, f4} je Gröbner-ova baza ideala I.
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Primer u prstenu K[x ,y ,z]

• S(f3, f4) =
LCM(y ,z3)

y (y −z)− LCM(y ,z3)
z3 (z3 +z)

= yz3

y (y −z)− yz3

z3 (z3 +z)
= yz3−z4−yz3−yz =−yz−z4

S(f3, f4) : (f1, f2, f3, f4) =
(−yz−z4) : (x2z−y2,yz2 +z,y −z,z3 +z) = (0,0,−z,−z)
−yz +z2

−z4−z2

−z4−z2

0
REM(S(f3, f4); f1, f2, f3, f4) = 0
G = {f1, f2, f3, f4} je Gröbner-ova baza ideala I.
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Primer u prstenu K[x ,y ,z]

xαyβ zγ ∈ 〈LT (I)〉= 〈x2z,yz2,y ,z3〉= 〈x2z,y ,z3〉 ⇔
(α,β ,γ) ∈ {(2,0,1)+(p,q, r) | p,q, r ∈ N0}

∪{(0,1,0)+(p,q, r) | p,q, r ∈ N0}
∪{(0,0,3)+(p,q, r) | p,q, r ∈ N0}
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Algoritam deljenja

Algoritam deljenja:

Input: f , f1, f2, . . . , fk
Output: a1,a2, . . . ,ak , r
a1 := 0;a2 := 0; . . . ;ak := 0; r := 0
h := f ;
while h 6= 0 if (∃i)LT (fi) | LT (h)

then for min index i such that LT (fi) | LT (h)
ai := ai +LT (h)/LT (fi)
h := h−LT (h)/LT (fi) · fi

else
r := r +LT (h)
h := h−LT (h)
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Buchberger-ov algoritam

Buchberger-ov algoritam:

Input: F = {f1, f2, . . . , fk} skup generatora ideala I
Output: G = {g1,g2, . . . ,gm} Gröbner-ova baza ideala I
G := F ;
repeat

G′ := G
for {p,g} ⊆G′,p 6= q do

S := S(p,q)
h := REM(S;G′)
if h 6= 0 then G := G∪{h}

until G=G’
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